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Abstract

On a plausible approach to logical metasemantics, our dispositions to treat a logical
expression’s I- and E-rules as valid determine its contribution to the truth conditions of
sentences in which it appears. Carnap’s so-called Categoricity Problem is that the rules in
question don’t seem to fix a unique interpretation of our logical vocabulary: there appear to
be deviant interpretations of both the connectives and the quantifiers that are compatible
with the validity of their rules. And although standard responses are available to Carnap’s
problem as it applies to propositional logic (by appeal, e.g., to bilateral rules or to a local
notion of validity), the case of the quantifiers is more difficult. Here we develop a more
precise account of how Carnap-style arguments work than has ever before been given, one
that makes clear why certain such arguments succeed while others fail. In so doing, we
demonstrate that despite recent criticisms, the account of the categoricity of the quantifiers
we offered in previous work isn’t threatened by any of the alleged deviant interpretations that
have been discussed in the literature: each of these either is incompatible with the validity
of the quantifier rules or else results in an illegitimate Carnap-style argument.

1 Introduction

Carnap’s so-called Categoricity Problem is a metasemantic problem for moderate inferentialism:
the plausible (by our lights) view that use determines meaning. More specifically, in the case of a
logical operator $, moderate inferentialists hold that our dispositions to treat $’s I- and E-rules as
valid categorically determine $’s contribution to the truth conditions of the sentences in which it
appears. Moderate inferentialism is inferentialist, in that it’s a view on which the interpretation
of a given expression is a product of the inference rules that govern its use, but it’s also moderate,
in that it’s based on an entirely orthodox reference-based view of what interpretations are. It
can also, unlike many philosophical views, be tested: since both the standard reference-based
interpretation of our logical expressions and their I- and E-rules are relatively well understood,
one can check, for any logical operator $, whether the rules governing its use really do determine
its interpretation. Carnap’s problem, then, is that there seem to be deviant interpretations of
both the connectives and the quantifiers that are nevertheless compatible with the validity of
their I- and E-rules — i.e., that the validity those rules seemingly fails to categorically determine
the interpretation of our logical expressions, in which case moderate inferentialism can’t be
correct. Consider, for instance, the trivial valuation: a valuation v* that makes every sentence
true, including ‘A’ and ‘= A’. This valuation is incompatible with the standard truth conditions
for negation, and yet it appears to be compatible with the validity of all natural deduction rules,
including the I- and E- rules for the negation sign.

Moderate inferentialism, though, is a highly unspecific doctrine: it entails that the validity
of I- and E-rules fixes the interpretation of logical expressions, but it doesn’t tell us how to
formalise logic, nor does it tell us how to understand the notion of validity. And as we now
know, Carnap’s problem is highly sensitive to both the way logic is formalised and the way
validity is understood. For instance, bilateral and multiple-conclusion formalisations of classical
propositional logic (CPL) are categorical (see, e.g., Smiley 1996; Rumfitt 2000; Raatikainen 2008;
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Murzi and Hjortland 2009), and so indeed can be standard single-conclusion formalisations,
provided that validity is understood as local (see, e.g., Garson 2013; Murzi and Topey 2021). So
there are plausible responses available to Carnap’s problem for CPL.

Of course, natural language contains quantifiers in addition to propositional connectives, and
so a full solution to Carnap’s problem must generalize to first-order logic (FOL), and arguably
also to second-order logic (SOL) and beyond. But here things are more complex. Bonnay
and Westerstahl (2016) have argued that on certain semantic assumptions, the rules of FOL
categorically determine the interpretation of the first-order quantifiers. Their claim, though,
is highly problematic on at least two counts. First, the semantic assumptions in question
are arguably illicit: the moderate inferentialist’s claim was that our use of logical expressions
determines their interpretation on its own, not that it does so when certain semantic facts are
already in place. Second, as we show, Bonnay and Westerstahl’s work depends on a mistaken
understanding of what it is for a model to be deviant — a mistake that’s inherited by del Valle-
Incldn’s (2024) recent critique of their proposal. Further complicating matters is the fact that we
have argued in previous work — see our “Categoricity by Convention” (2021) — that the validity
of the rules of FOL and SOL determines their standard, unrestricted interpretations, provided
those rules are understood as open-ended — a conclusion that, according to Brincug (2024a)
and Brincus (2024b), is disproved by deviant interpretations of the quantifiers given by Carnap
(1943) and Garson (2013).

Here we offer a more precise understanding of Carnap-style objections to moderate inferen-
tialism than has appeared in the literature before, an understanding that makes it clear why
certain Carnap-style arguments succeed — in the sense that they genuinely show that certain
ways of formalising logic, or certain notions of validity, are unavailable to moderate inferentialists
— while others fail. In so doing, we demonstrate that despite recent criticisms, our own account
of the categoricity of the quantifiers isn’t threatened by the alleged deviant interpretations of
the quantifiers offered by Carnap, Garson, Briincug, or del Valle-Inclan: each of these either is
incompatible with the validity of the quantifier rules (as we formalise them) or else results in an
illegitimate Carnap-style argument. The result is that moderate inferentialism, as we develop it,
turns out to be tenable after all.

2 Background

We said that, on our view, the interpretation of a logical expression e is determined by our
dispositions to treat the basic rules for e as valid. But what is a rule and what is our conception
of validity? If e is a logical expression, we take e’s basic rules to be its I- and E-rules in a
sequent-style single-conclusion natural deduction system. For instance, we formalise the basic
rules for — as follows:

T,pkE . 'p—1y Ak
Tho v T,AF

As for validity, there are three possible accounts:

—-E

(i) validity as preservation of truth;
(ii) validity as preservation of sequent satisfaction (local validity); and
(iii) validity as preservation of sequent validity (global validity).

Simple truth preservation doesn’t apply to metainferences such as —-I, =-1, V-E etc. So our
choice is restricted to (ii) and (iii), which apply to (meta)rules whose inputs and outputs are
sequents.

We begin by defining the notion of sequent satisfaction:
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Definition 2.1 (Sequent satisfaction). A valuation v satisfies a sequent I" - ¢ iff either v makes
some ¢ € I' false or v makes @ true.

We can then define global and local validity as follows:

Definition 2.2 (Global and local validity). A metarule

Fl}—ng Fnl_gon
AFY

e is locally valid with respect to a class of valuations V iff it preserves satisfaction — i.e. iff
for all valuations v € V, if v satisfies every I'; I ¢;, it also satisfies A F 9; and

o is globally valid with respect to V' iff it preserves validity — i.e. iff, if all v € V satisfy every
I F s, then all v € V satisfy A F 4.

We take validity to be local validity, essentially because, in our setting, it is a generalisation

of truth preservation. After all, if we let I'1,..., I, and A be empty, on the local account, a
meta-rule
Fl H ©®1 e Fn F ®n
AFY
is valid if and only if the inference from ¢, ..., @, to ¥ preserves truth in v for all v’s, as, we

think, it should be.

Following Tennant (1999), we interpret ‘L’ as a logical punctuation sign (formally, 1 = @&).
On this assumption, the local conception of validity gets us the determinacy of CPL, via the
following theorem proved by Garson (2013):

Theorem 2.3 (Garson’s Local Validity Theorem). The rules of CPL are locally valid with respect
to a class of vlauations V' only if all members of V' obey the classical truth tables.

Let us now move on to FOL. In general, establishing that our treating certain rules of inference
as valid categorically determines particular truth-conditional meanings for our expressions
involves showing that, among all the possible ways of assigning truth values to formulae — i.e.,
all valuations or general models — the only ones that are compatible with the validity of the
rules are those that respect the truth-conditional meanings in question (where respecting those
truth-conditional meanings amounts to satisfying the associated semantic clauses). But since we
are interested here in the question of the categoricity of our logical expressions in particular,
we can take for granted that nonlogical expressions have meanings of the usual sort, with each
constant designating some member of a domain of objects, each predicate having as its extension
some set of tuples of objects from the domain, and so on. So we can let the set of general models
be the set of triples (D, I, []), where D and I are a domain and interpretation function of the
usual sort and where [] is a function from pairs of formula and variable assignment to truth
values that assigns truth values to atomic formulae in the usual way but may assign truth values
to logically complex formulae in any way whatsoever. In this setting, solving Carnap’s problem
amounts to proving, just from the assumption that our logical operators’ I- and E-rules are valid
across some set of general models, that all of those models satisfy the usual truth-conditional
semantic clauses for the operators in question.

We interpret natural deduction rules as being rules for formulae rather than for sentences.
Thus, we adopt the following version of V-I:

| R )
I'EVze !

Proceedings of the 24" Amsterdam Colloquium



What Is Carnap’s Problem? Murzi and Topey

where x doesn’t appear free in I'. And since we now allow arbitrary formulae to occur in sequents,
we must generalise our definitions of (sequent) satisfaction and validity.

Definition 2.4 (Sequent satisfaction relative to a variable assignment). Let o be a variable
assignment over v’s domain. Then, « satisfies, I' - ¢ iff either for some ¢ € T, [¢/]y o # 1 or

[[‘P]]v,a =1

Definition 2.5 (Sequent satisfaction, generalised). A valuation v satisfies I' ¢ iff, for every
variable assignment « over v’s domain, « satisfies,, I' - .

(Note that this generalised definition gives the previous one as a special case when all the
formulae in the sequent are sentences.)

Definition 2.6 (Local validity, generalised). A meta-inference is locally valid with respect to
a class of valuations V iff it preserves sequent satisfaction for all v € V —i.e. iff for all v € V'
either the premiss sequents are not all satisfied by v or the conclusion sequent is satisfied by v.

We accept, with McGee, that the first-order rules are ‘open-ended, meaning that the rules
are valid. . . not only within the language. .. but they will remain valid however the language may
enriched by the addition of new sentences’ (2000, p. 66). On this assumption, it is possible to
show that the local validity of V-1 determines the standard, objectual interpretation of V:

(V) [Vvp]am = 1iff [elo/v]Jpm =1 for all 0 € D.

3 Three Types of Carnap-Style Argument

The various broadly Carnapian arguments for the non-categoricity of logic that have appeared
in the literature can be understood as falling under one of three general types. Arguments of
two of these types can, depending on their details, be successful, but arguments of the third
type turn out to be entirely illegitimate. We proceed by distinguishing among these three types
of non-categoricity argument and discussing them in turn.

3.1 Type I Arguments

In Type I arguments, a general model is presented that’s compatible with the validity of the
rules but incompatible with the standard semantic clauses for our logical operators. Insofar as
the general model that’s presented genuinely has these features, a Type I argument will certainly
be successful: any such general model is straightforwardly a counterexample to the claim that
the validity of the rules guarantees that the operators have their standard meanings.

The trivial valuation v*, for example, is usually deployed in service of a Type I argument:
insofar as that valuation (understood as a general model) is compatible with the validity of
the rules — which it is, if the rules are the usual single-conclusion rules and their validity is
understood by appeal to the usual consequence relation — the rules fail to pin down the standard
semantic clauses for the negation and disjunction signs, since v* is compatible only with deviant
interpretations of those operators.

Of course, as suggested above, there are various ways to avoid this implication by building
additional structure into either our formalisation of logic or our notion of validity. This is why
our local-validity-based account of the categoricity of CPL, for instance, isn’t threatened by this
sort of Type I argument.
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3.2 Type II Arguments

Type II arguments begin not from a general model but directly from a deviant set of semantic
clauses for the logical operators; here what’s shown is simply that the validity of the rules fails
to rule out the deviant interpretation in question. To show this requires examining all general
models compatible with that interpretation in order to determine whether the rules are valid
across those general models. It also requires ensuring that the interpretation is genuinely deviant
—i.e., that at least one general model compatible with that interpretation is incompatible with
the standard interpretation. (An alternative semantic clause for the negation sign according to
which ‘—A’ is true in a model just in case ‘A’ is false and ‘A — A’ is true, for instance, is not
deviant in any genuine sense.) Insofar as a Type II argument meets both constraints, it will be
successful.

The argument from Carnap’s deviant semantic clause for the universal quantifier, for example,
is a Type IT argument: all (propositionally standard) general models compatible with that deviant
interpretation — an interpretation on which ‘Vx F'x’ is true just in case every object in the domain
is in the extension of ‘F’ and the object designated by ‘b’ is in the extension of ‘G’ — turn out
also to be compatible with the validity of the rules (if those rules are given the sort of axiomatic
formalisation that was common in Carnap’s time).

Again, though, it’s possible to avoid this result simply by building more structure into our
formalisation of logic. On our own formalisation of the I- and E-rules for the universal quantifier,
for instance, the categoricity of FOL isn’t threatened by this sort of Type II argument.

3.3 Type III Arguments

Type I arguments work by holding fixed a general model and considering all possible interpre-
tations of the logical operators that are compatible with it, and Type II arguments work by
holding fixed an interpretation of the operators and considering all possible general models that
are compatible with it. Both strategies are legitimate. In Type III arguments, though, elements
of those strategies are illegitimately combined: restrictions are placed both on general models
and on interpretations of the operators in such a way that no demonstration of non-categoricity
is genuinely made available.

This is perhaps best clarified by example. So consider Brﬁncu§’s claim that the universal
introduction rule remains valid given Carnap’s deviant interpretation of the universal quantifier
if, in addition, “we take ‘Gb’ to be true” (2024, p. 349). This claim is intended to serve as an
objection to various attempts to secure the categoricity of the quantifier, including our own. This,
though, is a Type III argument: Brﬁncu§ presents a deviant semantic clause for the quantifier
while ruling out by fiat certain general models compatible with that interpretation. When all
general models compatible with that interpretation are taken into account, as in a Type II
argument, it’s evident that the universal introduction rule, as we formalise it, isn’t valid across
those general models: some of the general models satisfy ‘F'a’ but fail to make true ‘Gb’, in
which case ‘VxFz’ turns out to be false on Carnap’s deviant interpretation despite the fact that
the validity of the rule would guarantee its truth.

4 More on Type III Arguments: A Case Study

Del Valle-Inclan’s critique of Bonnay and Westerstahl’s proposal goes via a Type I1I argument
as well. In this case, though, the mistake isn’t del Valle-Inclan’s; it originates with Bonnay and
Westerstahl themselves, who build too much structure into their notion of a general model and
so are committed to describing as deviant certain valuations that are in fact compatible with
the standard interpretation of the logical operators. In particular, they take a general model not
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merely to assign truth values to logically complex formulae but to come with an interpretation
of the universal quantifier built in. So del Valle-Incldn proceeds by presenting a general model
that otherwise is compatible with the standard interpretation of the universal quantifier and
then stipulating that the quantifier has a deviant interpretation. More precisely, he constructs a
general model on which, for every predicate, either everything in the domain is in the extension
of that predicate or nothing is, so that a universally quantified sentence (standardly interpreted)
will be true just in case its existentially quantified counterpart (standardly interpreted) is, and
then he stipulates that we “(mis)interpret V as 3” (2024, p. 7), in which case the general model
is of course deviant.

Notice, though, that if we take a general model (as we should) merely to assign truth values
to logically complex formulae, it’s clear that del Valle-Inclan is here holding fixed both a general
model and an interpretation of the universal quantifier. And if we hold fixed only the general
model, as in a Type I argument, it’s evident that the general model is in fact not deviant: since
‘Y’ satisfies the standard semantic clause for the existential quantifier, it will also satisfy the
standard clause for the universal quantifier (since, again, the general model is designed in such a
way that those two interpretations will correspond to the same assignment of truth values to
quantified sentences).

5 Concluding Remarks

In short, it turns out that, by attending carefully to the differences between the three types of
Carnap-style argument, we can see that the strategy for solving Carnap’s problem we offered in
“Categoricity by Convention” (2021) remains promising despite some recent suggestions to the
contrary.
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