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Non-monotonic consequences of 
preferential contextual 

disambiguation 

Tim Fernando 

IMS, University of Stuttgart 

Abstract 
Logical consequence between (unambiguous) formulas is extended to am­
biguous expressions through disambiguations mapping the latter to the for­
mer . A particular system of preferential contextual disambiguation is related 
to well-known rules for non-monotonic consequence relations r"· On the one 
hand, the system provides a representation of rv based on an ambiguous 
expression of the background conditions underlying the entailment . On the 
other hand, rules for rv suggest requirements on disambiguations and on 
preferences between them. 

1 Introduction 

A familiar obstacle to applying logic to analyze the meaning of a natural 
language utterance is that pragmatics is commonly abstracted out of logic. 
Frustration with logic short on pragmatics might well drive one to the bold 
alternative slogan 

logic is a consequence of pragmatics! 

But what could the words "logic" and "consequence" (not to mention "prag­
matics") mean? Notions of logical consequence going back to Tarski and 
Gentzen have been relaxed in more recent years to provide a minimal crite­
ria for "logic," admitting, in particular, the possibility of non-monotonicity. A 
concrete test then of the slogan above is provided by the matter of ambiguity, 
construed broadly and pragmatically. 



I 

I 

1.1 Summary 

The present paper relates the theory of non-monotonic consequence rela­
tions r, (e.g., Gabbay [6]) to "preferential, contextual disambiguation." An 
indeterminate background context is ascribed to h and formulated as an 
"ambiguous" expression c that is then "merged" with the antecedent (to 
the left of r,) , yielding an ambiguous expression. Ambiguous expressions 
are "disambiguated" into unambiguous formulas by functions, called dis­
ambiguations, that take context into account (hence, the term "contextual 
disambiguation"). A "preference" relation -< on ( the set of) disambiguations 
is assumed that induces an extension f--< of a classical consequence relation 
f- (on unambiguous formulas) to possibly ambiguous expressions. The con­
sequence relation r, between expressions e and e' is then characterized by 
the equivalence 

e r, e' iff c1' e f--< e' , 

for some binary (merge) operation II on expressions, generalizing classical 
conjunction on unambiguous formulas. 

1.2 Aims 

Properties postulated for non-monotonic consequence relations (e.g., the cu­
mulative and preferential systems described in Kraus, Lehmann and Magidor 
[9]) translate into requirements on the set fl of disambiguations, and on the 
preference relation -< ~ fl x fl on fl. Conversely, representation theorems 
based on 6 and -< constitute an alternative to the usual (forms of) preferen­
tial semantics (going back to Shoham [14], Makinson [10], etc.). Extensions 
of r, to ambiguous expressions, including (nested) conditionals, are also pro­
vided by f--< . 

1.3 Underlying intuitions 

The intuition behind preferential semantics is that agents cope with uncer­
tainty about information by preferring certain interpretations over others. 
The notion of context can be understood either as an object that supports 
some information or as a piece of information itself. In either case, the par­
tiality of contexts suggests a formalization of contexts as formulas1 ( or as sets 

l. This point is taken up at length in §4.1 below. 
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of models), with indeterminate contexts analyzed as ambiguous expressions. 
What is novel about the present work is that the preference relation -< above 
is defined not on contexts, but on functions that disambiguate contexts; that 
is, -< is a binary relation on the forementioned disambiguations. The idea in 
linking r, to a notion f--< of logical consequence between possibly ambiguous 
expressions is to trace deviant features of commonsense reasoning to the step 
from classical logic (with an unambiguous consequence relation f-) to natu­
ral language (interpreted relative to a context that admits no unambiguous 
formulation) . The syntactic nature of this characterization of r, is deliberate; 
the thrust ofrepresentation theorems (in terms of 6 and-<) is not so much to 
describe model-theoretic systems ( derived by replacing formulas with sets of 
models) relative to which certain proof rules are complete, but rather to ex­
plore the scope of a "representationalist" conception of disambiguation that 
need not appeal to models. 

2 Background 

A natural operation to perform on two formulas r.p and r.p' is to "merge" 
them into a formula r.p

11 
r.p' that contains the information in r.p and in r.p'. This 

operation supports a view of formulas as both contexts r.p and "context change 
potentials" r.p' insofar as 

r.p

11
r.p' ~ the context returned by asserting r.p' at context r.p . 

Classical conjunction is an obvious example of such an operation but in fact 
the term "context change potential" is used in certain formal ap~roache~ 
to natural language discourse (e.g., Kamp and Reyle [8]), where II is not 
commutative (hence the elevation of the symbol /\, suggesting concatenta­
tion). These approaches are motivated in no small measure by the problem 
of anaphora in natural language, which, very roughly, has to do with the 
question of what pronouns refer to, as in the piece of discourse 

Ernest has a brother. He would understand this paper. 

As illustrated above, a pronoun (occurrence) may well have more than one 
possible reference, leading to ambiguity. 2 With this in mind, let us distinguish 

2. As it happens, I have a brother named Ernest. Alas, I doubt he'd understand this 
paper. 
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the set <P of unambiguous formulas from a larger set E :) <P of (possibly 
ambiguous) expressions (regarding say, a formula with an unbound variable 
as an element of E - <P). Under this division, a classical notion of logical 
consequence f- can be assumed for <P that treats ( the restriction to <P of) 
/I as just ordinary conjunction /\. This point is discussed in §4.2 below. For 
now, let us take it for granted, and turn our attention to how to extend f­
to E. 

2.1 Eliminating ambiguity 

Inasmuch as ambiguous expressions differ from unambiguous formulas in that 
they require "disambiguation," it is natural to bring such a notion into the 
picture. Toward that end, let 6 be a set of disambiguations 15 : ( <P x E) -+ <P, 
with the intuition that 

15( 'P, e) ~ a disambiguation of e given context ((J . 

Observe that an ambiguous expression e is totally disambiguated (relative 
to an unambiguous context), but that "partial" disambiguation might be 
modeled as a set of "total" disambiguations. Also, 6 cannot, of course, be 
the full function space ( <P x E) -+ <P. For instance, every 15 E 6 must leave 
unambiguous formulas as is; that is, 15 ( <p, <p1 ) = <p1 , for all ((J and <p' E <P. 
Other requirements should doubtless be imposed, and indeed one of the very 
points of this paper is to uncover just what those might be. Let us move 
along then, and notice that a disambiguation 15 : ( <P x E) -+ <P induces a 
natural extension of f- i::;; <P x <P to f- 6 i::;; E x E relative to an (implicit) 
"empty context" T E <P (such that, for example, <p f- T for every ((J E <P) as 
follows 

e f- 6 e' iff /5(T, e) f- /5(/5(T, e), e') . 

Note that the disambiguation of the succedent e' is carried out relative to 
the context /5(T, e) created by the antecedent (asserted at the context T). 

Next, let us quantify out the choice of 15 by asking 

is the set { 15 E 6 : e f- 6 e'} large? 

Without saying exactly what "large" means, let us assume some answer given 
by a family Vi::;; Pow(b.) of sets of disambiguations (so that a subset D of 6 
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is "large" iff D E V). Then, it is natural to extend f- i::;; <J) x <J) to f-D i::;; Ex E 
according to 

ef-ve, iff {l5E6 : ef-6 e'}ED. 

Now, returning to D, we may assume the full set b,. is large - i.e., b,. E D 
-, and that all sets larger than a large set are large - i.e., 

DED Di::;;D' 
D'ED 

Assuming further that D is closed under intersections, 

DE D D' ED 
DnD' ED 

turns D into a filter. This third assumption will prove useful for technical 
reasons, but is certainly more questionable than the other two. 

2.2 Non-monotonic consequences of preferential semantics 

The "technical reasons" alluded to above concern the fitness of f- D to be a 
notion of logical consequence. The criteria for such a notion have changed 
over the years, reflecting the interest in non-monotonicity. A number of rules 
( or more precisely, closure conditions) for a binary relation f-v i::;; L x L on a set 
L of formulas are presented in Gabbay [6], based on a classical consequence 
relation f- i::;; L x L. Typically, f-v is both stronger and weaker than f-, in 
that f- i::;; f-v, but f-v respects less rules . This is the case for what Kraus . 
Lehmann and Magidor [9] describe as Gabbay's base system C of cumulativ~ 
reasoning, which consists of the rules of reflexivity 

(Ref) 

left logical equivalence 

(LLE) 

right weakening 

(RW) 
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I I 
I 

set aside the problem that { 'I/; : T r" 'I/;} is infinite, there remains the question 
of establishing the equivalence 

( :j:) cp r'" cp' iff {'I/; : T r" 'I/;}, cp f- cp' . 

(As usual, f- can be extended to Pow(<I:>) x <I:> by 

r f- cp iff (:3 finite ro <:;; r) /\ ro f- cp ' 

with r, cp f- cp' written instead of r U { cp} f- cp'.) It suffices for the forward 
direction of ( :j:) that 

cp r'" cp' implies T r" cp cp' , 

which is a special case of the "hard half of the deduction theorem" called 
rule (S) in Kraus, Lehmann and Magidor [9] (page 191). Avoiding this rule 
altogether, let us disambiguate c instead as { 'I/; 'lj/ : 'I/; r" 'I/;'}. But there is 
still the backward direction ¢= of ( :j:), for which the relativization c~ of the 
disambiguation of c to cp, given.by (C2), is useful. In particular, let us trim 
down the disambiguation further by setting our sights on the theory 

r 'I' = { cp cp' : cp r" cp'} , 

which enjoys the following property. 

Lemma 3.4 Assuming r'" verifies c-, 

for all cp, cp' E <I:>. 

Proof. Suppose cp r'" cp'. Then by the definition of r <p, r 'I' f- cp cp', and we 
are done by the deduction theorem for f- . The converse requires a bit more 
work. Assume r 'I'' cp f- cp'. That is, there are cp1, ... , 'Pn such that 

(*) cp r'" cp; for every i E {l, ... ,n}, 

4. This is the key lemma, corresponding to Lemma 3.18 in Kraus, Lehmann and Magidor 
[9]. It seems that (LLE) is unnecessary, unless, as suggested in §3.3, (Cut) is replaced by 
the preferential rule (Or) described there. 
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and 

Now, (**) implies 

n 

/\ ( cp cp;) I\ cp f- <p' . 
i=l 

n 

(/\ cp;)/\cp f-
i=l 

I cp , 

whence ( since f- is contained in r") 
n 

(/\ 'Pi) I\ cp r'" cp'. 
i=l 

Also, by the rule (And), it follows from ( *) that 

n 

cp r'" /\ 'Pi . 
i=l 

Thus, (Cut) yields cp r'" cp', as required. -I 

Next, let us attend to the problem that the set r 'I' is infinite. This is 
where and -< come to play. Assuming <I:> is countable, fix an enumeration 
{ 'l/Jo, '1/;1, ••• } of <I:>, and build a set = { 80 , 81, ... } of disambiguations, where 
(for every cp E <I:>) 8i approximates r 'I' up to { '1/;0, ... , 'l/Ji} in the sense that 

c~ = /\ { cp cp' : cp r'" cp' and cp' E No, '1/;1, · · ·, 'l/Ji}} · 

Arrange 

8i ( cp, cp') = cp' 

for every i and for all cp, cp' E <I:>. Then define -< by 

8i --< 8j iff i > j . 

Let f--< be f-v-<, where V-< is the family of stably --<-dense sets. 

Theorem 4 (Representation). Let <I:> be countable, and r'" <:;; <I:> x <I:> verify 
c-. Then for and --< constructed as above, 

cp r'" cp' iff c" cp f--< cp' 
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for all '-P, cp' E <f:,_ Furthermore, (6, -<) is c- -sufficient. Similarly, for C. 

Proof. For the equivalence, it suffices by Lemma 3 to establish that 

f cp, '{! I- tp1 iff C11 '{! I--< '{!1 , 

which is easy because -< is a linear order, and whenever 15 -< 15', c! I- ct. 

Turning to c;c- -sufficiency, use Proposition 1 and the definition of 
c6 for parts (i) and (ii) 5 respectively of c--sufficiency. Part (iii) and the 
additional condition for C-sufficiency are proved by reversing the argument 
for soundness. In particular, observe that 

{ 15 E 6 : c! I\ '-P f- '-P1} E 1)--< 

{ 15 E 6 : c~ I\ '-P I- c!11'P,} E V-< 

follows from (Ref), (Cut) , (And) and the definition of c!, while 

{ 15 E 6 : c! /\ '-P f- '-P'} E 1)--< 

{ 15 E 6 : c~Acp' /\ ( <p11 cp') 1- c~} E 1)--< 

is a consequence of (Ref) , (CM), (And) and the definition of c! . --j 

3.3 Extensions 

Insofar as neither 6 nor -< need mention models, it is perhaps unsuitable to 
call Theorem 4 a "completeness theorem." Moreover, §3.2 is hardly "com­
plete" in that there are at least two obvious directions in which to extend 
the analysis. Further rules might be added to c-, and the set <f:, might be 
expanded to cover more of E. Let us take these up briefly, in turn. 

The equivalence stated in Theorem 4 can be maintained for any ex­
tension of c- by rules ( over the same set <f:,). If necessary, the rules can 
be translated mechanically into conditions on 6 and -<. Take, for instance, 
what Kraus, Lehmann and Magidor [9] call preferential reasoning, which is 
characterized by adding to C the rule 

(Or) 
e1 r" e e2 r" e 

e1 V e2 rv e 

5. Observe that the reversal of (LLE) would not have been possible had c~ been defined 
instead as (\(r"' n { 1/>o, ... , 1/>;} ). 
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Put in terms of (6, -<), this rule becomes simply 

(OR) { 15 E 6 : C11 e1 l-6 e} E 1) -( { 15 E 6 : c11 e2 f- 6 e} E 1) -( 

{ 15 E 6 : c11 ( e 1 V e2) f- 6 e} E 1) -( 

and ifwe are content with such a "syntactic" requirement on (6, -<), we need 
work no further for a representation of P. (A parallel here might be drawn 
w~th the ~anner in which the completeness theorem for first-order logic ap­
plies to _different first-order theories.) Of course, a little labor is always good, 
and a simple restatement of (OR) might be illuminating. Or perhaps with 
a bit more effort, we might even strengthen (OR) by a sufficient condition 
met by the model constructed in the proof of Theorem 4, adapted to P.6 
Following a suggestion of D. Lehmann's (made in a conversation with me) 
that (Or) be regarded as a basic rule, consider the system p- obtained from 
P by replacing (CM) by (And). As proved in page 191 of Kraus, Lehmann 
and Magidor [9], p- enjoys cut-elimination - which is to say that p- can 
be redefined as c- with (Cut) replaced by (Or) 

p- = {(Ref) , (LLE), (RW), (And), (Or)} . 

Now, improving on condition (iii) of c--sufficiency, define a pair (6, -<) to 
be p--sufficient if 

(i) -< is transitive, 
(ii) for all '-P, '{! 1 E <f:,, 15 E 6 and e E E., 

and 

(iii) for all '-Pi, '{!2 , E <f:,, and 15 E 6, 

The arguments in§§ 3.1 and 3.2 can be modified easily to prove 

6. Notice, for instance, that condition (C3) (in the definition of c--sufficiency) is stronger 
than the mechanical translation of (LLE), but that we have taken pains to construct in 
the proof of Theorem 4, an interpretation (L'l., -<) satisfying (C3). ' 
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Theorem 5. For every p- -sufficient pair (b,., -<), the relation {(cp, cp') E 

qi x qi : c11cp f--- ~ cp'} verifies p-. Conversely, i~ <I> is c~untable, then for eve1y 
r" ~ <I> x <I> verifying p- ' there is a p- -sufficient pa1T (b,., -<) such that 

cp f-v cp' iff c11 cp f--- ~ cp' 

for all cp, cp' E <I>. 

A second direction in which to push the present analysis of f-v is. to 
enlarge the set of formulas to E. This is, in my mind, no mean enterpr~se, 

• • ·t does some fundamental reflection on the nature of ambiguity, requmng as 1 . . · bl 
h 1 ·b·1·t that LV should be "logical" (m any recogmza e and on t e p aus1 1 1 Y , . 

) Two assumptions made in the present paper, for mstance, deserve 
:::: ~areful consideration: (i) the claim that the "partial" character of (th~ 
"actual" process of) disambiguation can be modeled through. sets of ~ota 
d. b ' t· and (1•1·) the assumption that Dis closed under mtersect1ons. 18am 1gua 10ns, h 
In confining its attention to the disambiguation of a rogue con~ex~ c, t e 
present paper takes the tiniest. bite at the monster that is ambiguity; the 
reader with an appetite for more is referred to Fernando [4]. 

4 Discussion 

The basic hypothesis about non-monotonicity e.xplored above is ,.very br.iefly, 
that non-monotonicity arises from the non-persistent mterpretat1on_ (~ iden­
tified here with disambiguation-) of implicit (b~ckgro.und) cond1t1ons. To 
help us digest that point, let us try to put things m their proper context. 

4.1 Contexts: between models and formulas 

Few would dispute the claim that contexts are partial, but just what the 
consequences of this claim are varies widely from rese~cher t? researcher. 
For the approach developed above, it is crucial that this p~t1~hty not be 
confused with uncertainty about contexts, as such a distmct1on 1s necessary 
in formulating the following principle of persistence 

'P f--- cp' 
8(cp, e) f--- 8(cp', e) 
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The failure (above) of persistence gives rise to the essential asymmetry be­
tween the rules (LLE) and (RW) of Kraus, Lehmann and Magidor [9] (­
an asymmetry that all other rules can be viewed as being devised to dimin­
ish). In fact, whereas the rule (RW) is, in the present work, an immediate 
consequence of the innocuous assumption that only "large" sets can con­
tain "large" sets, the rule (LLE) must, weak as it is, be introduced through 
condition (C3). (C3) can be restated (as in the definition of p--sufficiency) 
as 

'P = cp' 
8(cp, e) = 8(cp', e) ' 

asserting that, so far as disambiguation is concerned, an unambiguous for­
mula matters only up to its set of models. That is, a perfectly finitary formula 
can be replaced by an infinite set (if not proper class) of its possibly infinite 
models. Of course, only the most rabid semanticist could (shamelessly) de­
scribe such a move as a "reduction." On the other hand, there is no denying 
the widespread bias for models over formulas, manifested, for instance, by the 
fact that preferences were initially defined on models (rather than on formu­
las). We may well expect preferences on infinite sets of formulas ( correspond­
ing to theories of models) to be reducible to preferences on (single) formulas 
(corresponding to basic open sets of models) , if only because compactness 
has become so familiar. 7 But defining preferences between states "labeling" 
the same sets of formulas (as in the preferential models constructed in §5.3 
of Kraus, Lehmann and Magidor [9]) is a different matter altogether, requir­
ing a shift in perspective. Staying with our interpretation of f-v in terms of 
,0,. and -<, it perhaps bears repeating that in view of the dispensability of 
models to that interpretation, it is more appropriate to describe Theorem 
4 as a "representation theorem," rather than a "completeness theorem. " In­
deed, I conceived Theorem 4 originally to serve a certain representationalist 
end, establishing the eliminability of models (poorly suited, as they are, for 
mechanization). 

7. Passing to effectively presented sets, there is also Kleene's theorem stating that a 
recursively enumerable first-order theory is equivalent to a first-order sentence, allowing 
an expansion in vocabulary. 
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4.2 Discourse representation 

Although a model-theoretic interpretation of a notion f- ~ <I> x <I> of conse­
quence allows formulas (in <I>) to be replaced by models, it need not imply 
that f- is classical. In the case of Discourse Representation Theory (DRT, 
Kamp and Reyle [8]), for instance, an equivalence between model-theoretic 
and syntactic accounts of <I> was more or less obvious before a classical con­
sequence relation f- was isolated. The simple reason was that the model­
theoretic interpretation commonly associated with the DRT merge /\ is not 
commutative. More precisely, a certain first-order fragment <I> of DRT can be 
supplied a semantics [·], under which 

(i) every <p E <I> is interpreted as a binary relation [<p] ~ S x Son a certain 
fixed set S of states ( constructed from models), with the intuition that 

and 

s[<p]s' iff given an initial context s, <p can return the context s' 

for all s, s' E S, 

(ii) A is relational composition 

for all <p, <p1 E <I> . 

Nevertheless, it turns out that the relational semantics [·] is determined by /\ 
and a set <I> .L ~ <I> of "absurd" formulas (Fernando [2]). The situation is com­
pletely analogous to the way conjunction and negation determine Boolean 
connectives. Hence, it is perhaps not terribly surprising that, for this case, 
relational semantics can be reconciled with Boolean-valued semantics (Fer­
nando [3]). That is to say, a classical notion f- of consequence can be defined 
for an unambiguous fragment <I> of DRT. 

Far more interesting, however, are parts of DRT that go beyond <I>. 

Two examples are Segmented DRT (SDRT, Asher [1]) and treatments of 
plurals. In SDRT, a non-monotonic entailment relation rv KB relative to some 
knowledge base KB lies at the heart of the discourse interpretation process 
(involving so-called discourse relations) . The idea is to put in the lefthand 
side of rv KB not only the natural language utterance to be interpreted, but 
also the "common ground" - that is , the discourse context. Now, it is natural 
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to hypothesize that "conversational leaps" in the common ground give rise 
t~ the rogue context c (above). In particular, the presupposition associated 
::~ the utterance of a sentence <p at context K might be expressed as c so 

K, <p rv KB K' iff K, c, <p f- KB K' 

for all \candidate consequences) K' . As for plural statements, ambiguity is 
a notonous problem, motivating, for example, the work of Reyle [13]. And 
':hether or not the difficulty is labeled to be one of "ambiguity," interpreta­
t10n does not become any easier where there is no explicit quantification as 
in the case of ' 

Birds fly. 

In contrast to the case of r"KB, it would seem useful to formulate such "bare 
plurals" as conditi_onal ~xpr:ssions, rather than as judgments about r"· In 
any event, a closer mvestigation of r,, including its relation with conditionals 
is clearly called for. ' 

4.3 Smoothness, optimal disambiguations and generics 

The ~s~umption in abduction that there is a most preferred explanation, 
the limit assumption in Stalnaker [15], and the "smoothness condition" in 
Kraus_, Lehm~nn and Magidor [9] correspond in the present approach to the 
followmg not10n. A pair ( 6, -<) is said t? be smooth at ( <p, e) E <I> x E if 

(Vb E 6)(:lb' j b)(Vb" j b') b' ( <p, e) = b" ( <p, e) . 

Tha~ is, there is ~ set \J.! ,p,e ~ <I> such that { b E 6 : (:lip E \J.! ,p,e) (Vo' j 

b) b(<p,e) =. 7/i} IS ~tably -<-dense. (Note that the particular pair (6,-<) 
cons~r~c~ed m §3.2 Is smooth at ( <p, c) iff r 'I' is equivalent to a formula.) 
Specialrzmg to the case e = c relevant to our analysis of 1_ c <I> x <I> 11 

· (6 ) r ~ _ , ca a 
parr , -< c-smooth if it is smooth at (<p, c), for every <p E <I>. 

Proposition 6. If (6, -<) is c-smooth, then for every <p E <I>, there is a set 
\J.! ,p ~ <I> of unambiguous formulas such that 

for every <p1 E <I>. 
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Proposition 6 not only reduces f-v to material implication, but also chara?ter­
izes the background condition as a disjunction V 1¥ 'P ( which can be formalized, 
assuming the disjunction can be formed; e.g., if 1¥,p is finite) . Observe that 
the background condition is defined relative to the antecedent cp, and that the 
more general case where antecedents and/or succedents might be ambiguous 
requires a notion of an "optimal disambiguation" that checks every ambigu­
ous expression (not just c). Whether or not optimal choices at every pair 
( cp, e) ( for all e E E as well as cp E <I>) can be assembled in a disambiguation 
presumably depends on the application at hand. 

Returning to the simple case of c, the following example is instructive, 
particularly for a comparison with Kraus, Lehmann and Magidor [9] . 

Example. Let <I> be the set of propositions generated by a countable set 
{Po,Pi, .. . } of propositional variables, and let .C be the first-order lang~age 
induced by a countable set { U0 , Ui, ... } of unary relation symbols. Fix a 
constant symbol a, and define the translation .a from <I> to .C(a) as follows 

Un(a) 
cpa I\ '1/Ja 

,( cpa) . 

Next let M be the .C-model with universe w (= {0,1, ... }) that interprets 
Un~ {m E w: m;::: n}, for every n < w. Form the .C(a)-theory T by adding 
to the £-theory of M the .C(a)-sentences Un(a), for every n < w: 

T = {x E .C: Mp= x} u {Uo(a), Ui(a), .. . } 

(which is consistent, by compactness). Define 

for all cp, 'l.jJ E <I>, and observe that f-v satisfies C (including (CM)), but cannot 
be captured by a c-smooth pair (l:., -<), since T is not satisfiable in M (but 
only finitely satisfiable there). [End of Example] 

By contrast, note that in Kraus, Lehmann an~ '.'1agidor [9] : a similar "smo?t~: 
ness condition is necessary to ensure the validity of Caut10us Monotomcity 
(page 182). A notion central to the representation arguments there is that 
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of a normal model of cp, by which is meant a model of { cp' : cp f-v cp'} · 
This leads to so-called strongly cumulative models ( the essential property 
of which is that every antecedent cp has a minimum state), because normal 
models contain infinite information, whereas disambiguations only encode 
single formulas (in values assigned to pairs (cp, e) E <I> x E). As it turns 
out, it is fruitful to introduce types (as they are known in model theory) to 
express more information than can be packaged in single first-order formu­
las. The question is, however , what are these types of? As has already been 
mentioned, preferences in Kraus, Lehmann and Magidor [9] can be defined 
between states labeling the same sets of formulas . (This, at least, is the case 
for the preferential models in §5.3, though not, as noted in Voorbraak [16], 
for the cumulative models in §3.5.) In conceptual terms, what do such states 
reflect? Toward an answer, Fernando [5] treats these states as objects in a 
first-order model, explores a notion of generic object ( or better: type) that 
reduces defeasibility to material implication, and presents a proposal relating 
entailment f-v to a connective producing conditional expressions. (At the risk 
of sounding obscure, suffice it to say that what is gained by introducing a 
preferential relation is the possibility of omitting the type.) 
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-
A Process Algebraic Approach to Situation Semantics 

Tsutomu Fujinami (IMS, Universitat Stuttgart) 

Abstract : We propose a way to base Situation Semantic to a computational ground 
of concurrency and to linear logic. One of the core ideas of Situation Semantics is 
ecological realism, the idea that meaning arises from the interaction between a cog­
nitive agent and his/her environments. We model both the agent and environments 
as a process and study the interaction as a system of communicating processes. We 
turn to the n-calculus to construct semantic objects employed in Situation Theoretic 
Discourse Representation Theory (ST-DRT) . The construction helps us relate ST-DRT 
with linear logic, through our translation of the calculus to a combinatory intuition­
istic linear logic. The multiplicative conjunction then enables us to build up various 
semantic objects as a theory. By conceiving of linear logic as a theory of information 
flow, we can establish a connection between Channel Theory and ST-DRT. 

1 Introduction 

Process algebra has been being developed in Computer Science to study commu­
nication and concurrency.1 The paper proposes one way to apply the technique 
to natural language semantics. Philosophically, the approach may be justified as 
a development from Situation Theory [Barwise and Perry 1983]. It is argued in 
the theory that the meaning of sentences is the relation between the situation 
where the sentence is uttered and the situation it describes. Channel Theory, a 
recent development from Situation Theory, enables us to refine the relation to a 
pair of notions, connection and constraint [Barwise 1993, Seligman and Barwise 
1993]. That is, the relation between a particular utterance and the situation 
described can be regarded as a connection. As a constraint, of which the con­
nection is an instance, we can take the relation between the sentence type of the 
utterance and the situation type of the described situation. Statically, classifying 
the connection as an instance of a constraint is enough to determine the meaning 
of a sentence, but here we are also interested in the operational aspect, that is, 
how the connection can be classified by an agent. 

To investigate the aspect, there are several points to be considered. First of all, 
the model must allow to capture the meaning of multimodal expressions such as 
utterances accompanied by a picture or figure. Recall Situation Theory claims 
that natural language is a way to convey the meaning [Barwise and Perry 1983]. 
The theory of meaning must be general so that it can capture information flow 
by various means, not limited to natural language. The other point is to do with 
ecological realism, the idea that the meaning arises from the interaction between a 

1See for example, [Milner 1989]. 
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cognitive agent and his/her environments. Given that various information sources 
are available in dialogue, the agent can interact with them in parallel to extract 
information. Based on the observation, we argue that process algebra is useful 
to model information flow in which utterances are involved. 

The algebra is expressive enough to model many aspects of linguistic actions such 
as parsing, interpretation, and evaluation,2 but before exploiting the possibilities 
we are concerned about how such an enterprise can be related with other theories 
of natural language semantics. To answer the question, the modelling provides us 
with an operational model for semantic objects employed in various theories. The 
central issue for semantics has been to develop frameworks to describe the mean­
ing of sentences, while less attentions have been paid to their implementations. 
By 'implementation', we do not mean to implement a program using a particular 
programming language such as prolog or Lisp. We are rather interested in identi­
fying a certain class of computations needed to model a theory and investigating 
their properties, abstracted away from actual implementations. In the paper, we 
propose a way to construct semantic objects as a system of communicating pro­
cesses. Semantic objects are then regarded as a (declarative) definition of such a 
system. Suppose we have a semantic object, a, in our theory and implement it as 
a system of processes, P. To express the rell'!tion, we write P Fa and read it as 
P satisfies a. The first half of the paper is devoted to working out the relation, 
where we turn to the 'Ir-calculus [ Milner et al. 1992, Milner 1993] for model and 
Situation-Theoretic Discourse Representation Theory(ST-DRT) [Cooper 1993a, 
Cooper 1993b] for semantic theory. 

The construction of semantic objects employed in ST-DRT can not be completed 
only with the 'Ir-calculus. Obviously, logical connectives and quantifiers are miss­
ing in the algebra, for which we have to base our construction to some logic. For 
the purpose, we turn to linear logic [Girard 1987], especially to its intuitionis­
tic and combinatory version [Lafont 1988], and propose one way to define our 
model in the logic. The grounding in turn benefits us for its close connection 
with Channel Theory. It will be turned out that, as a theory of information 
flow, they share much in common. The grounding is also useful to investigate 
computational properties of semantic objects because the logic has been studied 
well in Computer Science. 

The paper consists of four parts. The first part explains our view on semantic 
objects modelled as processes (§2), the second part presents the construction of 
semantic objects (§3), and the third part shows the grounding of the construction 
to linear logic (§4). We will discuss finally how the logic can be related with 
Channel Theory (§5) . The paper however remains to be a sketch due to limited 

2Throughout the paper, interpretation means to construct semantic representations based 
on syntactic information, and evaluation to relate a particular semantic representation to ( a 
part of ) the world. 
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space. For more detail , the reader is invited to consult the author 's dissertation 
[Fujinami 1995]. 

2 Semantic objects modelled as processes 

2.1 Situation-Theoretic DRT 

To describe the meaning, the approach taken in ST-DRT is to capture it as a 
sort of function . For instance, the meaning of a sentence, "Mary eats a piece of 
shortbread.", can be described in ST-DRT graphically as: 3 

eat(x,y) 

or in linear notation as A[ri --+x, r2 --+y]((eat , x , y; 1)) . The formula, ((eat, x, y; 1)), 
expresses an item of information composed of three elements with a polarity, 1, 
indicating the item as positive. The first element denotes a relation of eating, 
the second eater, and the third foods. The second and third elements are how­
ever yet to be filled with some concrete objects, thus parameterised with x and 
y, respectively. We call such an object parametric infon. The object must be 
formalised mathematicaly and is regarded as an abstract object called infon ab­
stract, abstracted over x and y by adopting the A-abstraction. We can therefore 
conceive of it as function, but it is more flexible in that abstractions w.r.t. x and 
Y can occur simultaneously. That is, it does not matter in which order the object 
is abstracted over, e.g., either x then y or y then x . To compensate it, another 
object called role is introduced to index parameters. In the infon abstract (1), 
roles are r1 and r 2 . 

In accordance with the extension, the assignment to parameters must be defined 
with roles, too. Suppose we anchor x to a particular person, 'mary', and y to 
a particular piece of biscuit, 'shortbread' . The anchoring could be expressed as 
below, where 'mary' is indexed with r 1 and 'shortbread ' with r 2 : 

eat(x,y) [ r1--+ mary ] 
r2 --+shortbread (2) 

3For simplicity, we disregard the information that x is named Mary and y is a piece of 
shortbread. As for the graphical representation, the reader is also referred to [Barwise and 
Cooper 1991,Barwise and Cooper 1993]. 
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When applied to it, the infon abstract (1) turns into another object called infon 

such as: 

eat(mary, shortbread) (3) 

which expresses an item of information such that a particular person called Mary 

eats a particular piece of shortbread. 

2.2 Processes as generalised function 

The extension of functional calculus by Situation Theory is li:guis!ic:~!:r:noc~; 

vated. Robin Cooper [Cooper 1993a], for ex~mt~e pii:e~s~:ct~r~s contributing 

as roles •. Pus~ing the ide:el:r::~er ~~~o~::smac :omposite of roles, where roles 
towards mdexmg s~ch ~ . t ~hat is suggested through these extensions is 
become more comp ex O Je_c s. . d anchored to environments 
that the way a semantic obJect is abstracted over an f t· Thus 

coul~ be more l~ntgt?t~ an~:o:~~ep~~:::h:e:a;:ta;:~:u:;t::c~n~h~o:ieanin~ 
backmg to our m m ion, . _ . 
from an utterance as a process rather than funct10n. 

Let us reinterpret the infon abstr:~: ;~~u t~\a:~~~~::: i;{n~:r~~~~::s:~n ~: 

regard ~e r~l~s, r~r::1 (:,i:;r: i). For th; infon abstract, the roles are used to 
~xporte han_ dir_n~d ls 'mary' and 'shortbread', while they are used to export 
import t e m ivi ua , 
them for the assignment. 

Figure 1: Roles as an information port 

In the Jr-calculus, the action to _import an ~tern of( in)foz::~::h:i:~~a::\f~~; 
r to replace a parameter, x, is expresse as ri x • 

i, 
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process after importing an item. The change caused to the process by the action 
can then be expressed as ri(x).P, where ' .' indicates sequential order of the 
states. On the other hand, the action to export the item, 'mary', is expressed as 
r 1 (mary) .0, where the overline indicates it is the dual of the input action. The 
symbol, 0, means termination and can be often suppressed for readability. When 
these two processes are concurrently active, the individual can be imported to 
P upon the interaction through the port. As the result, the parameter, x , is 
substituted by 'mary', whose transition we express as: 

r1(x).P I 
-+ P{mary/x} I 

r1 (mary).0 
0 

where {mary/x} expresses the substitution environment such that 'mary' substi­
tutes x. In this formulation, the process, P, can be said to be abstracted over 
x indexed with r1. We may even express it as ..\[r1 --+x].P, adopting the syntax 
of ST-DRT. As hinted with the example, the process algebra can be regarded to 
be a generalisation of functional calculi4 and can be a useful foundation to study 
ST-DRT. 

2.3 Process algebraic ST-DRT 

The flexibility provided by the algebra enables us to model the complex cases 
of abstractions and anchorings more naturally than employing composite roles. 
Suppos~ for example we want to expr.ess the meaning of the sentence, "Mary 
eats a piece of shortbread.", as an abstract object whose parameters x and y are 
substituted by individuals determined jointly by utterances and referring actions. 
In ST-DRT, such an object may be expressed as: 

eat(x, y) (4) 

where (ref1, u1) is a composite role, composed of a referring action, ref1, and an 
utterance, u1. The parameter, x, may be substituted by an individual determined 
by an utterance of "Mary" and the reference to her at that time. 

When we regard the object as a process, we can further analyse the relation 
between referring actions and utterances. Suppose we regard the referring action, 
refi, as a parameter to be substituted by a role imported upon the utterance of 

4See, for example, [Milner 1992] . 
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"M " u and the parameter, x, will be substituted by an individual imported 
thr~:~1/ t~~ role. By extending the notation of ST-DRT, it can be expressed as: 

I u 1 -+ refi , u2 -+ reh 

I refi -+ x, reh -+ Y 
(5) 

eat(x, y) 

This is a clarification of the assumption that an utterance can convey a referenc~ 
• d be expressed in the calculus as a process such as u1(refi).refi(x).P. 
an can ·d· ·t ·th le When the process is accompanied by other processes provI mg I WI a ~o , 
ri, through u1 , and the individual, 'mary', through rI, it can get access to It as 
follows: 

uI(refi).refi(x).P I 
--+ r1(x) .P{'1/reJi}I 

r1 (mary).O 
r 1 (mary).O 

In the above formulation, we can conceive of the r1 of rI (mary) as a reference 
to the person called Mary. The way the reference is conveyed to the process, 
p as simplified by the assumption, but it could be conveyed to through other 

' w 11 Also i"f each utterance of noun phrases may import a reference means as we . , h t 
to its corresponding part of semantic objects, it must be passed to anot er par 
subsuming it so as to construct the meaning of the sentence as a ~hole. The way 
references are passed around between processes may be determmed by syntax. 
The ability of the calculus to model the exchange of references ~et~een processe~ 
is then useful to model such a dynamic aspect of syntax/semantics mterface, too. 

3 The construction of semantic objects 

3.1 Interaction graphs 

The 1r-calculus provides for a useful foundation, but we need to . extend it _so 
as to model semantic objects employed in ST-DRT due to the stnct sequential 

T s ppose we would like to model the infon abstract (1) as a process 
comhpos1( w(n.) I u (y).) p the process that receives an item simultaneously through sue as r1 x r2 • , • h t t 
ri and r 2 to replace it for x and y, respectively, and to turn mto anot er s a e, 

sFor simplicity we disregard the information flow through U2 and re/2. 
6Interested readers are referred to the author's thesis . 
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P, encoding the parametric infon. The construction is , however, not allowed for 
in the calculus because the sequential composition must proceed to the parallel 
one. We lift the restriction by proposing interaction graphs as our model. 

Interaction graphs (JG) represent graphically the structure of interactions be­
tween actions, where the sequential order is not specified explicitly. In the repre­
sentation, a system such as (a(b) I a(x)) is depicted as shown in Figure 2. Since 
the node, a, is used as port, the below half is shaded, to which two arcs are 
attached. The exporting arc links b to a, depicting the action, a(b), while the 
importing arc links a to x to depict the action, a(x). The different sorts are 
depicted with different heads of arcs. 7 

port ___ _ 
.......... .... 

exporting arc --· ------ -- importing arc 

Figure 2: An interaction graph of (a(b) I a(x)) 

To illustrate how the computation is performed by JG, we consider a more com­
plex case than the above, a system such a.s (a(b).b(c) I a(x).x(y)), whose JG rep­
resentation is shown in the leftmost of Figure 3. By a chemical metaphor, 8 we 
conceive of the arcs as molecules moving freely in the solution, whose surface is 
indicated by the shadowed horizontal line. Nodes shaded in the below half are 
then regarded as a catalyst to activate the interaction between molecules. The 
interaction always occurs in the surface. The two molecules, a(b) and a(x) , are 
activated by a to interact with each other. Upon the interaction, they are evapo­
rated, leaving x renamed to b (the second leftmost of Figure 3) . Then, the other 
molecules come up to the surface and move to contact with each other through b 
( the second rightmost of the figure) . The two parts are merged because the two 
nodes above the surface bear the same name. Finally, they interact with each 
other to leave y renamed to c ( the rightmost of the figure). 

With the representation , we do not have to specify the sequential order as it is 
naturally enforced by the constraint that the interaction must occur in the surface. 

7Interaction Graphs are a variant of Pi-nets, a graphical form of the 1r-calculus proposed 
by Milner [Milner 1994], but they can depict possible interactions in clearer form . The idea to 
shade only nodes serving as port is due to Robin Cooper. 

8Such a metaphor was first proposed by [Berry and Boudol 1992] . 
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Figure 3: Modelling mobility in JG 

Concurrency can be depicted in the representation since unlimited number of 
molecules can be in the surface to interact with each other at the same time. 
Apart from the advantage, the representation is easier to read than algebraic 
formulas. We will threfore employ JG in the next section to construct semantic 
objects of ST-DRT. 

3.2 Encoding ST-DRT into IG 

As an example, we construct the infon abstract (1), >-[r1-+ x, r2-+ y] ((eat, x, y; 1)), 
using JG. The encoding of simultaneous abstractions is trivial; They are en­
coded as two molecules, r 1 ( x) and r2 (y). The encoding of the parametric infon, 
((eat, x, y; 1)), is however not straightforward. In Situation Theory, a~ i~fon such 
as ((eat, mary, shortbread; 1)) is actually an abbreviat10n of 
((eat , r1-+ mary, r 2 -+ shortbread; 1)) because relations such as 'eat' are a p~r­
ticular kind of abstract, which means that they have indexed roles and restric­
tions on their assignments. The parametric infon is therefore to be regarded as 
((eat, r1 -+x, r2 -+y; 1)). Since the information that x and y are indexed with 
r1 and r 2 is already in the encoding of abstractions, we only need to represent 
the information that the relation, 'eat', has two arguments indexed with r1 and 
r 2 . The easiest way is to encode it as an exporting action such as eat(r1, r2) by 
regarding the relation as port and the roles as the items to be exported. Then, 
the infon abstract can be depicted in JG as is shown in Figure 4.9 

The assignment, [r1 -+ mary, r2 -+ shortbread], is encoded as output actions, 

9We do not depict the order between r 1 and r2 for simplicity. To be precise, we had 
to number the arcs pointing to eat to distinguish the graph for eat(r1, r2) from another for 
(eat(r1) I eat(r2)). We also disregard the polarity, 1. It can be encoded as an additional item 
such as eat(r1 ,r2, 1). 
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Figure 4: An JG representation of >-[ri-+x,r2-+y]((eat, x,y; 1)) 

r 1 (mary) and r2 (shortbread). Combined with them, the infon abstract is de­
picted as is shown in Figure 5. When the structure is accessed from others, we 
can first observe at the location of 'eat' in the surface that r1 and r2 are ex­
tracted upon the interaction. Then we can see at the location of r 1 and r2 that 
x is substituted by 'mary' and y by 'shortbread', respectively. The notion of 
observability determined by the structure of graphs leads to a strong equivalence 
relation between processes. A weak notion, on the other hand, is obtainable by 
introducing negligible interactions such as the ones under the surface if we allow 
for any. We do not investigate the equivalence relations here, but will show how 
the structure can be used to study the complexity of information states in the 
next section. 

Figure 5: The infon abstract with the assingment [r1-+ mary, r2-+ shortbread] 
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3.3 Situations as references 

We have so far not looked into the notion of situation, the most important one 
in the theory. To begin with, we investigate what roles the notion may play in 
Situation Semantics. Firstly, a situation, s , can support items of information 
called infons. Let a be an infon supported by s, which we express as s F a . 
We may form then a proposition such that a is factive at s, written as (s F a), 
which may be true or false depending on s. The role of situations to determine 
the truth value of propositions cannot be captured by JG because algebra has 
nothing to do with such a logical notion. 10 

Another role that situations can play is to be a reference to an information source, 
which can be captured by our approach. Such a use of situations can be found, 
for example, in the study of common knowledge by shared-situation approach 
due to Barwise [Barwise 1989]. Suppose we would like to represent a case where 
an agent a knows a, another agent b knows a, a knows b knows a, b knows a 
knows a, a knows b knows a knows a, and so on. The situation can be defined 
by the following three axioms: 

- s Fa knows 

- s F b knows 

where s is a shared situation between a and b. The point of _the definition is in 
the self-referential use of situations observed in the second and third formulas. 
We can conceive of the situation, s, in the arguments of 'know' as a reference to 
an information source. 

The shared situation can be encoded in JG as is shown in Figure 6, where the 
part for the infon, a, is indicated by the dotted box. The graph means that at s 
one can get access to the two relations, knowa and knowb, the knowledge states 
of a and b, in addition to the access to the infon, a. The items of information 
available at know a are r al and r a2, the access to the agent and the shared situation, 
s.11 Computationally speaking, the point of the construction is in treating the 
situation as an address and the content of the second argument of knowa as 
a pointer. Note such an encoding is made possible by the ability to exchange 
references of the 1r-calculus. 

10 We will investigate the issue in the next part by grounding the graphical representation to 
linear logic. 

11 We are again sloppy here in not depicting the order between r al and r a 2 . The lack of 
numbering between arcs pointing to s is however intentional; One can randomly extract these 
items of information. The non-deterministic choice will be defined in the next part as the 
additive conjunction, &, in linear logic. 
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Si>:ma . : · ............................... , 

Figure 6: An JG of a shared situation 

To see how JG helps us study varieties of shared situations, we consider a more 
complex shared situation, which is defined with the following axioms: 

- s1 F a know s1 

Here we have two shared situations, s1 and s2, both of which support the infon, a . 
The agent, a, however gets access to them only through s1, while b only through 
s2. The questions are how the case is complex and how it can be related to the 
first case. 

Backing to Figure 6, we can observe the information flow through s consists of 
two self-referential flows: s-+ ra2 -+ knowa-+ s and s-+ rb2 -+ knowb-+ s. The 
flow becomes more complex for the second case, depicted in Figure 7. Both 
a and b retrains the same flows, say s1 -+ ra2 -+ knowa -+ s1 and s2 -+ rb2 -+ 
knowb-+ s2. In addition to these, one can observe a new flow linking s1 and s2: 
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; 1 -+ ra2 -, knowa-+ 82 -+ rb2 -+ knowb-+ s1 . The additional flow explains ~he 
difference between the first and second cases in complexity. To relate them with 
each other we can think of an operation on graphs, which enables one graph 
to simulat~ another. Observe the graph for the second case (Figure 7) becomes 
identical with the one for the first (Figure 6) when both nodes, si and s2, are 
mapped to s. Such an operation does not exist for the first to simulate the_ second. 
We can therefore conclude that the second graph contains richer information than 
the first. The notion of simulation sketched here may shed a new light on the 
notion of bisimulation, but we leave the research for a future project. 

. Sigma \ 
' ............................... , 

Figure 7: An IG of more complex shared situations 

4 Grounding JG to linear logic 

4.1 Combinatorial intuitionistic linear logic 

The n-cakulus and IG have been useful to study ST-DRT, but they fall short of 
capturing logical aspects of the theory. Firstly, it lacks w!t~ the_ notion of_tr~th. 
Secondly, logical connectives such as conjunction and disJunct10n ~re m'.ssmg. 
Quantifiers have not been considered, too. These notions ca~ only be_mvestigate_d 
by grounding IG to a logic. For the purpose, we turn to lmear logic because it 
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provides us with a good starting point to capture some of the most important 
aspects of IG: concurrency and state changes. The linear logic we adopt here is a 
combinatorial intuitionistic linear logic (C-ILL) [Lafont 1988] extended with the 
equivalence relation, =, to express the substitution environments. 

The table 1 shows the axioms and rules for C-ILL0 , the most basic parts of 
the logic without the exponential, the equivalence relation , and quantifiers. To 
interpret the axioms and rules, we conceive of the relation , ⇒, as indicating state 
changes, where propositions define the resources available at the state. Terms 
are then regarded as the action causing the change. In the interpretation, the 
cut rule is regarded as the rule for sequential composition in the sense that when 
the two actions, ef> and 'I/J, are combined sequentially, which change a state A into 
B and B into C, respectively, the composed action changes a state A into C. To 
clarify the meaning, we write cf> o 'lj; rather than 'lj; o cf>. The identity axiom, idA, 
is regarded to define idling or to express unchanged parts in transitions. The 
rule and axiom for the multiplicative conjunction are on the other hand regarded 
as defining parallel composition. That is, if ef> changes A into B and 1/; C into 
D , the state change caused by performing cf> and 1/; concurrently is defined as 
A@B ⇒ C 0 D. The symbol, 1, is the unit of 0. 

The rule for the additive conjunction expresses an external non-determinism. 
That is, if you have two options, cf> and 'lj;, at the state of A, then the product of 
them forms a basis to forecast that you will end up with either B or C, depending 
on your choice. The projection, n, expresses the choice you make between them. 
The rule for the additive disjunction on the other hand expresses an internal 
non-determinism. That is, you know the state of A can be achieved either by 
performing cf> at B or 'lj; at C . When these are composed as coproduct, it does 
not matter which is done actually. The coprojection, K, expresses something 
unpredictable could always happen beyond your control. 

Let C-ILLe be a system obtained by adding the rules and axioms for the expo­
nential (Table 2) to C-ILL0 . The motivation is to incorporate contraction into 
the logic (Table 3). In defining IC using the logic , the operation is only applied 
to the formulas of the equivalence relation, which is defined as is shown in Table 
4. 12 We will shortly show in the next section how these rules and axioms are 
used. 

4.2 Defining IG in C-ILL 

We show how we can define IG using C-ILL, C-ILLe plus=. We first show how 
actions can be defined when no interactions occur between them. Backing to the 

12More succinctly, one can construct the axioms for equivalence relation from those without 
the exponential, given another axiom, (t = t) ⇒ I. 
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Cut: 

rp:A ⇒ B 'lj}:B ⇒ C 

rpo'lj}:A ⇒ C 

Multiplicative conjunction: 

rp:A ⇒ B 'lj}:C ⇒ D 

rp®'l/J:A0C ⇒ B0D 

Symmetry, associativity, and unit: 

'YA,B: A®B ⇒ B®A 

1: 1 ⇒ 1 

O'.A,B,C : A 0 (B 0 C) ⇒ (A 0 B) 0 C 

aA~B.c : (A 0 B) 0 C ⇒ A 0 (B 0 C) 

AA: 10 A ⇒ A AA1 : A ⇒ 10 A 

Additive conjunction: 

rp : A ⇒ B 'ljJ : A ⇒ C ( {0 1}) 
71"ABi: A0&A 1 ⇒ A; i E , 

(rp,1/J): A ⇒ E&C 

Additive disjunction: 

¢:B ⇒ A 'lj}:C ⇒ A KAa;:A; ⇒ A0 EBAi(iE{0,1}) 
[ ¢, 1P l : B EB C ⇒ A 

Table 1: Axioms and rules for Combinatorial Intuitionistic Linear Logic, C-ILLo 

Exponential: 

rp:A ⇒ B 

!rp: !A ⇒!B 

PA,B: !(A&B) ⇒ !A 0 !B 

rA: !A ⇒ A t: !T ⇒ 1 

Table 2: Axioms and rules for the exponential 
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Contraction: 

A 0 (!C@ 1C) ⇒ D 
A@!C ⇒ D 

Equivalence relation: 

eq1 :l ⇒ !(t=t) 

Table 3: The rule for contraction 

eq2 : I ( S = t) ⇒ ! ( t = S) 

eq3 : !(s = t) 0 P[t/x] ⇒ P[s/x], 

Table 4: The axioms for equivalence relation 

previous example, each action is assigned a term, e.g., u; and v; where i E {1, 2} 
(Figure 8). To reflect the constraint that actions must occur from the surface, we 
decorate each arc with its precondition in the upper part . In the lower part, they 
are decorated with their postconditions, that is, resources made available as the 
result. For example, u1 is defined as a(x)⇒x(y). 13 When an action is followed 
by no actions underneath, its postcondition is defined as 1. The actions are thus 
defined as follows: 

- u1 : a(x) ⇒ x(y) 

- U2 : x(y) ⇒ 1 

- vi : a(b) ⇒ Ii(c) 

- V2 : b(c) ⇒ 1 

To define interactions, we have to predict which pairs may interact with each 
other. Our graphical representation is useful for the purpose since any pairs are 
in the same distance from the common parent. In the figure, for example, u1 and 
Vi are in the distance of zero from the node a, and u2 and v2 are in the distance of 
one from the same node. Let t1 and t2 be the interactions between these actions. 
Then, they are defined as follows: 

13To define states, we borrow the 1r-calculus notation. To be precise, we should use special 
predicates such as importing(a, x) or exporting(a , b), but we avoid to complicate the notation. 
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a<b> 

'1 ...................... 

b<c> 

V2·······················•••·•·t2 ............................ U2 

Figure 8: The decorated interaction graph with resources 

- t 1 : a(x) 0 a(b) ⇒ x(y) 0 b(c)0 !(b = x) 

- t2 : x(y) 0 b(c)0 !(b = x) ⇒!(c = y) 

Since they are concurrently active when they interact with, we use the multi­
plicative conjunction, 0 . One point of the definition is in the postcondition of 
t1; We add ! ( b = x) to express the effect of the interaction. This enables us to 
express the correct precondition of t2 ; The interaction becomes possible only if x 
is substituted by b. 

With these special axioms, we can infer in C-ILL, for example, that the computa­
tion starts initially from the state where resources for a(x) and a(b) are available 
and ends up with the state where x and y are substituted by b and c, respec­
tively, as below. One can see in the derivation that the contraction rule is used 
to distribute the information on the substitution, b = x. In our definition, the 
use of the exponential is restricted to expressing substitution environments. 

id:(b=x) ⇒ (b=x) 1 

/2 : x(y) 0 b(c)0 !(b = x) ⇒ !(c = y) 'id :1(b = x) ⇒ !(b = x) • 
- 0 

t20!id: x(y) 0 b(c)0 !(b = x)0 1(b = x) ⇒ !(c = y)0 !(b = x) 
----------------- con 

t, :,a(x) 0 a(b) ⇒ x(y) 0 b(c)0 '(b = x) t20!id: x(y) 0 b(c)0 !(b = x) ⇒ '(c = y)© !(b = x) 

t, o (t20 1id): a(x) 0 a(b) ⇒ !(c = y)0 !(b = x) cut 

4.3 Defining ST-DRT in C-ILL 

In the previous section, we have used cut, o, and multiplicative conjunciton, 0, to 
define the computation specified by IG. Since IG enables us to construct infons, 
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propositions, and abstract objects employed in ST-DRT, as shown already (§3), 
we only need the two to define those objects in C-ILL. We are still left with two 
connectives unused, the additive conjunction, &, and disjunction, EB , which we 
will use to define conjunctive and disjunctive objects of infons or propositions . 
The translation rules are given as follows: 

[ A A B ] ·- [ A ] & [ B ] 

[ A V B ] ·- [ A ] EB [ B ] 

where A and B are either infons, propositions, or composite objects with the 
connectives. 

To capture the constraint relation in ST-DRT, --+, we have to extend the logic 
with linear implication, --o, by internalising ⇒ to the system. We can then define 
quantifiers, V and :3, in the system. We do not go into the detail, however, due 
to the limited space. Interested readers are referred to the author's thesis. 

Once we have based ST-DRT to C-ILL in this way, the notion of truth can be 
obtained through the logic. That is, an expression, ¢ : A ⇒ B , is true if and 
only if it is constructed in C-ILL from the given axioms by applying the rules, 
where the formula expresses a proposition in Situation Theory. The logic can 
also be seen as a proof theory for ST-DRT. If you conceive of the logic as a type 
system, then it gives you a computational account of ST-DRT though it is yet 
to be investigated what the underlying calculus is. 

5 Relating C-ILL to Channel Theory 

The grounding to C-ILL also enables us to relate our study of ST-DRT with 
Channel Theory, a theory of information flow developed from Situation Theory. 
The table 5 shows the principle of information flow proposed by Barwise [Barwise 
1993]. We can relate these postulates with the axioms and rules for C-ILL as 
follows: 

• 'Xerox Principle ' corresponds to the cut rule, o. 

• 'Logic as Information Flow' is inherit in our system, too , though there is a 
slight difference in that we write <p : t1 ⇒ t 2 rather than s : t 1 ---+ s : t2 , 

where <p is a connection. 

• 'Addition of lnformation ' corresponds to the rule for multiplicative con­
junction, 0 . 
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• 'Exhaustive Cases' can be derived using the rules for additive disjunciton 

and cut as below: 

'lj;l : t2 => t3 'lj;2 : t; => t3 

¢: t1 ⇒ h EB t; [1j;1 , 'lj;2] : t2 EB t; => t3 
¢0 [1j;1,'lj;2]: t1 ⇒ h 

• 'Contraposition' does not hold in our system because_ the lo~ic is int~ition­
istic. It will, however, hold if we make the logic classical by mtroducmg '?'l, 

• the dual of© with its neutral element, 1-. 

1. Xerox Principle: 

S1 : t1 --t S2 : h S2 : t2 --t S3 : t3 
S1 : t1 --+ S3 : t3 

2. Logic as Information Flow: 

t1 r t2 
S : t1 --t S : t2 

3. Addition of Informaition: 

S1 : t1 --t S2 : t2 S1 : t~ --+ S2 : t; 
S1 : t1 A t'1 --+ S2 : t2 A t; 

4. Exhaustive Cases: 

s1 : t1 --+ S2 : t2 V t; S2 : t2 --+ S3 : t3 S2 : t; -t S3 : t3 
S1 : t1 --+ S3 : t3 

5. Contraposition: 

S1 : t1 --+ S2 : t2 
S2 : ,t2 --+ S1 : •t1 

Table 5: The principle of information flow: Barwise's postulates 

Our system is actually different from Channel Theory in tha~ it. is intuitionistic 
and linear, but otherwise they share much in common. Bar~1se m fact propo_ses 
to view linear logic as a theory of information flow [Barw1se 1992]. We thmk 
therefore our approach is in track of Channel Theory and we ~ave shown a way 
to relate Channel Theory with ST-DRT, which have been hitherto developed 

rather independently. 
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6 Conclusion 

In the paper, we have shown how to construct semantic objects employed in 
ST-DRT as systems of communicating processes. We have devised a graphical 
representation called interaction graphs to model processes and have shown how 
they can be grounded to linear logic. The grounding enables us to study ST-DRT 
on one hand and to relate our study with Channel Theory on the other hand. 
Computationally, the system is still problematic because it is known linear logic 
is undecidable [Lincoln et al. 1992]. But the author believes we have shown a 
starting point to investigate computational aspects of semantic theories . 

It is also hoped that the work will contribute to establishing dialogue semantics. 
The framework presented here should allow to describe the information update 
by utterances in dialogue when we model it as a reactive system. In the long 
ran, we also hope to study linguistic phenomena where information update and 
interactions with environments are involved. Some languages seem to have a 
way to indicate whether or not the meaning of a sentence part is in the common 
ground. A Japanese phrase final particle, 'tte', is an example [Fujinami 1995]. 
There are also many languages that have 'evidential' particles or affixes indicating 
degree of direct evidence for assertions [Levinson 1988]. Levinson mentions as an 
example that Kwakiutl, a southern American language, requires all noun phrases 
to be affixed with indicators of visibility /invisibility to speaker. We believe our 
framework can be extended to study such phenomena. 

Acknowledgement The work presented here was done while the author was 
at the Centre for Cognitive Science, University of Edinburgh. His sincere thanks 
to Robin Cooper and Jonathan Ginzburg for their supervision. He also thanks 
to Peter Ruhrberg for his comments. The author is working for and supported 
by Verbmovil project at Institut fiir Maschinelle Sprachverarbeitung, Universitat 
Stuttgart. 

References 

Aczel, P., Israel, D., Katagiri, Y., and Peters, S. (eds.): 1993, Situation Theory 
and its Applications, Vol. 3, Center for the Study of Language and Infor­
maiton, Stanford, California 

Barwise, J. : 1989, On the model theory of common knowledge, in The Situation 
in Logic, pp 201- 220, Center for the Study of Language and Informaiton 

Barwise, J.: 1992, Information links in domain theory, in S. Brookes, M. Main, A. 
Melton, M. Mislove, and D. Schmidt (eds.), Proceedings of the Mathematical 

281 



Foundations of Programming Semantics Conference, Vol. 598 of LNCS, pp 
168- 192, Springer Verlag 

Barwise, J .: 1993, Constraints, channels, and the flow of information, in Aczel 
et al. 1993, pp 3- 27 

Barwise, J . and Cooper, R.: 1991, Simple situation theory and its graphical 
representation, in J. Seligman (ed.), Partial and Dynamic Semantics III, pp 
38-74, Centre for Cognitive Science, University of Edinburgh, DYANA Report 
R2.1.C 

Barwise, J. and Cooper, R.: 1993, Extended kamp notation: a graphical notation 
for situation theory, in Aczel et al. 1993, pp 29-53 

Barwise, J. and Perry, J .: 1983, Situations and Attitudes, MIT Press, Cambridge, 
Mass. 

Berry, G. and Boudol, G.: 1992, The chemical abstract machine, Theoretical 
Computer Science 96, 217-248 

Cooper, R.: 1993a, Integrating different information sources in linguistic interpre­
tation, in First International Conference on Linguistics at Chosun University, 
pp 79- 109, Foreign Culture Research Institute, Chosun University, Kwangju, 
Korea 

Cooper, R.: 1993b, Towards a general semantic framework, in R. Cooper (ed.), 
Integrating Semantic Theories, ILLC/Department of Philosophy, University 
of Amsterdam, Deliverable R2.1.A, Dyana-2 

Fujinami, T.: 1995, A proc~ss algebraic approach to computational linguistic, 
Ph.D. thesis, Centre for Cognitive Science, University of Edinburgh, Edin­
burgh, avaibable from ftp.ims.uni-stuttgart.de 

Girard, J. -Y.: 1987, Linear logic, Theoretical Computer Science 50(1), 1-102 
Lafont, Y.: 1988, The linear abstract machine, Theoretical Computer Science 

59, 157- 180 
Levinson, S.: 1988, Informal notes on pragmatics and situation semantics 
Lincoln, P., Mitchell, J., Scedrov, A., and Shankar, N.: 1992, Decision problems 

for propositional linear logic, Annuals of Pure and Applied Logic 56, 239-311 
Milner, R.: 1989, Communication and Concurrency, Prentice Hall, New York 
Milner, R.: 1992, Functions as processes, Journal of Mathematical Structures in 

Computer Science 2(2), 119-141 
Milner, R.: 1993, The polyadic 1r-calculus: a tutorial, in F. L. Bauer, W. Brauer, 

and H. Schwichtenberg (eds.), Logic and Algebra of Specification, pp 203-246, 
Springer Verlag 

Milner, R.: 1994, Pi-nets: a graphical form of 1r-calculus, in Proceedings of ESOP 
'94, Vol. 788 of LNCS, pp 26- 42, Springer Verlag 

Milner, R., Parrow, J., and Walker, D.: 1992, A calculus of mobile processes, 
parts I and II, Information and Computation 100, 1- 40 and 41-77 

Seligman, J. and Barwise, J.: 1993, Channel Theory: toward a mathematics of 
imperfect information flow, Unpublished ms. 

282 

THREE THEORIES OF ANAPHORA AND A PUZZLE FROM C. S. PEIRCE 

1 Introduction 

Brendan S. Gillon 
Department of Linguistics 

McGill University 

Thirty years ago, Peter Geach (1962) brought to our attention a kind of sentence, 
the statement of whose truth conditions puzzled Medieval thinkers. They have come 
to be known as donkey sentences, for reasons the two prototypical examples given 
below make clear: 

(1.1) Every farmer who owns a donkey beats it . 
(1.2) If a farmer owns a donkey, he beats it. 

Sentences such as these continue to be a puzzle to philosophers and semanticists, 
for they seem to escape any straightforward syntactic and semantic treatment. 

In particular, they show the inconsistency of three prima facie plausible as­
sumptions: first, that the antecedent of the third person personal pronoun is the 
indefinite noun phrase; second, that indefinite noun phrases are restricted existen­
tial quantifiers of classical quantificational logic (CQL, hereafter); and third, that a 
third person personal pronoun whose antecedent is a quantified noun phrase func­
tions in natural language in a way analogous to the way a bound variable functions 
in CQL. 

Consider the first sentence. Either the indefinite noun phrase, a donkey, has 
• scope wider than every farmer, or it has narrower scope. And the principal connec-

tive is either /\ or ->. The alternatives are given in notation below: 

(2.1) [a donkey]y [every farmer]x [ x owns y /\ x beats y] 
(2.2) [every farmer]x [a donkey]y [ x owns y /\ x beats y ] 
(2.3) [a donkey]y [every farmer]x [ x owns y -. :X beats y ] 
(2.4) [every farmer]x [a donkey]y [ x owns y -. x beats y] 

Suppose, on the one hand, that the principal connective is /\. Then there are two 
possibilities: either the indefinite noun phrase a donkey has scope wider than the 
noun phrase every farmer or it has narrower scope. In the first case (2.1), the 
sentence would mean that there is at least one donkey which every farmer owns and 
beats. This, in turn, implies that every farmer has a donkey, indeed, the very same 
donkey, which clearly the sentence in (1.1) does not imply. In the second case (2.2), 
the sentence would mean that, for every farmer, there is a donkey which he owns 
and beats. This implies that each farmer has a donkey, though not necessarily the 
same one. But clearly this too is not implied by the sentence in (1.1). 

Suppose, on the other hand, that the principal connective is -.. Again, there 
are the same two possibilies pertaining to the scope of the quantified noun phrases. 
If a donkey has scope wider than every farmer (2.3), then the sentence can be true, 
regardless of what the farmers do to the donkeys they actually own, provided that 
there is at least one unowned donkey. If a donkey has scope narrower than every 
farmer (2.4), then the sentence can be true, regardless of what the farmers do to 
the donkeys they actually own, provided that each farmer fails to own at least one. 
Neither of these is a suitable construal of the first sentence. 
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I: 

Three responses to the enigma of donkey anaphora have enjoyed some currency. 
All three responses accept the assumption that the indefinite noun phrase is the 
antecedent of the pronoun. The most widely accepted response gives up the as­
sumption that indefinite noun phrases are restricted existential quantifiers, and 
maintains, instead, that indefinite noun phrases introduce restricted free variables. 
This approach was advocated independently by Kamp (1981) and Heim (1982). A 
second response gives up the assumption that anaphoric third person personal pro­
nouns are functioning on the analogy with bound variables of CQL. This second 
approach, due to Evans (1977) 1 , has been recently elaborated in detail by Neale 
(1990). A third response, advocated by Groenendijk and Stokhof (1991), gives up 
on two assumptions: that indefinite noun phrases are restricted existential quan­
tifiers of CQL; and that a third person personal pronoun whose antecedent is a 
quantified noun phrase functions in a way analogous to the way a bound variable 
functions in CQL. 

What I want to do here is to examine the ramifications for these approaches of a 
puzzle, due to Charles Sanders Peirce (Hartshorne and Weiss (eds) 1933 v. 4, §546 
and §580), which Stephen Read (1992) has recently brought to light. 

2 Peirce's Puzzle 

It is a routine exercise in CQL to show that the following formulae are logically 
equivalent (Appendix 1) . 

(3.1) \/v ¢(v) ---+ :lv ?jJ(v) 
(3.2) :lv (¢(v)---+ ?jJ(v)) 

Yet, the following sentences, which apparently instantiate these formulae, 

( 4.1) Someone will win $1,000, if everyone takes part. 
(4.2) Someone will win $1,000, if he takes part. 

are not, intuitively speaking, analytically equivalent. To see -this, consider these 
circumstances of evaluation: There is a sweepstakes in which only one thousand 
people are eligible to participate. Tickets are sold for $1 each. No participant is 
permitted to buy more than one ticket. And the winner will take the total of the 
stakes. Clearly, under such circumstances, the first sentence is true and the second 
is false. 

Read (1992: p. 10) diagnoses the problem to lie with material implication as a 
model of the English subordinating conjunction if But this diagnosis is not borne 
out by the data. 

To be sure, there are uses of the subordinating conjunction if which are not 
well-modelled by material implication, the most notorious cases being so-called 
Austinian Conditionals: 

(5) If it snows, there is a shovel in the trunk. 

The evidence for this is quite striking. Recall two of the standard logical equivalents 
for a proposition of the form a ---t {3: ~a V /3 and ~(a/\ ~f3) . To the extent that 
the adverb not and the co-ordinating conjunctions and and or are well-modelled 
by classical propositional negation, conjunction, and disjunction respectively, one 
expects the following: any sentence of the form If A, B, which is well-modelled 
by material implication, should be judged intuitively equivalent to other, suitably 
constructed, English compound sentences of the form, Either it is not the case that 

1The insight seems to have been anticipated by Quine (1960: §23). 
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A or B and It is not the case that both A and not B. The recasting of the sentence in 
(5) into such forms yields results which cannot be judged in any way as analytically 
equivalent to the sentences in (6). 

( 6.1) Either it will not snow or there is a shovel in the trunk. 
( 6. 2) It is not the case that it will snow and there is no shovel 

in the trunk. 

It is equally clear, however, that there are uses of t he subordinating conjunction 
if which are well-modelled by the material conditional. The evidence is the fact that 
they observe precisely the logical equivalences which the Austinian conditionals do 
not. The following sentences, I submit, ordinary intuition judges to be analytical 
equivalents. 

(7.0) If London is in China, I am a monkey's uncle. 
(7.1) Either London is not in China or I am a monkey's uncle. 
(7.2) It is not the case that London is in China and I am not a 

monkey's uncle. 

Let us return to Peirce's puzzle. Consideration of a broader range of data 
shows that ascription of the failure of analytic equivalence to material implication 
is precipitate. To begin with, notice that one necessary ingredient to the problem 
is the presence of quantified noun phrases: the replacement by proper names of the 
quantified noun phrases in the sentences in (5) yields a sentence which one judges 
to be analytically equivalent to its disjunctive and conjunctive counterparts. 

(8.0) John will win $1,000, if he takes part. 
(8.1) Either John will win $1,000 or he will not take part. 
(8.2) It is not the case that John will take part and he will not win 

$1,000. 

Moreover, the mere presence of quantified noun phrases in such a sentence is not 
sufficient to give rise to the puzzle, since one judges the disjunctive and conjunctive 
counterparts of the sentence in (4.1) as analytically equivalent. 

(9.0) 
(9.1) 

(9.2) 

Someone will win $1 ,000, if everyone takes part. 
Either someone will win $1,000 or it is not the case that 
everyone will take part. 
It is not the case that both someone will not win $1 000 
and everyone will take part. ' 

Indeed, Peirce's puzzle can be reproduced without any occurrence of the subordi­
nating conjunction, or any occurrence of any of its lexical or syntactic counterparts. 
To see this, recall the following well-known logical equivalence of CQL2: 

(10.1) :lv ¢(v) V :3µ ¢(µ) 
(10.2) :3v(¢(v)V?jJ(v)) 

The following sentences appear to be instances of these formulae: 

(11.1) 
(11.2) 

Either someone will win $1,000 or someone will not take part. 
Either someone will win $1,000 or he will not take part. 

And Read's circumstances of evaluation yield the judgement that the sentence in 
(11.1) is true while the one in (11.2) is false. 

It is clear, then, that the lack of entailment does not accrue to taking material 
implication as a model of if. Indeed, the problem seems to accrue to those sentences 
in which the indefinite noun phrase someone serves as an antecedent to the third 
person personal pronoun. Such is the configuration evinced by so-called donkey 

2 Indeed, this equivalence holds even in minimal quantificational logic. 
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sentences. Let us see, then, what challenge, if any, the anaphoric configurations 
evinced by the sentences of Peirce's puzzle pose for the three theories of anaphora 
designed to address precisely such anaphoric configurations. 

3 Free Variables and Peirce's Puzzle 

I begin with the theory of anaphora advocated by Kamp (1981) and Heim (1982: 
ch. 2). Recall that they retain the assumption that anaphoric pronouns are well­
modelled as bound variables of CQL, but reject the assumption that indefinite noun 
phrases are well-modelled as restricted existential quantifiers of CQL. This rejection 
requires that certain compensating assumptions be adopted. Kamp and Heim have 

different compensating assumptions. 

Consider, for example, the sentence in (13). 

Some man arrived. 
x is a man /\ x arrived 
3x ( x is a man /\ x arrived ) 

(12.0) 
(12.1) 
(12.2) 

According to Heim, the sentence in (12.0) has a syntactic analysis which can be 
rendered by the formula in (12.1). This is an open formula, and hence cannot be 
assigned a truth-value by the semantics of CQL. To ensure that it has a truth-value, 
Heim posits that all free variables in a formulae are closed by existential closure over 
the formula. The result in this case-is the formula in (12.2). 

In Discourse Representation Theory, the truth conditions of a sentence are de­
termined, not with respect to the sentence's syntactic analysis, but rather with 
respect to structures - so-called discourse representation structures - constructed 
from the sentence's syntactic analysis, where the construction proceeds top to bot­
tom and left to right. These structures comprise a list of free variables and a set 
of conditions. A discourse representation structure determines not only the truth 
conditions of the sentence from which it is constructed but also which noun phrases 

might serve as antecedents for which pronouns. 

Now treatment of the antecedence relation must specifiy the morphological and 
syntacti~ constraints on the relation and the semantic mechanism whereby apprn­
priate values are assigned to the relata of the relation. Discourse Representat10n 
Theory does both. The antecedence relation obtains, according to Discourse Repre­
sentation Theory, when an identity condition is created for the variables associated 
with the relevant noun phrases. Whether or not the appropriate identity condition 
occurs depends on whether or not the variable corresponding to the antecedent is 
accessible to the variable corresponding to the pronoun. This, in turn, depends on 
two factors: the definition of the accessibility relation ( essentially, an augmentation 
of the dominance relation defined over the discourse representation structure), and 
the points in the discourse structure where the variables are introduced. 

The sentence in (12.0), once syntactically analyzed, has the discourse represen­

tation structure in (13). 

(13) ( x : x is a man , x arrived ) 

This structure comprises is a list of variables (in this case, a list of one variable), 
and a set of conditions (in this case, two conditions). 

To obtain an equivalence between the structure in (13) and the quantificational 
formula in (12.2), Kamp avails himself of two facts of elementary model theory3: 

3 See Kamp and Reyle 1993 ch. 1.5 for details 
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First, each formula in a finite set of formulae is true in a model if, and only if, the 
conJunct10n formed from the formulae in the set is true in it. Second, 

(14) FM 3vcp(v), iff, for some variable assignment g, FM,g cp(v) 

What happens in the case of sentences such as those in (11)? On Heim's ap­
proach, the sentences have a syntactic analysis which can be rendered as follows: 

(15.1) x will win $1,000 Vy will not take part. 
(15.2) x will win $1,000 V x will not take part. 

Existential closure of these formulae and routine quantifier equivalences yield in­
stances of the schemata in (10). 

Discourse Representation Theory provides a different treatment of the sentences 
in (11)_- It assigns to the first one the discourse representation structure in (16.1), 
which is equivalent to the formula in (16.2) CQL.4 

(16.1) ( ( x : x will win $1,000 ) V ~ ( y : y will take part ) ) 
(16.2) 3x x will win $1,000 V 3y ~ y will take part. 

To obtain a discourse representation structure for the sentence in ( 11. 2) requires 
that some modification be made either in how clauses co-ordinated by the connector 
or yield discourse representation structures or in how the relation of accessibility 
is defined. As pointed out by Evans (1977 p. 530), noun phrases without definite 
reference occurring in the first of two clauses connected by or do not usually serve 
as antecedents for pronouns occurring in the second. 

(17) *Either John owns a donkey or he keeps _ii well hidden. 

Aware of such facts, Kamp and Reyle (1993: ch. 2.3.1) configure the discourse 
representation structure created by clauses co-ordinated by the connector or and 
define the accessibility relation so that the variable introduced by an indefinite noun 
phrase is inaccessible to the variable introduced by a pronoun when the former 
occurs in the first clause and the latter in the second. But, as Kamp and Reyle 
(1993 ch. 2.3.1) recognize, cases do occur where an indefinite noun phrase in the 
first clause may serve as an antecedent to the pronoun in the second. To take such 
cases into account, Kamp and Reyle suggest that the variable for the indefinite 
nou~ ph:ase ma~ be introduced in the most superordinate list of variables, thereby 
makmg it accessible to the variable introduced by the pronoun. The application of 
this alternative to the sentence in (11.2) gives rise to the discourse representation 
structure in (18.1), whose equivalent formulation in CQL is given in (18.2). 

(18.1) ( x : ( : x will win $1,000 ) V 

~ ( : y will take part , x = y ) ) 
(18.2) 3x ( x will win $1,000 V ~ x will take part) 

But the fmmulae in (16.2) and (18.2) are just instances of the schemata in (11). 
Thus, on either approach, that of Kamp and Reyle or that of Heim the truth 
conditions for the sentences in (11) are the same as those given them by ~heir prima 
facie treatment by CQL. In other words, the sentences remain logically equivalent 
contrary to intuitions. ' 

Let us now turn to the sentences in (5). The syntactic analysis of these sentences 
yields, according to Heim's view, the following formulae. 

(19.1) 'efx x take part -> y will win $1,000. 
(19.2) x take part -> x will win $1 ,000. 

4 See Kamp and Reyle (1993) ch. 2.3.1 and ch. 3.7.3. It should be borne in mind that the 
operations denoted by the symbols 'V' and ',' in discourse representation structures are distinct 
from, though similar to, those denoted by the same symbols in the formulae of CQL. 
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Now she holds that subordinate conditional clauses serve as restrictions on adver­
bial ~nselective quantifiers. 5 When no overt quantificational adverb is present, she 
posits the presence of a phonetically null universal quantificational adverb. The 
subordinate clause in (19.1) contains no free variables, so the free variable in the 
main clause is bound by phonetically null existential quantifier. As a result, its truth 
conditions are those provided by CQL. The subordinate clause in (19.2), however, 
does contain a free variable. The tacit unselective universal adverbial quantifier 
then binds it and the second occurrence of the same variable in the main clause to 
yield truth conditions which the following rendition in CQL of the sentence in ( 4.2) 
have, namely, 

(20) \:Ix ( x take part -> x will win $1,000 ) 

In other words, Heim's analysis implies that the sentence in (4.2) has the same truth 
conditions as the one in (21), 

(21) Everyone who takes part will win $1,000. 

But this is clearly wrong. Again, Discourse Representation Theory provides a dif­

ferent treatment. It assigns to the first sentence in ( 4) the discourse structure in 
(22.1), which is equivalent to the formula in (22.2) of CQL. 

(22.1) ( : ( : ( x : x is a person ) -> ( y : y takes part , x = y ) ) 
-> ( z : z will win $1,000 ) ) 

(22.2) \:Ix x takes part-> :lz,z will win $1,000. 

But to obtain a discourse representation structure for the sentence in ( 4.2) requires 
tha; some modification be made in the treatment of conditionals by Kamp and 
Reyle. 

The treatment of conditionals by Kamp and Reyle begins with the observation, 
accepted by everyone, that indefinite noun phrases occurring in the protasis of a 
conditional sentence may serve as antecedents for pronouns in the apodosis, as 
exemplified by the sentence in (1.2). It is often the case indefinite noun phrases 
occurring in the apodosis of a conditional sentence may not serve as antecedents for 
pronouns in the protasis, as exemplified below: 

(23.1) If Jones owns a book, he reads ii­
(23.2) *If Jones owns it_, he reads a book. 

As a result, Kamp and Reyle have defined the accessibility relation so that the 
variables introduced by indefinite noun phrases in the protasis of a conditional 
are accessible to the variables introduced by pronouns in the apodosis, whereas 
those introduced by pronouns in the protasis are inaccessible to those introduced 
by indefinite noun phrases in the protasis. This implies , however, that the variable 
introduced by the indefinite noun phrase in ( 4.2) is inaccessible to the one introduced 
by the pronoun. But, clearly the indefinite noun phrase serves as the pronoun's 
antecedent. 

Two ways to accommodate the facts suggest themselves: to introduce the vari­
ables in the usual way and to let the variable introduced by the indefinite noun 
phrase be accessible to the variable introduced by the pronoun; or, to have the 
variable introduced by the indefinite noun phrase be placed in the most superordi­
nate list of variables, thereby making it accessible to the variable introduced by the 
pronoun - that is , to redeploy the modification adopted above for the treatment of 
the sentence in (11.2). Neither suggestion overcomes the difficulty posed by Peirce's 
puzzle. 

5The notion of unselective adverbs of quantification is taken from Lewis (1975). 
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Using the first option, one obtains the discourse representation structure in 
(24.1)6 , whose equivalent in CQL is given by the formula in (24.2): 

(24.1) ( x : x will take part ) -> ( y : y will win $1,000 , x = y ) 
(24.2) \:Ix (x takes part-> x will win $1,000). 

But, these are the same truth conditions as those provided by Heim's analysis, 
which were seen earlier to be clearly incorrect. 

Using the second option, one obtains the discourse representation structure in 
(25.1), whose equivalent in CQL is given by the formula in (25.2): 

(25.1) ( x : ( : x will take part ) -> ( y : y will win $1,000 , 
X= y)) 

(25.2) :lx ( x takes part -> x will win $1,000). 

But the formulae in (22.2) and (25.2) are just instances of the schemata in (3). In 
other words, the sentences in ( 4) are logically equivalent, contrary to intuitions. In 
short, Discourse Representation Theory does not provide a way to improve on the 
analysis for the sentences in (4) resulting from the naive application of CQL. 

4 Dynamic Predicate Logic and Peirce's Puzzle 

Dynamic Predicate Logic (hereafter, DPL) offers another way to address the prob­
lem of indefinite noun phrases serving as antecedents for pronouns which are not , 
at least prima Jacie, within their scope. To see how it differs from the previous 
treatment, let us begin by recalling how the relation of antecedence is modelled in 
CQL. • 

CQL is very limited in its capacity to mimic the antecedence relation of natural 
language. To mimic the relation, the variable which corresponds to the pronoun 
must be the same as the variable which corresponds to the pronoun's antecedent , 
and both instances of the variable must be bound by one and the same quantifier. It 
is this syntactic configuration of CQL which al~ne permits the values of the variable 
corresponding to the pronoun to depend on the values of the variable corresponding 
to the pronoun's antecedent. But it is common for sentences of natural language to 
fail to have their renditions in the language of CQL meet these conditions. Consider, 
for example, the following sentence: 

(26) Some man arrived and he was hungry. 

The formula of CQL which most closely corresponds to the pair of sentences above 
is the one below. 

(27) :lx ( x is a man /\ x arrived) /\ x is hungry. 

However, the fourth occurrence of the variable x is not within the scope of the 
quantifier which binds the third occurrence. As a result, the choice of value for the 
variable x in the formula, x is hungry, is independent of the choice of value for the 
variable x in the formula, x is a man I\ x arrived. 

The attraction of DPL is that it offers a way to permit values of one occurrence 
of one variable to depend on the choice of value of another occurrence of the same 
variable, even though these occurrences are not bound by the same quantifier. To 
appreciate better how DPL manages to do this, let us first go into some of the 
details of why CQL fails to do so. 

6 See Kamp and Rey le (1993) ch. 2.1, ch. 2.2 and ch. 3. 7.3. It should be borne in mind that 
the operation denoted by the symbol '--+' in discourse representation structures is distinct from, 
though similar to, that denoted by the same symbol in the formulae of CQL. 
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Let us recall the rudiments of the semantics of CQL. In it, a model M comprises a 
pair (U, i), where U is a non-empty set, the universe, and i is a function , having as its 
domain the predicates7 , where, if II is an n-place predicate, then i(II) E Pow(Un). 
Let V be the set of all variable assignments. Then one defines [ ]M as a function 
from formulae into Pow(V) as follows: 

(28) Truth Clauses for a Model in CQL 

1. 
2. 
3. 
4. 
5. 
6. 
7. 

[ IIv1 ... Vn ]M 
[ 7 0<]M 

[ aA/3 ]M 
[ a V ,6 ]M 
[ Q-> /3 ]M 
[ :lva]M 
[\/va]M 

{g: (g(v1), .. . , g(vn)) E i(II)} 
V-[a]M 
[ a ]Mn [ ,6 ]M 
[ Q ]MU [ /3 ]M 
(V- [ a]M) U [f3]M 
[ a ]M U {g: g[v]h and h E [ a ]M} 
[ a ]M, if, for each h E [ a ]M , g E [ a ]M 

where h[v]g; 
0, otherwise. 

(where 'g[v]h' means that the variable assignments g and h differ at most in the 
value they assign to v.) A formula a is true in a model M if and only if [ a ]M = V; 
and a formula a is false in a model M if and only if [ a ]M = 0. 

Let us return to the sentence in (26). There are circumstances of evaluation 
which, intuitively speaking, render the sentence in (26) true, but whose model , 
together with the truth clauses in (28), fails to render the formula in (27) true; and 
inversely, there are circumstances of evaluation which, intuitively speaking, render 
the sentence in (26) false, but whose model, together with the truth clauses in (28), 
fails to render the formula in (27) false. 

Consider, on the one hand, the circumstances in which there are at least two 
people, one of whom is not hungry, the other of whom is a man, has arrived, a~d 
is hungry. Intuitively speaking, the sentence in (26) is true, but the formula m 
(27) fails to be true in the corresponding model, when evaluated in accordance to 
the clauses in (28). Of course, in the model for these circumstances, there is a 
variable assignment which renders x is a man A x arrived true; and so, by (28.6) , 
[ :lx ( x is a man A x arrived) ] M = V ; that is, in this ~ode!, th~ first conju~ct 
in (27) is true. At the same time, however, there is a vanable assignment which 
renders the second conjunct, x is hungry, false. So, [ x is hungry ]M cJ V. Thus, 
by (28.3), [ :lx (xis a man A x arrived) A xis hungry ]M cfc V. In other words, 
the formula in (27) is not true in the model, contrary to one's intuitions about the 
sentence in (26). 

Consider, on the other hand , the circumstances in which there are at least 
two people, one of whom is hungry but is not a man, the other of whom is_ a 
man and has arrived, but is not hungry. Intuitively speaking, the sentence m 
(26) is false , but the formula in (27) fails to be false in the corresponding model , 
when evaluated in accordance to the clauses in (28). As before, there 1s a van­
able assignment which renders x is a man A x arrived true, and so, by (28.6), 
[ :lx ( x is a man A x arrived) ] M = V; that is , in this ~ode! , th~ first conJu~ct 
in (27) is true. At the same time, however, there is a variable assignment which 
renders the second conjunct, x is hungry, true. So, [xis hungry ]M cJ 0. Thus, by 
(28.3), [ :lx ( x is a man A x arrived) A x is hungry ]M cJ 0. In other words , 
the formula in (27) is not false in the model, contrary to one's intuitions about the 
sentence in (26). 

The problem is not only that open formulae which are not substitution instances 

7r omit individual constants from the language of CQL in order to simplify the presentation. 
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of the tautologies and contradictions of classical propositional logic do not have a 
truth value (relative to a model) , but also that such formulae never have the values 
of their free variables determined by the values of variables in closed formulae. The 
reason for the latter fact is simple: when a closed formula is true, the variable 
assignments which rendered it so are, as it were, washed out with the addition of 
new, as it were, irrelevant variable assignments. Groenendijk and Stokhof (1991) 
have found a way to circumvent these problems. Their basic idea is to redo the 
clauses of (28) so that not only is the truth of a formula reckoned, but the variable 
assignments whereby an open formula is rendered true are kept track of. 

This is how they do it. As before, a model is a pair (U, i) , where U is a non-empty 
set, the universe, and i is a function whose domain comprises the predicates8 , where, 
if II is an n-place predicate, then i(II) E Pow(Un). Let V be the set of all variable 
assignments. Then one defines I IM as a function from formulae into Pow(V2 ) as 
follows: 

(29) Truth Clauses for a Model in DPL 

1. 
2. 
3. 

4. 

5. 

6. 
7. 

I IIv1 - .. Vn IM 
17alM 
I a A ,6 IM 

I a-> ,6 IM 

{ (g, g): (g(v1) , ... , g(vn)) E i(II)} 
{(g,g) : (g,h) E iaiM, for no h} 
{ (g, h): (g, k) E [a] and (k, h) E l/31M, 

for some k} 
{(g,g): either (g,h) E lalM or (g,h) E l/31M, 

for some h} 
{(g,g): for each h such that (g , h) E iaiM, there 

is a k such that (h, k) E l/31M} 
{ (g, h): g[x]k and (k, h) E ialM} 
{ (g, g): for each h such that g[x]h, there is a k 

such that (h, k) E ialM } 

A formula a is true in a model M if and only if { g: for some h E V, (g, h) E 

lalM} = V; and a formula a is false in a model M if and only if I a IM = 0. 
The first co-ordinates in the pairs of variable assignments which are assigned to 
formulae in DPL serve the same purpose as sets of simple variable assignments in 
CQL, namely, to keep track of truth and falsity; while the second co-ordinates serve 
to furnish values to free variables in certain open formulae. 

Let us reconsider the sentence in (26) and see how this aspect of DPL serves to 
help the formula in (27) to mimic better the relation of antecedence in (26). Consider 
again the circumstances in which there are at least two people, one of whom is not 
hungry, the other of whom is a man, has arrived, and is hungry. Again, there is a 
variable assignment in the model of the circumstances which renders the formula, 
x is a man A x arrived, true. The clause in (29.6) assigns the formula, :lx ( x is 
a man A x arrived) , a set of pairs of variable in which every variable assignment 
in V is paired with every variable assignment which renders the formula, x is a 
man A x arrived, true. Thus, the first conjunct in (27) is true. Moreover, there 
is a variable assignment in the same model which renders the second conjunct, 
x is hungry, true. Thus, by (29.1), it is assigned the identity graph over these 
variable assignments. And finally, by hypothesis, the set of variable assignments 
which render the open formula x is a man A x arrived true is not disjoint from the 
set of variable assignments which render x is hungry true. Therefore, by (29.3), the 
conjunction of the existential closure of the first formula with the second formula is 
true, since the composition of the former set of pairs of variable assignments with 
the second set yields a set of pairs such that each variable assignment in V appears 
in some pair. In other words, the formula in (27) is true in the model, in harmony 

8 Again, individual constants are omitted in order to simplify the presentation. 
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with one's intuition about the sentence in (26). 

Consider again the circumstances in which there are at least two people, one of 
whom is hungry but is not a man, the other of whom is a man and has arrived, 
but is not hungry. Again, as before, there is a variable assignment in the model for 
these circumstances which renders x is a man I\ x arrived true, and so, the clause 
(29.6) assigns the formula :lx ( x is a man I\ x arrived ), a set of pairs of variable 
assignments in which every variable assignment in V is paired with some variable 
assignment which renders the formula, x is a man I\ x arrived, true. Thus, the first 
conjunct in (27) is true. The second conjunct also has a variable assignment which 
renders it true. However, the variable assignments which render the formula, x is a 
man I\ x arrived, true and the ones which render the formula, x is hungry, true are 
disjoint. The conjunction of these two formulae is false according to (29.3), since 
the composition of the former set of pairs of variable assignments with the second 
set yields the empty set. In other words, the formula in (27) is false in the model, 
again in harmony with one's intuition about the sentence in (26). 

Before returning to the question of how DPL treats the pairs of sentences in (4) 
and (11), one should bear in mind that DPL and CQL agree, in every model, on 
the truth and falsity of closed formulae and open formulae which are substitution 
instances of classical propositional tautologies and contradictions; they disagree, 
insofar as CQL fails to assign truth or falsity to the remaining formulae, whereas 
DPL does assign truth and falsity to some of them. 

Let us now turn to the sentences in (11). Their renditions into the language of 
CQL are these: 

(30.1) 
(30.2) 

:lx x will win $1,000 V :lz ~ z takes part 
:lx x will win $1,000 V ~ x will take part 

Since the first formula has no free variables, its truth-conditions are.precisely those 
of CQL. The second formula, however, has a free variable. Clearly, the pronoun 
in the sentence in (11.2) has someone as its antecedent. By the semantics of DPL, 
the permissible values of the pronoun, or the third occurrence of the variable x, 
should be those values which render the open formula corresponding to the first 
clause true. However, clause (29.4) does not make the choice of variable assignment 
for the second disjunct dependent on the choice of variable assignment for the first. 
In this way, DPL fails to permit the formula in (30.2) to mimic the antecedence 
relation for the sentence in (4.2). 

Like Kamp and Reyle, Groenendijk and Stokhof (1991: §5) are aware of the fact 
that noun phrases without definite reference occurring in the first of two clauses con­
nected by or may, sometimes, serve as antecedents for pronouns occurring in the 
second. To handle such cases, the authors suggest an alternative for clause (29.4) 
which renders the choice of variable assignment for the second disjunct dependent 
on the choice of variable assignment for the first. 9 The essence of the solution is 
to define a dynamic negation and then to use the usual equivalences to define the 
dynamic version of other static connectives. Dynamic negation, which we shall de­
note by the symbol '~', is interpreted as complementation on Pow(V2 ). Internally 
dynamic disjunction can then be defined as a LJ (3 = ~ ( ~ a/\ ~ (3) . 

The sentence in (11.2) is then rendered, not as in (30.2), but as in (31) below: 

(31) :lx x will win $1,000 LJ ~ x will take part 

However, such a solution has the result that, when the semantics of DPL renders the 
sentence in (11.1) true, it renders that sentence in (31) true, contrary to intuitions. 

9 For a full treatment of these and other related problems using DPL, see Dekker 1993. 
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(See Appendix 2.) 

Let us now turn to the sentences in ( 4). Their closest renditions into the language 
of CQL are these: 

(32.1) 
(32.2) 

'<Ix x takes part --> :lz z will win $1,000 
x takes part--> :lx x will win $1,000 

Since the first formula has no free variables, its truth-conditions are precisely those 
of CQL. The second formula, however, has a free variable. Clearly, the pronoun in 
the sentence in (4.2) has someone as its antecedent. Again, however, the semantics 
of DPL does not permit the formula in (32.2) to mimic the antecedence relation 
found in ( 4.2); for, the clause (29.5) does not make the choice of variable assignment 
for the protasis dependent on the variable assignment for the apodosis. 

The obvious solution is to define a new connective which permits the suitable 
dependence. Again, one can use dynamic negation to define such a new connective: 
a<- (3 = ~ (~a/\ (3). 

The sentence in ( 4.2) is then rendered, not as in (32.2), but as in (33) below: 

(33) :lx x will win $1,000 <- x takes part 

Such a solution, however, renders both sentences in (4) as semantically equivalent, 
contrary to intuitions. (See Appendix 3.) 

In brief, then, DPL offers no improvement over the naive application of CQL to 
the sentences in (4) and (11). 

5 Descriptive Pronouns and Peirce's Puzzle 

What happens when the pronouns in the sentences in (4.2) and (11.2) are treated as 
descriptive pronouns? To answer this question, one must first know what descrip­
tive pronouns are. As their name suggests, they are definite descriptions, albeit 
degenerate ones. What that amounts to here 'is this: a grammatically singular, de­
scriptive pronoun denotes the unique individual satisfying the term of its antecedent 
and the open clause obtained by deleting its antecedent from the clause in which it 
occurs. 10 

To see how descriptive pronouns work, consider the following sentences. 

(34.1) Harry bought a carpet and John cleaned it. 
(34.2) Harry bought a carpet which John cleaned. 

The first sentence implies that there is exactly one carpet relevant, while the second 
does not. The semantics for descriptive pronouns delivers this contrast. In (34.1), 
the antecedent of it is a carpet. The required open clause is Harry bought _. So, 
the denotation of it is the unique carpet such that Harry bought it. This rule of 
interpretation implies that the following is a good, though admittedly long-winded , 
paraphrase of the sentence in (34.1): 

(35) Harry bought a carpet and John cleaned the carpet Harry 
bought. 

How does this analysis apply to Peirce's puzzle? Consider again the sentence in 
(5.2). Here, the open clause is_ will win $1,000. The denotation of the pronoun 
he is the unique person who will win $1,000 . Under the circumstances of evaluation 

10 Only as much of the theory of descriptive pronouns is presented here as is necessary for the 
treatment of sentences under examination. For a comprehensive presentation, see Neale 1990 ch. 
5. 
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specified by Read, the sentence in ( 4.2) need not be true: after all, the participation 
in the sweepstakes of the person who will be the winner of a $1,000 should everyone 
take part, is not itself sufficient for there to be a winner of a $1,000, since someone 
else may decide not to take part, thereby reducing the winnings to less than $1,000. 

The same considerations show that the sentence in (11.2) may be false, though 
under the circumstances of evaluation the one in (11.1) is true, for the person who 
will win the $1,000 should everyone take part, may participate and win, but not 
win $1,000, because someone else does not participate. 

In summary, the analysis of the pronouns in ( 4.2) and (11.2) as descriptive 
pronouns shows neither the sentence in (4.2) is entailed by the one in (4.1) nor is 
the one in (11.2) entailed by the one in (11.1), and thus Peirce's puzzle is furnished 
with an intuitively satisfying solution. 

But the solution is not without its disappointing consequences. Recent advocates 
of descriptive pronouns - for example, Neale (1990) - have maintained, with a great 
deal of plausibility, that descriptive pronouns appear in syntactic configurations 
disjoint from those in which bound pronouns appear. 11 

Now, for a wide range of data, this disjointness seems to be the case. However, 
if the correct analysis of the pronouns in the examples under investigation here is 
that of descriptive pronouns, then this additional claim must be given up. The 
following sentences are perfectly isomorphic syntactically, 

(36.1) 
(36.2) 

Each person will win if he buys a ticket. 
Some person will win if he buys a ticket . 

yet the pronoun in the first is a bound pronoun, while the one in the second is a 
descriptive pronoun. 

As appealing as the would-be empirical generalization that bound pronouns and 
descriptive pronouns occur in disjoint syntactic configurations might be, indepen­
dent evidence, brought to light by McKay (1991), has already overturned such a 
generalization. 12 

(37.1) 

(37.2.1) 
(37.2.2) 

Each man in the department thinks that he should attend 
the meeting. 
Each man in the department thinks that they should meet. 
Each man in the department thinks that the men in 
the department should meet. 

These sentences too are, in all relevent respects, isomorphic - in each case the 
pronoun is c-commanded by its antecedent; yet the pronoun in the sentence in 
(37.2.1) is a descriptive one, as borne out by its paraphrase in (37.2.2), whereas the 
one iin the sentence in (37.1) is a bound pronoun. 

Another disappointing consequence is that the descriptive content of the de­
scriptive pronouns found in the sentences in (4.2) and (11.2) is not exhausted by 
the content of their antecedent clauses: in each case, the descriptive content of the 
pronoun is subject to a subjunctive condition, namely, the condition that everyone 
take part. Now, Evans himself recognized that descriptive pronouns may be used 
without their content being exhausted by the content of their antecedent clauses. 
Nonetheless, invoking such additional material without grounding its invocation in 
empirically justified principles is certainly a weakness of the analysis. However, Em­
mon Bach has pointed out, independently of the facts under discussion here, uses 

11 The claims are formulated in terms of the syntactic relation of c-command and involve details 
of syntactic analysis which need not detain us here. See Neale 1990 Ch. 5.3 for details. 

12See McKay (1991) for different examples. 
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of definite noun phrases whose meaning cannot be determined without invoking a 
subjunctive, and even a counterfactual, condition. 

(38.1) Jill died before she finished her dissertation. 
(38.2) Jill died before she finished the dissertation she would have 

written had she lived long enough. 

(39.1) 
(39.2) 

Fred prevented the fire. 
Fred prevented the fire which would have occurred had he not 
acted in some way ( evident from the context of use). 

6 Conclusion 

Three competing treatments of the problem of donkey anaphora have been exam­
ined in light of a puzzle due to Charles Peirce. I showed that this puzzle is not 
one pertaining to the semantics of the English subordinating conjunction if, but 
one pertaining to the correct analysis of pronouns with indefinite noun phrases as 
antecedents, precisely the configuration of central interest to the study of donkey 
anaphora. Peirce's puzzle has brought to light inadequacies in the competing ap­
proaches to so-called donkey anaphora, though on the brief examination offered 
here, it seems that the analysis in terms of descriptive pronouns has the advantage 
over an analysis which employs the anaphoric devices of either DRT or DPL. 

Appendix 1: The Equivalence of the Formulae in (3) 

This proof involve_s three well-known equivalences: 

l. ,( a I\ ,(3) <-> ,(a_. (3) 
2. \/µ' 'I/;(µ) <-> ,3µ'1/;(µ) 
3. \;/v ( </>(v) I\ ,'1/;(v)) <-> \/v</>(v) I\ \/µ,'lj;(µ) 

The proof is as follows: 

(3.1) \/v ¢,(v) -> 3µ 'I/;(µ) 
, (\/v</>(v) I\, 3µ'1/;(µ)) 
,(\/v¢,(v) I\ \/µ,'I/;(µ)) 
,\;/v ( </>(v) I\ ,'1/;(v)) 
3v, ( ¢,(v) I\ ,'1/;(v)) 

(3.2) 3v ( ¢,(v) -> 7/J(v)) 

by (1) 
by (2) 
by (3) 
by (2) 
by (1) 

Appendix 2: DPL and the formulae in (30.1) and (31) 

Exactly the same models render the formula in (30.1) true, whether it is evaluated 
in terms of DPL or it is evaluated in terms of CQL, since the formula is closed. In 
CQL, exactly the same models render the formula in (30.1) and the formula 3x ( x 
will win $1,000 V , x will take part). Finally, the truth of this last formula in CQL 
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entails the truth of the formula in (31), as shown below. (In the proof below, 'W' 
stands for will win $1,000 and 'T' stands for will take part). 

Suppose :lx ( Wx V ,Tx) is true in CQL. Then, [:lx ( Wx V ,Tx) ]M = V. By 
(28.6) , [ Wx V, Tx ]M c/ 0, and hence contains a variable assignment w. According 
to (28.4), either w E [ Wx ]Mor w E [ ,Tx ]M-
CASE 1: Suppose that w E [ Wx ]M- Suppose further that , for some v in V, (v, w) ¢ 
l:lx Wx LJ ~ Tx IM- By the definition of LJ, (v,w) ¢ I ~ ( ~ :lx Wx I\ ~~ Tx )IM­
Since dynamic negation is interpreted as complementation on Pow(V2), it follows 
that (v, w) E I~ :lx Wx I\~~ Tx IM, and further that (v , w) E I~ :lx Wx I\ Tx IM­
Since, by (29.1), I Tx IM ~ Iv (where Iv is the identity graph on V2), it follows by 
(29.3) that (v,w) EI~ :lxWxlM , and thus that (v,w) ¢ l:lxWxlM - By (29.6), 
one concludes that (w,w) ¢ IWxlM- However, by hypothesis, w E [Wx]M- And 
so, by (29.1), (w, w) E I Wx IM- LFrom this contradiction, it follows that, for each 
v in V, (v,w) EI :lxWx LJ ~ Tx IM- Therefore, :lxWx LJ ~ Tx is true in DPL. 

CASE 2: Suppose that w E [,Tx]M- Then, by (28.2), w ¢ [Tx]M- And, by 
(29.1), (w, w) ¢ ITxlM- Since dynamic negation is interpreted as complementation 
on Pow(V2), (w, w) ¢I~~ TxlM- Thus, for each v EV, (v, w) ¢I~ :lx Wx I\~~ 

TxlM - And so, for each v EV, (v,w) EI~(~ :lxWx I\~~ Tx)IM- By 
the definition of LJ, for each v EV, (v,w) E l:lxWx LJ ~ TxlM - Therefore, 
:lxWx LJ ~ Tx is true in DPL. 

Therefore, whether w E [ W x ]M or ·w E [, Tx ]M, :lx W x LJ ~ Tx is true in DPL. 

Appendix 3: DPL and the formulae in (32.1) and (33) 

The formulae in (32.1) and (33) are rendered true by exactly the same models. Since 
the formula in (32.1) is closed, precisely the same models render it true, whether 
it is evaluated in terms of DPL or it is evaluated in terms of CQL. Moreover, in 
CQL, exactly the same models render the formula in (32.1) and the formula :lx ( x 
will take part x -> x will win $1,000). Finally, precisely the same models render 
true this formula in CQL and the formula in (33) in DPL, as shown below. (In the 
proof below, 'W' stands for will win $1,000 and 'T' stands for will take part). 

⇒ Suppose :lx(Tx-> Wx) is true in CQL. Then, [:lx(Tx-> W x)]M = V. By 
(28.6), it follows that [ Tx -, W x ]M c/ 0, and hence contains a variable assignment 
w . According to (28.4), either w E [Wx ]Mor w E [ ,Tx ]M-

CASE 1: Suppose that w E [ W x ]M - Suppose further that, for some v in V, (v, w) ¢ 
l:lxWx <----- TxlM- By the definition of<-, (v,w) ¢I~(~ :lxWx I\ Tx)IM­
Since dynamic negation is interpreted as complementation on Pow(V2), it follows 
that (v,w) EI~ :lxWx /\TxlM- Since, by (29.1), ITxlM ~ Iv (where Iv is 
the identity graph on V2), it follows by (29.3) that (v,w) EI~ :lxWxlM, and 
thus that (v,w) ¢ l:lxWxlM - By (29.6), one concludes that (w,w) ¢ IWxlM­
However, by hypothesis, w E [Wx ]M- And so, by (29.1), (w, w) E I Wx IM- LFrom 
this contradiction, it follows that, for each v in V, (v,w) E l:JxWx <----- TxlM­
Therefore, :lx Wx <----- Tx is true in DPL. 

CASE 2: Suppose that w E [ ,Tx ]M- Then, by (28.2) , w ¢ [Tx ]M- And, by (29.1), 
(w,w) ¢ ITxlM- Thus, for each v EV, (v,w) ¢I~ :lxWx /\TxlM- And so, for 
each v E V, (v, w) E I ~ ( ~ :Ix Wx I\ Tx )IM- By the definition of <----- , for each 
v EV, (v, w) E I :lx Wx <----- Tx IM- Therefore, :lx Wx <-~ Tx is true in DPL. 
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Therefore, whether w E [ Wx ]M or w E [ ,Tx ]M, :Ix Wx <----- Tx is true in DPL. 

-¢= Suppose :lx(Tx-> Wx) is false in CQL. Then, [:lx(Tx-, Wx)]M = 0. So, 
[Tx]M = V and [Wx]M = 0. On the one hand, since [Tx]M = V , it follows by 
(29.1) that I Tx IM = Iv (where Iv is the graph of the identity relation on V). On 
the other hand, since [ W x ]M = 0, it follows, by (28.6), that I :lx W x IM = 0, and 
it follows further, by the definition of dynamic negation, that I ~ :Ix Wx IM = 
V2 . Now, since I~ :lx WxlM = V2 and ITxlM = I v, it follows by (29.3), 
I ~ :lx Wx I\ TxlM = Iv o V2 = V2 . And so, according to the definition of 
dynamic negation, I ~ ( ~ :lx Wx I\ Tx )IM = 0. But, by the definition of<----- , it 
follows that l:lx Wx <----- Tx )IM= 0. Therefore, :lx Wx <- Tx is false in DPL. 
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Dynamic Epistemic Logic 

Willem Groeneveld 

University of Amsterdam 

1 Introduction 

Epistemic Logic, broadly conceived, studies the logical properties of expressions like 
'to know that' , 'to believe that ', 'to have the information that' .1 The normal way 
of approaching this problem is to extend propositional logic with a unary sentential 
operator. The logical behavior of this operator can then be fixed by a set of axioms, 
or by a semantics for the operator, and preferably by both. The objective of this 
paper is to extend epistemic logic to a system that takes account of changes in 
knowledge, or belief, or information. 

There are two main motivations why such an extension of epistemic logic is 
desirable. First, it is just a fact of life that knowledge, or belief, or information , is 
not constant, but changes. Without this dynamic aspect there would almost be no 
point in reading, or in doing an experiment, or in teaching (and so on). Thus, an 
epistemic logic that also takes account of the aspect of change can be expected to 
be applicable to a wider range of problems. 

The second motive I have for a dynamic extension of epistemic logic is based 
on the expectation that such a logic will be a suitable basis for a system of formal 
pragmatics. By the latter I mean a logical framework for studying information ex­
change, as it occurs in human conversation, or in message transmission by electronic 
devices. The theory of information exchange of the kind I envisage will provide at 
least the following three features. It will be 

• Dynamic: sentences are interpreted as functions on information states 

• Multi-Agent: there are at least two agents 

• Higher-Order: information states of actors not only specify information 
about the world but also information about the other actors information states 

This full program, of developing an epistemic logic that is multicagent, dynamic and 
higher-order, followed by a use of this logic in a system of information exchange, 
will not be realized in this paper. Here I will only deal with the first stage, and even 
there I will mainly discuss the problem of defining a reasonable notion of update 
over higher-order information states of one actor. It will turn out that this is already 
a non-trivial problem. 

I propose the following syntax of the language of dynamic epistemic logic (DEL). 

Definition 1.1 (Language of DEL) Let A, P be non-empty sets, of actors and 
propositional atoms, respectively. Then the language of Dynamic Epistemic Logic, 
DEL(A, P), consists of the formulae</> defined by 

where p E P , a E A. The classical fragment of this language, which consists 
precisely of the formulae built up from atoms, ~, and /\ only, is called £ 0 . The 
connectives _l_, T, V, ->, <->, ◊ have their usual classical definitions. □ 

The intended interpretation of Da</> is that agent a has the information that </>. 
The intended meaning of [</>1]a</>2 is that an update of a's information with ¢ 1 results 

1The classic of epistemic logic is [Hin62]; see [FHMV95] for a recent monograph. 
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in a situation where (P2 is true. Note that the language of DEL is simple extension 
of the standard language of epistemic logic, and that it is also very similar to the 
language of Propositional Dynamic Logic. 

The remainder of this paper is devoted to the problem of finding a suitable 
semantics for the language DEL. 2 

2 Constraints on Updates 

Before we face the task of defining a semantics for DEL we take an abstract per­
spective and try to formulate desiderata for a general theory of Dynamic Epistemic 
Logic. I will do this by making some minimal assumptions about the form of the 
truth definition for formulae of DEL. I will then list some principles in the language 
of DEL that come out as valid under these minimal assumptions. Finally I discuss 
some extra postulates on updates that seem reasonable, and try to determine which 
extra assumptions on the semantics are needed to validate the extra principles. 

The language of DEL of definition 1.1 contains only one extra construction 
compared to the standard vocabulary of modal logic: the formulae of the form 
[¢]ip. The intended interpretation of this formula is that after the update with ¢, 
ip is true. The following minimal assumptions about the semantics will make this 
work. Consider structures of the form 

(S, (n<1>) <1>E DEL , n , V) 

The set S consists of ' informational situations', that determine facts and informa­
tion. Relative to these situations we assign truth conditions to formulae. V is a 
valuation function that (totally) interprets atomic formulae in states in S. The 
Boolean connectives receive the classical truth conditions. n is a binary relation 
over S, to which the meaning of the D relates in the same way as in standard modal 
logic. And for each 1>, R4> is also a binary relation over S, which is called the update 
relation of¢. The truth conditions for update modalities are then given by 

s I= [¢]ip iff Vt : if sRq,t then t I= ip 

The idea is that sR4>t means that s is just like t except that the information in t is 
the information in s updated with ¢. The real problem of this paper is of course to 
arrive at a concrete definition of R q,, However, in the present section we will take 
an abstract approach, by reviewing ways in which axioms in the language of DEL 
can constrain these relations R4>. 

The first constraint we consider does not put a restriction on the class of struc­
tures: the D, as well as the expressions ' [1>] ' behave as normal modal operators: 

Normality 

• if I= ip then I= Dip 

• 1= D(ip _, x) _,(Dip_, Dx) 

• if I= ip then I= [¢]ip 

• I= [1>] ( ip _, x) _, ([1>]ip _, [1>]x) 

(Here I= means true in all situations in all structures.) For this reason we will from 
now on refer to the expressions '[1>] ' as 'update modalities'. 

Next consider the constraint that updates are functions. This is expressed by 

2The present paper is a shortened version of chapter 4 of [Gro95]. For proofs I refer the reader 
to t hat chapter. 
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Functionality I= ~[¢]ip <-> [1>]~ip 

From_ now on we will assume this constraint, and use [[1>]] to refer to the update 
funct10n for ¢. The semantic clause for update modalities can then be rewritten as 

s 1= [<t>Jip itr s [<t>TI 1= ip 

where we have used the postfix notation s[1>]] for the result of applying the function 
[1>TI to s. It is then clear that [¢]ip means that after the update with ,1, ,1, is t 

A d 'f t d h 'f', 'f' rue. 
n I we wan up ates to c ange information only, and not facts, we will have 

Information Change Only I= ip <-> [1>]ip, if ip is classical 

~ere ip is classical if it does not contain D or [·]. We will refer to the three prin­
ciples_ of Normality, Funct10nahty, and Information Change Only, as the Minimal 
Prmc1ples. 

If w_e want more constraints, one line of thought is to look at Veltman's update 
semantics [Vel91], which defines a notion of updates over first-order information 
states (sets ?f possible worlds), and generalize some of the properties of these up­
dates to a higher-order setting. 

Eliminativity I= [1>]◊ip-, Oip 

Success I= [¢JD¢ 

Consistent Elimination I= [1>]◊ip-, ◊(¢ /\ ip) 

Minimality I= ◊( ¢ /\ ip) -, [1>]◊ip 

Ramsey Test I= D(¢-, ip) <-> [¢]Dip 

Information Increase I= Dq>-, [ip]D¢ 

Descriptive Information Increase I= Dq>-, [ip]D¢, if 4> is classical 

Informational Equivalence I= D(¢ <-> ip)-, ([1>]x ._. [ip]x) 

The Eliminativity constraint expresses that a possibility that is present after an 
update.' must have been there before the update. Success expresses that after an u _ 
~ate with 1> you have the information that q>. The import of Consistent Eliminati:n 
IS :~at only possibilities remain that are consistent with the new information. And 
Mm1ma_h~y ~xpresses that updates are minimal information changes: they preserve 
all poss1b1ht1es that are consistent with the new information. 

Some connections between these principles are: 

Lemma 2.1 Given the Minimal Principles, 

l. Eliminativity and Success imply Consistent Elimination, and vice versa. 

2. Minimality and Consistent Eliminat ion are equivalent to the Ramsey Test 

3. The Ramsey Test implies Success 

4. Consistent Elimination implies Success 
D 

However, although this list of extra principles may be reasonable if we on] 
consider ~ ch~nge of first-order information, in case of higher-order informatio~ 
the S1tuat10n 1s different. Consider the principle of Information Increase, which 
:xpresses the most central idea of updates, that they increase information. But 
m the case that 1> itself expresses higher-order information, especially some Jack of 
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information as in the case that ef> = -,Op, this odd. We certainly have a strange 
agent if he cannot learn that is raining, for the very reason that he initially is aware 
of the fact that his information about the weather is inconclusive! This shows that 
we may want to weaken the principle to Descriptive Information Increase, which is 
unproblematic. 

It is possible to extend the minimal assumptions we have been making on the 
structures for DEL in such a way that the postulates all come out as valid. In fact we 
can see the full list of the above principles as giving a characterization of the notion 
of eliminative update. A concrete example of such a logic, called Eliminative K, will 
be developed in section 3. In this semantics the simple eliminative update strategy 
of Update Semantics is generalized to a setting with higher-order information. As 
we just observed, this strategy has some undesirable effects. In section 4 we will 
therefore look at an alternative semantics, which will rely on a notion of conscious 
update. Such an update can be informally described as a process of 'knowingly 
changing one's mind', in which the new information is also reflected at higher-order 
levels. 

3 Eliminative Updates 

For an eliminative semantics for DEL the most obvious choice of structures to 
consider are the standard Kripke models for epistemic logic. However, it turns out 
that Kripke models are problematic for a definition of update. The reason is that 
in a Kripke model, worlds or arrows (or whole constellations of these) may play 
more than one role. For example, a world (or an arrow) may be relevant for the 
determination of first order information and at the same time for the determination 
of higher order information. This means that an update with a piece of information 
of order k may have an undesirable side effect on the information of order n.3 Thus a 
type of structure in which the different levels of higher-order information are clearly 
separated seems more suitable. The modal structures developed by Fagin and Vardi 
in [FV85] (also see [FHV91]) provide such a hierarchical structure.4 

By way of informal introduction to modal structures, consider the notion of 
information in update semantics, where an information state is a set of possible 
worlds. This set of world is intended to model the information an agent has of the 
real world. A generalization of this schema could be: information about an object 
x of type a is a set of things of type a, namely those things you cannot distinguish 
from x on your current information. We can use this general scheme to define what 
higher-order information is. Given a set of possible worlds W , define 

I1 = Pow(W) 

In+! = Pow(In) 

So first-order information is information about the real world, and consists of a 
set of possible worlds. Second-order information is information about first-order 
information, and consists of a set of first-order information states, so it is a set of 
sets of possible worlds. And so on. We can then define an information state as 
an information function that determines for each natural number n an n-th order 
information set: 

f(n) E I n for all n E w 

Unfortunately this proposal is not correct, since it does not deal properly with 
connections between higher-order and lower-order information, as was observed in 

3 See[Gro95], pp. 129-140 for an extensive discussion of the problems with Kripke models. 
4 See [HD89] for some useful observations on the connections between Kripke models and modal 

structures; also see [Gro95], pp. 141-149. 
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[FHV91]. 5 For example, a 'mixed ' sentence of the form p V Dq will be problematic. 
If f is an information function, then the first disjunct p will relate to f(l), but the 
second disjunct □q will relate to f(2). But f(l) and f(2) are in principle unrelated. 
This is wrong because the most natural reading of p V □q is as a connection between 
first and second order information. 6 

A possible repair is to add the missing links between higher and lower order 
information. As the example suggests, second order information should be seen as 
information about the individual worlds in the first order information set rather 
than as information about the first-order set as a whole. This can be achieved by 
defining second order information as 

I2 = Pow(W x Pow(W)) 

So second order information is information not only about first order information, 
but about possible constellations of facts and first order information. 7 

This view on higher-order information can be generalized to higher levels: n + 1-
th order information is an n + 1-ary relation between facts and 1st order information 
and ... and n-th order information. Formally: 

I1 = Pow(W) 

In+l = Pow(W X I1 X • • • X In) 

Now this recursion matches exactly the 1 agent case of the definition of modal 
structures. For the Multi-agent case the definition runs as follows. 

Definition 3.1 Let P be a set of propositional variables, A be a set of actors. The 
set of possible worlds for Pis W = Pow(P). Informational situations of any finite 
order, and Information assignments of finite order 2'. 1, are inductively defined as 
follows: 

• So =W 

• In+! = Pow(Sn)A 

• Sn+!= {(so, i1, ... , in+1) E So X Ji X ... X In+1IEXTn+1(so, i1, ... , in+!)} 

Here the clause EXTn+l (so , i1, ... , in+1) is: 

Extension for all a E A, and for all k with 1 :c; k :c; n + 1: 
(jo, ... , jk -2 ) E ik-1(a) iff :ljk-1: (jo, ·. · ,jk-2,jk-l) E ik(a) 

A information structure is an w-sequence (so, i1, ... , ik, ... ) such that for each n, 
its initial (so, i 1, ... , in) is an n-th order situation, that is, a member of Sn. Sw is 
the set of all information structures. D 

Notice that the objects we call information structures are formally identical 
to what are called modal structures in [FV85, HD89]. This is motivated by the 
informational perspective of our investigation. I also chose for the term 'situation' 

5 The authors mention this in reference to the paper [vEBGSSl], where essentially this notion 
of higher-order information is employed. 

6 This does not strictly follow, but is nevertheless almost unavoidable. Suppose we define a join 
on information functions by pointwise union: f u g = >.i • f(i) U g(i). Suppose moreover we use 
this join to interpret disjunction: f[p V □q] = f[p] U f[□q]. Finally suppose that the p-update only 
effects /(1) and the Dq-update only effects /(2), and that both updates result in a subset of the 
level on which they act. T hen it follows that for all / , f[p V □q] = f, sop V □q is always accepted. 
This is clearly wrong. 

7 An update with a mixed formula of the form p V Dq will now be unproblematic. From a second 
order information state E <; W x Pow(W), the update will eliminate those pairs (w, o-) such that 
either w >" p or 3v E o- : v >" q. 
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rather than 'world' since I think the phrase ' informational situation' sounds more 
natural than 'informational world'. However, we will not conceive of situations as 
being partial in same the sense as in Situation Semantics (see [BP83]). That is, our 
situations completely determine what the facts are. 

Also note that the indexing regime in definition 3.1 works as follows: a situation 
of order k is a k + 1-tuple, and specifies the facts and the information up to and 
including order k. So the order of a situation corresponds to the maximal order of 
the information that is specified in that situation. 8 

Here is a situation s of order 3: 

(w, {w,v}, { (w,{w,v}) } {(w,{w,v},{(w,{w,v}),(v, 0)1) } ) 

(v,0) , (v,0,0) 

For convenience we have chosen a one agent case, so we in fact need not mention 
the agent. Suppose p is false in w but true in v. Since w is the first constituent of 
s and determines the facts of s, pis not true in s. The second constituent of s, the 
set { w, v}, determines the first-order information that our anonymous agent has in 
s. This first-order information consists of the ways in which she thinks the facts 
of the situation she is in may be. Because p is false in w but true in v, she does 
not have the information whether p. Her second-order information is determined 
by the second constituent of s, {(w,{w,v}),(v,0)} . This information concerns the 
ways in which she thinks the facts and her first-order information may be. She 
sees two possibilities: one in which p is false and she does not have the information 
whether p (the first-order situation (w, { w, v} )) , and one in which pis true but her 
first-order information is inconsistent ( the option ( v, 0).). 

The idea of the Extension Constraint in definition 3.1 is that a higher-order in­
formational option refines some lower-order option, and that any lower-order option 
is refined by some higher-order option. This is also be illustrated in the example. 
Consider the second-order option ( w, { w, v}). This option extends the first-order 
option w, and is extended by the third order option (w, { w, v }, {(w, {w, v} ), (v, 0)} ). 
Likewise, the second-order option (v, 0) extends v and is extended by (v, 0, 0). 

In the multi-agent case, the structures become a bit more complex. Roughly, 
whenever we have a k-th order information set in the one agnent case, we now have 
a function from actors to k-th order information sets. 

Before we turn to a formal definition of eliminative updates over information 
structures, we briefly discuss an example of such an update ( again for the one-agent 
case). Consider the following third order situation, with w p'c p, v I= p . Then an 
update with p can be pictured as follows: 

elimination restore extension 

(w, Bv}, {i(w,{w,v})i} {fw,{w,vl,!(w,{w,v}),(v, 0JDi}) 
(V,0) , (V,0,0) 

(w, {vl, { (v, 0) } , { (v, 0,0) } ) = s[[p]] 

The update with pis first carried out eliminatively on level 1, and then the higher­
order levels that have lost their first order basis are also removed. Likewise, an 

8 This differs from the usual way of indexing, for example in [FHV91], in which a k-ary world 
is a k-tuple that specifies the facts and the knowledge up to and including order k - 1. 
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update with Op will first act on level 2, but consequently the options at level 1 that 
have lost their higher-order extension, as well as the options at levels higher than 2 
that have lost their basis, have to be removed by a extension restorement operation. 

We now turn to a formal definition of eliminative updates. 

Definition 3.2 (Notations) 

• Ifs is an n-tuple and i < n :S: w then si is the i + 1-th constituent of s. 

•Ifs is an n-tuple and k < n :S: w then (s)k =(so, . .. ,sk)-

• If s is an w-sequence then s will also be written as ( s )w-

So for an n + 1-tuple s we haves= (so, ... ,sn) = (s)n-

D 

Definition 3.3 (Eliminative Information ordering) Lets, t E Sk, a E A. then 
s[a]t iff so= to_ and for all b EA with b-# a, and all i with 1 :s; i :s; k, sk(b) = tk(b). 
Then define s 1s at least as strong as t for a, notation s [;;;a t, if s[a]t and for all i 
with 1 :S: i :S: k, sk(a) ~ tk(a). □ 

So s[a]t means thats and t differ at most in the information assigned to a. s c t 
means that the information of actor a in s is at least as strong as the informati~n 
of a in t, while in all other respects, s and t are the same. Again this information 
ordering corresponds to an eliminative view on information growth: to have more 
information is to have less options. 

Definition 3.4 Let s E Sk, t E Sn, k :S: n. Then t extends s, notation s :s; t, if 
(so, . . . , sk) = (to, ... , tk)- □ 

_ The operation•~ of the next definition does the following: given an i ~ Sn-I, 
1.e. i 1s a piece of n-th order information, we set then-th order information of actor 
a to i, and then restore the extension constraint. 

Definition 3.5 (Revision and Extension Restorement) lets E Sk, i ~ Sn-I, 
n :S: k, a E A. Then s revised by i for a (at level n) is defined as the sequence 
s •~ i = (to, ... , tk), where 

• s[a](to, .. . , tk) 

• if 1 :S: j < n then t1(a) = {s' E s1(a) / =it' E i: s' :s; t'} 

• tn(a) = i 

• if n < j :S: k then t1(a) = {s' E s1(a) / =it' E i: t' :s; s'} D 

Lemma 3.6 let s E Sk, t E Sm, i ~ Sn-I, n S k :S: m, a EA. 

1. If i ~ sn(a) then (s •~ i) E Sk . 

2. If i ~ sn(a) then s •~ i [;;;a s. 

3. If s :S: t then s •~ i :s; t •~ i. D 

Definition 3.7 (Modal Degree) #(p) = O, #(,¢) = #(¢) , #(Da¢) = #(¢) + 1, 
#(¢ /\ 'lj;) = max{#(¢) , #('lj;)} , #([¢]a1P) =max{#(¢)+ 1, #('lj;)}. o 

We are now ready to define the semantics: 

Definition 3.8 (Semantics) Let s E Sk. Then truth in s for formulae of degree 
S k is inductively defined by: 
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l. s F p iff p E so 

2. s F ~¢, iff s ~ ¢, 

3. s F ¢, I\ 7/J iff s F ¢, and s F 7/J 

4. s F Da¢ iff for all t E sk(a) : t F ¢, 

5. s F [¢]a7/J iff s •~ [¢,]. a F 7/J, where n = #¢; + 1, and 
[¢,]ls a= {t E S#,t,+l(a) It F ¢,} D 

Cluases 1 to 4 are just the standard semantics for modal logic on modal struc­
tures (see [FV85] or [FHV91]). Clause 5 expresses, modulo some notation, that 
[¢]a7/J is true if and only if 7/J is true after the update of agent a's information with 
¢,. 

The following is a sim pie generalization to the language of DEL of the Extension 
lemma of [FHV91]. 

Lemma 3.9 (Dynamic Extension Lemma) 
For all formulae¢,, all k,n with#¢,~ k ~ n, and alls E Sn: (s)k F ¢, iff s F ¢,. D 

So the truth of a sentence of degree k is settled at level k, and the levels of order 
higher thank are irrelevant. 

Definition 3.10 (Validity) 

l. Ifs E Sw, thens F ¢, iff (s)#¢ F ¢, 

2. Let r be a set of formulae. Then r FMEK ¢, if and only if for alls E Sw, if 
s F 7/J for all 7/J E r, then also s F ¢,. D 

It turns out that FM EK has a fairly simple axiomatization. 

Definition 3.11 (MEK) The system MEK (Multi-Agent Eliminative K) is de­
fined by the following axioms and rules. 

Axioms 

Al 'r- ¢,, if ¢, is valid in classical propositional logic 

A2 'r- Da(,j;-> 7/J)-> ( □ arj;--> Da7/J) 

A3 'r- [x]a(¢---+ 7/J)---+ ([x]a¢---+ [X]a7/J) 

A4 'r- ~[¢]a7/J <--> [¢]a~7/J 

A5 'r- p <--> [¢,]aP, if p is an atom 

A6 'r- [¢;]a0a7/J-> ◊a(¢; I\ 7/J) 

A7 'r- Oa(¢ /\ 7/J)-> [¢]a0a7/J 

A8 'r- Da(¢ <--> 7/J)-> ([¢]ax<-> [7/J]aX) 

A9 'r- [¢]aDb7/J <--> □b'lj;, if a 'f' b 

Rules 

MP ¢,, ¢, ---+ 7/J 'r- ¢, 

Nee□ if 'r- ¢, then 'r- Da¢ 

Nee[·] if 'r- ¢, then 'r- [7/J]a¢ 
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Note that axioms A2, A3, and the rules Nee□ and Nee[·] together are the Nor­
mality constraint from section 2; A4 is the Functionality principle, A5 is Information 
Change Only, A6 is Consistent Elimination, A 7 is Minimality, and AS is Informa­
tional Equivalnce. Axiom A9 is a Privacy Axiom; its content is that if a and b are 
different actors, then a change of a's information will not change the information of 
b. For the one agent case axiom A9 becomes void and drops out. In that case we can 
also omit all subscripts on both the static modalities and the dynamic modalities. 
We leave it to the reader to check that all principles of section 2 that are not listed 
as axioms here, are derivable. 

Theorem 3.12 (Completeness) r 'r--MEK ¢, if and only if r F ¢,. D 

We sketch the proof of the completeness theorem, because surprisingly, M EK 
appears to be translatable to multi-agent K. We first define the embedding degree 
of update modalities as follows. 

Definition 3.13 

l. e(p) = 0 

2. e(~¢,) = e(rj;) 

3. e(rj; I\ 7/J) = max(e(rj;), e('lj;)) 

4. e(□arj;) = e(rj;) 

5. e([¢]a7/J) = max(e(rj;),e('lj;) + 1) 

Next we reduce the embedding degree e. 

Definition 3.14 

l. p* = p 

2. (~¢,)* = ~(¢,)* 

3. (¢,/\¢)* = ¢,* /\'lj;* 

4. (Da,j;)* = Da,j;* 

5. ([¢]a¢)* is defined via a subinduction on 7/J: 

(a) ([¢,]aP)* = P 

(b) ([¢]a~7/J)* = ~([¢]a7/J)* 

(c) ([¢]a(7/J1 /\ 7/J2))* = ([¢]a7/J1)* /\ ([¢]a7/J2)* 

(d) ([¢]aDb7/J)* = { ~:~!t_, 7/J*) '.i:: ~ 
(e) ([¢]a[7/J1]b¢2)* = W]a([7/J1]b7/J2)* 

This operation preserves equivalence: 

Lemma 3.15 For all¢,, 'r--M EK ¢, <--> ¢,*. 

The operation also reduces the embedding degree: 

Lemma 3.16 For all¢,, if e(,j;)?: 1 then e(¢*) < e(,j;) 

D 

D 

D 

D 

Repeated application of the previous lemma shows that we can get rid of update 
modalities altogether. 
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Lemma 3.17 For each¢ th • t ,1.1 
and f- ,1. ,1., ere exis s a 'I' that does not contain update modalities 

MEK'i'~'I'· ' 
D 

From this lemma we can d • th 
multi a ent K . enve eorem 3.12 as a corollary, using the fact that 
detail~ ~f th is stind £and complete for information structures (see [FV85]). For 

e proo s re er agam to [Gro95]. 
We conclude this section listing two Permutation Principle for M EK. 

Proposition 3.18 

1. f-M EK [¢; i\ V']aX ~ [V' i\ cp]aX 

2• f-MEK [¢]a[V']bX ~ [V']b[¢]aX 
D 

These o~servations show that M EK is not dynamic in the sense of either D 
na~1c P~ed1~ate Logic ([GS91]) or Update Semantics ([Vel91]) since 1 shows th;'.~ 
conJunct10n IS not ordersensitive in M EK and 2 wh1"ch I h' Id "f b h 
that th d f ' ' a so o s 1 a = s ows e or er o updates is not important in MEK. ' 

4 Conscious Updates 

~i;~/::~In u~~at~s h_er /~formation_ with P she will discard all 'ways the situation 
h 1_c P is a se, accordmg to the eliminative view on updates In fact 

sue an agent will do nothing more than J·ust that We ha £ I h. • ve or examp e t at 

f-MEK □(,□pi\ ,□,p) -t [p] □ J. 

In _short,! th_is expresses that an agent who knows that his information whether p 
is mconc us1v~ cannot consistently learn p. But for an agent who is aware of the :~~:::~t:::s 1~n u~!~:tg 7tt:::o~mat_ion t~ere will be no point in also preserving 
that p Such . p d ut m which she does not have the information 

• a conscwus up ate can be see d h 
higher-order levels. n as an up ate t at is also reflected at 

upd~~~. ::yw~~c~xf~ai~-t~is higdher-order r~flection, is by an 'iterated eliminative 
update with p ca e d If ;r-or er adaptat10n IS also purely eliminative. Such an 
native u date wit~ ~o e e. as an ehmmat1ve update with p followed by an elimi-
1 A p . r . p. _This could be called a consc10us eliminative update of level 

highe;-~~~~::sd:;:~7:t:n~p=:~ 0~~e:e~Jel:lu~ :~:o c:!ep:~-~ount !o\~he ex:ra 
updates with p □p and 00 Th r . . 1 10n o e 1mmat1ve 
adaptation thr~ugh all finite ~~vels.e 1m1t of this sort of awareness is of course an 

An example of a conscious eliminative update of level 2 is; 

eliminative Opupdate 

(w, {uB, {lwJiwl::J} {6.u,ju,vj,j(u,/uNfi,(v.ju,vjJ!J '} 
~ ' Rv,ju,vj,j\u,ju 1vij,jv1ju,v/)FJ J ) 

"\ / 
eliminative p - update 

were we assume that u I= p v I,', Aft · 
It . . . . , p. er restormg the Extension Constraint the 

resu mg s1tuat10n will be (w (/) "' "') Of 1 I . , , 'IJ, 'IJ • course these conscious updates of finite 
devfie can Simply be modeled as a finite iteration of the eliminative updates 

e ned m the previous section. we 
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However, this proposal cannot be a sensible explanation of conscious update. 
Consider an initial situation in which both ,Op and ,D,p are true. So our agent 's 
information does not determine whether p. Moreover, assume she has the informa­
tion that this is so: D,Dp and D,D,p are also true. Then the agent has, in a sense, 
introspection about the proposition p, but we need not assume she has introspection 
in general. It just happens to be the case that for this particular proposition p, she 
is well informed about her own (lack of) information about it. This is a situation 
in which the agent is aware of the fact that she lacks the information whether p. It 
is also the typical situation in which we want to grant her the possibility to come 
to have the information that p and be aware of it. Now an 'eliminative conscious 
update' denies her the possibility of consciously coming to have the information 
that p: since initially all her informational options will satisfy ,Op (because D,Dp 
is true), the eliminative adaptation to □p will remove all options, leaving her with 
nothing. This cannot be right. 

So we have to look at a non-eliminative way of incorporating the higher-order 
reflection of the update. This can be achieved by explaining the higher-order adap­
tation not as a simple elimination but rather as an adaptation of all remaining 
options. In such an update with p, all ,p options will be discarded, but the remain­
ing p-options will also be updated with p, as in: 

embedded update 

eliminative update 

were we again assume that u I= p, v I,', p. The resulting situation will then be 
( w, { u }, {( u, { u} )} , { ( u, { u }, { ( u, { u})} )}). This operation is not eliminative any­
more since we internally modify the options. However, elimination still serves as a 
guiding idea, since the modification is in fact a form of 'embedded' elimination. 

It is possible to define a notion of conscious update on arbitrary information 
structures. Nevertheless, we will not do this, but restrict ourselves to the case of 
an agent that has introspection. The reason for this is that is that it is a strange 
agent that has a 'dynamic awareness' in the sense that she is able to reflect new 
information correctly at higher-order levels, but has no 'static awareness' in the 
sense that she may be disinformed about her own information. For one thing, how 
is she able to correctly reflect the new information at higher-order levels if she can 
be totally mistaken about what here higher-order information actually is? 

It is possible to use information structures to model introspective situations. 
However, at least for the one agent case, there is no real advantage in doing so. Ifs 
and t are information structures that satisfy Introspection, in which the facts and 
the first-order information are the same (so so = to and s1 = t1), then in facts = t. 
This greatly simplifies the way in which we can model the higher-order adaptations 
for conscious updates: they are in fact completely determined by the first-order 
level. That is, if a notion of conscious update preserves introspection, only the 
first two constituents of the structure will be relevant. Then we do not have to 
bother about defining an infinitary adaptation mechanism through all levels, but 
can confine ourselves to the first-order level. 

At a intuitive level, it is correct to assume that a conscious update will preserve 
introspection. An agent that is currently correctly informed about her information, 
and is also capable of a conscious strategy of dealing with new information, in the 
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sense that she reflects the new information correctly at higher levels, will remain 
introspective. 

Paradoxically, then, an introspective agent can correctly reflect new information 
on higher levels by not representing these higher levels at all. The intuitive idea is 
that an introspective agent is not so much characterized by having some particular 
state of mind. Rather, we should see an introspective agent as having the abilityof 
correctly reflecting on what her information is. She can therefore always calcu­
late correctly what her higher-order information is from her first-order information. 
Since she knows that she has this ability, she has no need for explicitly keeping 
track of her higher-order information. When she gets new information, even if this 
new information is itself higher-order, she can just calculate what this means for 
her first-order information, and adapt that if needed. After that, she will still have 
her special ability, and introspection is 'automatically' preserved. 

These considerations show that for conscious updates for one agent with intro­
spection we can in fact make do with very simple structures. 

Definition 4.1 (Semantics of CK45) As usual, let P be the set of atoms, W = 
Pow(P) be the set of possible worlds, E = Pow(W) be the set of information 
states. A situation is a pair (w,a) of a possible world and an information state. 
We define the truth relation F between situations and formulae, and functions [¢]] 
from information states to information states by a simultaneous induction. 

1. (a) (w,a) l=cpiffpEw 

(b) a[pTI={wEajpEw} 

2. (a) (w, a) F 7¢ iff (w, a)~¢ 

(b) a[7 ¢TI =a\ a[¢TI 

3. (a) (w,a) F ¢/\7/; iff (w,a) F ¢ and (w,a) F 7/; 

(b) a[¢/\ 7/JTI = a[¢TI n a[7/JTI 

4. (a) (w,a)l=c □rpiff\fvEa: (v,a)l=crp 

(b) a[□¢ll = { 0a ifa[¢TI = a 
otherwise 

5. (a) (w,a) F [¢]7/; iff (w,a[¢ll) F 7/; 

(b) a[[¢]7/JTI = { a0 if\fv Ea: (v,a[,t,]) F 7/; 
otherwise 

Validity is defined as preservation of truth: r Fe K 45 ¢ if and only if for all situations 
(w , a) such that (w ,a) F 7/; for all 7/; Er, also (w,a) F ¢. □ 

Basically, CK 45 is Veltman's definition of update semantics, embedded in a 
semantics for the richer language of DEL. We leave it to the reader to verify that 
defined connectives like ◊ and V receive their natural meaning, both statically and 
dynamically. So the ◊ is statically the dual of the □, and also dynamically, since 
it is the consistency test dual to the test Drp. And V corresponds to 'or' statically, 
and to union dynamically. 

An important distinction with the semantics for M EK is that we have defined 
the updates directly on the syntactical structure, instead of defining them indirectly 
via the truth conditions by the stipulation 

a[¢]= {w Ea I (w,a) F ¢} (TC) 

We made this choice, firstly, because it is possible, due to the nice Boolean structure 
over the information states. Secondly, it almost makes no difference. And thirdly, 
the case in which it does make a difference is intuitively justified. 
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Lemma 4.2 Define an operation s by: ps = p; (7¢)• = 7(¢,s); (¢ /\ 1/;) 8 = rps I\ 1/;8 ; 

(□rp)s = □ ¢,8 ; ([¢]7/;) 8 = □ [¢,]7/J. Then: a[¢ll = {w Ea I (w ,a) F ,P8 }. D 

The only thing that the operation s does is to prefix update modalities with a 
□. Hence if¢ does not contain update modalities, rps = ¢. So for these formulae, 
the correspondence (TC) holds. 

The update clause for formulae of the form [¢]7/; is the reason that (TC) does 
not hold in general. But this update clause fits the intuitive conception of the kind 
of agent we intend to describe. This is an agent with the ability to correctly reflect 
upon her information, and who also knows that she has this ability. Therefore, she 
will interpret a sentence of the form 'after an update with ¢, 7/; is true' as a test. 
She will simply check whether all situations she may be in, are such that after she 
learns ¢ in that situation, 7/; will be true. Due to the nature of introspection, in an 
information state a, the set of all pairs (v, a) for v Ea are the situations she think 
possible. 

A second issue about definition 4.1 that is worth some discussion is the extent to 
which the updates can really be called 'conscious'. After all, the updates look very 
eliminative, since we always have a[¢] <;;; a. But note that the semantics realizes a 
higher-order reflection in the following sense. For formulae ¢ that do not contain D 
or update modalities, updates are Hyper Successful: 

if¢ E Lo, then for all n 2'. 1; F [¢]on¢ 

where on is □ iterated n times. On the other hand Success does not hold generally: 

not for all¢, F [¢] □¢ 

We do have that if ¢ is Successful, then it is Hyper Successful: 

The latter is due to the fact that the semantics validates the Positive Introspection 
axiom, from which it follows that F □rp --t □n</)_, and then by [¢]-Necessitation and 
[¢]-distribution we have F [¢] □¢ --t [¢]on¢. This contrasts with Eliminative K, 
where we do have Success for all formulae, but we do not have Hyper Success, not 
even for Lo formulae. 

That Success fails, may be seen by considering the formula 7p I\ ◊p. This 
formula is statically consistent, since there are w, a with ( w, a) F 7P I\ ◊p. It is 
also dynamically consistent: there are a with a[[7p /\ ◊pll cf 0. On the other hand, 
there are no w, a cf 0 with ( w, a) F □ ( 7P I\ ◊p). So we have here a sentence that 
can be true, can be 'learned', but cannot be 'known' consistently. This may seem 
odd, but it is just right. First, it is clear that an introspective agent cannot have the 
information that both 7p and ◊p (by positive introspection). Second, an update 
with 7P I\ ◊p can have two effects: either a[7 p /\ ◊pTI = 0 or a[[7P /\ ◊pn = a[[7P]]. 
In the former case, the information has become inconsistent , hence we have a trivial 
higher-order reflection. In the latter case, the information that 7p will of course 
obstruct a consistent second update with ◊p. 

One of the consequences of the failure of Success is that the Ramsey Test, D ( ¢ --t 

7/;) <-+ [¢]Di/;, will not be valid either, since we will of course have F □ (¢ --t ¢). Now 
the Ramsey Test was one of the driving forces in the reduction of M EK to K. This 
means that if there is a reduction of CK 45 to K 45, then this reduction will be of a 
different kind. It is at present unclear if such a reduction exists. However, a direct 
completeness proof for CK45 is possible. 

Also observe that the formula ¢ = 7p I\ ◊p shows that we do not have Idempo­
tency: 

not for all ¢, a[¢]][[¢]] = a[¢ll 
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On the other hand for_ if>_= ,p I\ ◊p we do have that either cr[if>TI[[if>TI = cr[[if>TI or 
cr[if>TI[if>TI = 0. From this 1t follows that for this particular if> we do have that 'two 
times is enough', that is, cr[if>][if>])[if>]] = cr[if>][[if>TI. Can it get any worse? 

Definition 4.3 Define [</>] 0 = AO'. er, IT<l>r+I = [[if>r O [if>]. Then a formula q> is 
k-stable if for all er , cr[if>t+I = cr[<f>t. □ 

T is O-stable. All formulae that do not contain the modalities □ or [·] are 1-
stable. All formulae that do not contain the conjunction symbol /\ are 1-stable. 
·PI\ ◊pis 2-stable, but not 1-stable. And here is a formula that is 3-stable but not 
2-stable:9 

(◊p V ,q) I\ (◊q V r) I\ ,p 

The idea of this example is that a formula of the form (◊if> V ,7/J) 'postpones' an 
update with ,7/J until the test ◊if> fails: 

if er[◊</>]] = er 
otherwise 

Now suppose that in the first update of the example formula, both tests ◊p and 
◊q succeed. ~he ~ffect of the third conjunct ,p will be that in the second update, 
the test ◊p will fail, and the update with ,q becomes activated. Thus in the third 
update, the test ◊q fails, and the update with r is activated. Finally the fourth 
update will not change anything. 

The following proposition establishes a finite upper bound on the stability of a 
formula. 

Proposition 4.4 If l</>I is the number of propositional atoms that occur in if> then 
if> is 211>l_stable. ' □ 

The worst case actually arises. 

Proposition 4.5 For each n 2'. 1 there exists a formula if> with n propositional 
atoms, such that q> is not (2n - 1)-stable. □ 

We will now turn our attention to a complete axiomatization of CK45. 

Definition 4 .6 (Axiomatization of CK45) 

Axioms 

1. </>, if q> is a substitution instance of a valid formula of classical proposi-
tional logic 

2. □ (</>-+ 1/J)-+ (□ </>-+ 07/J) 

3. □ <j>-+ □□ <j> 

4. ,□q> -+ □,□q> 

5. [</>](7/J-+ x)-+ ([</>]7/J-+ [if>]x) 

6. ·[</>]7/J <-> [</>]·7/J 

7. [if>]p <-> p 

8. DJ_ -+ [if>]D_l_ 

9. [if>]◊i/J-+ ◊7/J, if 7/J E £0 

10. [p]◊i/J <--+ ◊(p I\ 1/J ), for p atomic, 7/J E £ 0 

9 Thanks to David Beaver for finding this nice example. 
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11. [</>1 /\ </>2]◊7/J <--+ [</>1]◊7/J /\ [</>2]◊7/J, for 1/J E £0 

12. ◊7/J-+ ([if>]◊i/J V [,if>]◊i/J), 7/J E £0 
13. [if>/\ ,if>]D_l_ 

14. [ □if>]◊T-+ ([□ </>]7/J <-> 7/J) 

15. [ □if>]◊T-+ ([</>]7/J <-> 7/J) 

16. □ [</>]7/J-+ ([[</>]7/J]x - x) 
17. ,D[</>]7/J-+ [[</>]7/J]D_l_ 

Rules 

MP From q> and q> -+ 1/J infer 7/J 

Nee□ From q> infer □ </> 

Nee[·] From q> infer [7/J]</> 

Stability Let { b1, ... , On} be a complete set of diagrams for q>. Then from 
◊T, (◊b1-+ [if>]◊b1), ... , (◊bn-+ [if>]Obn) infer [ □ if>]◊T. 

The relation r f--cx4s if> is defined as usual, with the normal weak interpretation of 
the Necessitation Rules . D 

Axioms 1-4 are the axioms of K45, axioms 5- 7 are the axioms of the minimal 
(functional) dynamic epistemic logic. Axiom 8 expresses that there is no escape 
from an inconsistent information state by an update. Axiom 9 is a weak form of 
Elimination axiom of EK. The remaining axioms reflect the definition of the up­
dates, by explaining the properties of update modalities [if>] in terms of the syntactic 
structure of q>. 

The role of the Stability Rule may not be completely obvious yet, but observe 
that it is a kind converse of the axiom [□</>]OT-+ ([</>]7/J <-> 7/J). This axiom expresses 
that if the update with □q> is consistent, then the update with q> does not change 
anything. A real converse of this axiom would give the infinitary rule: if for all 
1/J, ([</>]7/J <-> 7/J), then [□ if>]◊T. The condition expressed by the premises of this 
infinitary rule is that an update with q> does 1!,Ot change anything. The Stability 
Rule shows that we only need finitely many formulae to express this. 

Theorem 4.7 (Completeness) r f--cK45 q> if and only if r l=cK45 q>. 
Proof: see [Gro95], pp. 169- 174. □ 

We end this section with a short discussion on the Multi-Agent version of Con­
scious K45 we expect to develop. First observe that in the Multi-Agent case we 
will not be able to ' flatten' the information structures to its first two constituents 
(the facts and first-order information). An agents higher-order information about 
his own information will indeed be totally determined by his first-order information, 
just as in the one agent case. And even, agent a's k-th order information about 
agent b's n-th order information will be completely determined by a's second order 
information: from introspection for b, a-necessitation and introspection for a it fol­
lows that □~ □bq> <-> Da □ b</> will be valid. But a formula of the form Da □b□a □ b</> 
will in general not be reducible to a formula of lower degree. This means that in the 
multi-agent case, we will have to return to the full information structures. One of 
the consequences will be a significant complication of the definition of the informa­
tion ordering. The nice Boolean structure to which the information ordering gives 
rise in the one agent case will be lost. By consequence, it will not be clear that we 
can define the updates directly on the syntactic structure of the formulae, in the 
same way as we did in definition 4.1. 10 'Ne leave it at these brief remarks, and hope 
the solve this problem in the near future. 

•10But see [Gro93) for an induct ive definition of updates for the simpler case in which we only 
require information to be consistent. 
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5 Information and its structures 

We compare the ~ystems we developed in the previous sections to some other pro­
posals from the literature. The discussion will focus on the notion of information 
and its structure. In the course of this chapter we have encountered Kripke models 
and in the development of eliminative updates , we used information structures. Fo; 
the one agent case of conscious updates we used a kind of 'flattened' information 
structure. But besides Kripke models and modal structures (or information struc­
tures, as we have called them) , there are at least two different types of structures 
that have been proposed in the literature. 

In [Bar89], si_tuation theory and Aczel 's theory of non-well-founded sets ([Acz88]) 
~re used to obtam a compelling analysis of common knowledge via non-well-founded 
mformat10nal dependencies. The theory developed by Jaspars [Jas94], which is con­
gen_1al to ours, uses Kripke models with partial valuations for defining constructive 
not10ns of update and downdate in a multi-agent setting. Both proposals differ from 
ours i_n being instances of partial semantics, whereas we have been working with 
total mterpretat10ns. Also, Jaspars uses a constructive notion of update whereas 
we have been using a basically eliminative view on updates. Instead of ; detailed 
disc~ssion of the differences, I will point out the strong similarity between them. 
I thmk that all can be seen as based upon the following intuitive conception of 
mformational situations: 

• An informational situation specifies facts and information of a group of agents 

• The information of a group of agents assigns to each actor an individual 
information state 

• An individual information state is a set of situations 

A straightforwar~ translation into set theory, for a given set of truth value assign­
ments W and a given set of actors A, gives the three equations 

S=WxG 

G=IA 

I= Pow(S) 

Observe that due to Cantor's theorem, S, G, I can only form a solution to the 
equat!ons if all three of S, G, I are proper classes (we assume Wand A non-empty). 
This 1s true m Z F as well as in Aczel's Z FC / AF A. Also, it appears that these 
thre~ clauses by themselves cannot serve as a definition, since the definition would 
be Clfcular. However, in Aczel's set theory ZFC/AFA, this is no problem, and 
we can define S, G, I coinductively as the largest classes that satisfy these three 
eq~ations. If we apply this scheme to a set of actors A and a set of partial truth value 
ass1g?~ents W, we roughly get Barwises non-well-founded situations. Although this 
defimt10nal scheme does not provide infons, and other formal details of Barwises 
approach are also missing, I think the scheme can at least be seen as the backbone 
of his approach. Also see [Ger95] for an elaboration of this definitional scheme. 

But Kripke models (partial or total) and modal structures can be seen as as 
solutions to similar equations. For Kripke models , we have to weaken the identity 
between S and W x G by to the existence of a bijective correspondence between 
S and W x G. Then take S to be the class of all rooted Kripke models. The 
natural bijective correspondence is then given by 'the root with its valuation and 
the function that assigns to each actor a the set of generated models that d sees 
from the root'. So we can take I = Pow(S) and G = JA , and we have 
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G = IA 

I= Pow(S) 

Whether valuations are total or partial is inessential here. 
Finally, modal structures can be conceived as a solution to the equations 

S=1 W X G 

G=IA 

Ii;;; Pow(S) 

in which S, G, I actually are (well-founded) sets. For sake of simplicity, consider 
the one agent case. Take S = Sw, which is a set. I consists of all subsets of S that 
are of the form {t E Sw I sRt} for some s E Sw. It is then clear what the bijective 
correspondence is. 11 

In conclusion, I think that the differences between the four types of structures 
are best seen as different but similar elaborations of the same intuitive conception 
of informational situations. 

6 Conclusions and Further Research 

In the introduction we sketched a research program that consists of two parts: (a) 
the development of a dynamic epistemic logic; (b) a utilization of this logic as a logic 
for information exchange. The second part of this program has remained beyond 
the scope of this paper, but we hope to make a start with its realization in the near 
future. We have made considerable progress in the realization of the first part, the 
development of dynamic epistemic logic. But also there, several issues remain to be 
resolved by further research. We mention three of these issues. 

First a further development of conscious updates by giving a semantics for a 
Multi-A~ent version of CK45, preferably accompanied by a complete axiomatiza­
tion. 

Then an investigation is due of dynamic (eliminative or conscious) variants of 
other modal logics that have been used in epistemic logic, such as S4, K D45, and 
S5. 12 This question involves another important issue, which can be called the Co­
herency Issue, and can be explained as follows. The dynamic logics we have been 
considering are Eliminative K and Conscious K45. Now the two combinations of 
eliminative updates with K , and conscious updates with K 45, are natural combi­
nations. In eliminative K, a minimal kind of static awareness is coupled with a 
minimal strategy of incorporating new information. And in Conscious K45, intro­
spection, the actors 'static' ability to correctly represent her information, is coupl_ed 
to a conscious way of incorporating new information, in the sense that the new m­
formation is also reflected at higher-order levels. Thus both systems are 'coherent ' 
combinations of representational and dynamic abilities. This means that it is not 
immediate clear that either eliminative or conscious updates as we have developed 
them are the right notions of update in the context of logics such as S4, K D45, 
and S5. Although I do not intend to solve this problem here, I do expect that the 
notion of conscious update, with only minor modifications, will be the most suitable 
one for the three logics just mentioned. 

11That J will not contain a ll subsets of Sw can be seen as follows. Let X <;; Sw. Then it may 
well be that there is some t E Sw such that for each n, there is some t' E X such that t and t' are 
the same up to level n, thought ,t X. However, any s that is R-related to all structures in X will 
~!so be R-related to t. 

12 An interesting question is whether the dynamic S5 system of [vEdV95] is equivalent to Con­
scious S5. 
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Finally, a third issue for further research is the extension of the multi-agent 
systems with the concept of shared information. This can be seen as a further 
preparation for the intended application of the logic for a system of information 
exchange. In many places in the literature it has been argued that shared infor­
mation, or the related concepts of mutual belief and common knowledge, plays a 
prominent part in communication. 13 

The results of this paper can be summarized as follows. We have developed 
and completely axiomatized three actual systems of dynamic epistemic logic (EK, 
M EK, and CK 45). We have achieved this by using structures and techniques that 
are familiar in modal and epistemic logic, in a formal language that extends the 
standard vocabulary of epistemic logic. Thus dynamic epistemic logic as we have 
developed is an extension of epistemic logic, rather than a revision. 

Furthermore, the investigation led to the consideration of two fundamentally 
different types of update operations over higher-order information models. This 
warrants the conclusion that there are at least two different families of dynamic 
epistemic logics. We also observed in section 4.3.3 that within one such family, the 
axiomatic organization will not be as smooth as in modal logic, since restrictions 
on the model class need not induce an extension of the axiomatics. 

Finally, our discussion on introspection lead to a special perspective on this 
concept. We conceived of introspection not so much as a particular state of mind 
in which higher-order information is correctly represented, but rather as the ability 
to correctly reflect upon what the information is. And for an agent that has this 
ability, there is actually no need at ail to represent the higher-order information. 

But maybe the most striking, and slightly disturbing, conclusion of the research 
in this paper is that the number of possible definitions of update, as a function of 
time, is neither increasing nor decreasing. 
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Semantic Properties of Interrogative 
Generalized Quantifiers 

Javier Gutierrez Rexach 1 

Department of Linguistics, UCLA 

1 Questions as Functions 

In this paper an extensional theory of questions which attempts to characterize the 
contribution of interrogative quantifiers to the meaning of matrix interrogative sentences 
is presented. Questions are defined as functions from sets of objects to truth values. 
Matrix interrogative sentences denote such functions. Specifically, a question of type 
<< a, t >, t > is a function (of a certain sort) from sets of objects in type a to truth 
values. This corresponds to the intuition that a speaker, in asking a question of type 
<< a, t >, t >, is asking a question of the corresponding type, namely, he is asking the 
hearer to identify a unique object of type < a, t >, i.e. a unique set of objects of type 
a. 

Definition 1 A question of type<< a,t >,t > is a function f E [P(a)-> 2] such that 
3!x E P(a) such that J(x) = l. We will call such an x the answer At off. We write 
[qP(a)-> 2] for the set of questions of type<< a, t >, t >. 

From the above definition, it follows that for an arbitrary question f its answer exists 
and is unique (no question has more than one answer). The intuition here is that the 
unique x a question f is true of is the complete true answer to f. So we are taking the fact 
that questions are "strongly exhaustive" (Groenendijk and Stokhof (henceforth G&S) , 
1984) as the essential ingredient of the definition of a question. Another important point 
is that answers, as we treat them here, are in a higher type than expected. Consider the 
question in (la): 

(1) a. Who came to the party? 
b. John, Mary and Bill. 
c. John and Mary. 

At this point and for the sake of simplicity, we think of (lb) as denoting a three 
element set , and (le) a two element set. In a state of affairs in which John, Mary and 
Bill are exactly the individuals who came to the party, the constituent response in (lb) 
denotes the answer set of the question that (la) denotes. So the question denoted by 
the interrogative sentence (la) maps {JOHN,MARY,BILL} to True, and the rest of the 
objects in P(E) to False. A partial answer, as the one denoted by the expression in 
(le), is a subset of the answer set of the question. There are also other responses to 
(la) which provide some pragmatic or semantic information about the answer set but 
do not constitute proper or even partial answers. Although partial, non-canonical , and 
uninformative answers are possible answers to a question, they should not be considered 
as equal in status to complete true answers. The intuition that my approach builds 
on is that only complete true answers are the objects that fulfill the information gap 
represented by the question. On many concrete occasions of everyday life, we are forced 
to give partial or uninformative answers to questions, either because we do not have 
enough information or we want to hide something, etc., but in doing so we actually are 
not logically answering the question. An additional motivation for treating questions as 
functions from sets of objects (for instance, individuals) to truth values rather than as 
merely sets of individuals is that otherwise we are conflating the denotations of questions 
and relative clauses or free relatives (Cooper, 1983; Jacobson, 1995). In the NP the 

1 I wish to thank Ed Keenan for his very helpful comments and suggestions on earlier versions of this 
paper. I would also like to thank Anna Szabolcsi and the audiences at the Fourth CSL! Workshop on 
Logic, Language and Computation and the Amst3rf9m Colloquium for their comments. 



students. who came _to the pa~ty we may treat the relative clause who came to the art 
a::_ denotmg a functwn mappmg the set of students to the set of students who ca~e t y 
t e party. But the unit constituted by a question and its answer 1·s of a ·t· 0

1 t ·t h Id • propos1 10na 
na ure, _1 s ou extens10nally denote a truth value (or proposition) rather than a set 
Interestmgly, the fact that we are one type higher does not mean that h • • • . we ave an mcrease 
m expressive power, as the following observation shows: 

Fact 2 l[qP(a) ...... 2]1 = IP(a)I 

d An ~~;errogative ~ent~nce may denote one question in a possible world (situation) 
an a . 1 ernnt quest10n m other possible world. For example, the denotation of th~ 
~tpresswn m (le) is ~ne element of the answer space of the question which can constitute 
1 s a~swer set :n ~ different world. Let I be an index set. An indexed question f is a 
funct10n from md1ces to questions: f E [I ...... [ P(~) ...... 2]] Th h 
J t 'bl q ~ • ere are ot er ways to 
e poss1 e worlds _enter the picture, such as those proposed by Karttunen (1977) and 

~&7· ~ 984) , In t~is paper we will restrict ourselves to non-indexed questions. Taking 
ng IS as our ?bJect language we are going to consider two basic types of questions· 

argument quest10ns and modifier questions. • 

2 Argument Questions 

Definition 3 An element of [qP(E)-+ 2] is a (unary) argument question. 

In_ general, argument interrogative, quantifiers are functions from n-ary relations to 
questwns. Una:y argument interrogative quantifiers are functions from sets to unary 
argument quest10ns: Unary argument interrogative determiners are functions from sets 
to unary argument mterrogative quantifiers . 

Definition 4 (Argument interrogative GQs) 

[[;(;): [qP(E)-+ 2]] is the set of (unary) argument interrogative quantifiers. 
( ) [P(E)-+ [qP(E)-+ 2]]] is the set of (unary) interrogative determiners. 

For example, consider the following interrogative sentences: 

(2) a. Who is smoking? 

b. Which student is smoking? 

The wh~word who denotes an argument interrogative quantifier, as illustrated in 
(3a,b). Which denotes an argument mterrogative determiner (3c,d). 

(3) a. [WhoJ E [P(E)-, [9P(E)-, 2)] 

b. [WhoJ([,\x.Smoke(x)J) E [9 P(E) -, 2 ] 

c. [WhichJ E [P(E)-> [P(E)-, [9 P(E)-, 2 ]] 

d. [Whichl([,\x.Student(x)J)([,\x.Smoke(x)]) E [9P(E) _, 2 ] 

Using uppercase letters to rnpresent denotations in a fixed universe E we can define 
the followmg English argument mterrogative quantifiers: 

Definition 5 (English Interrogative Quantifiers) For all z y X c E· 
WHO(Y)(X) = 1 iff PERSON n Y = X ' ' - • 
WHAT(Y)(X) = 1 ijJ EnY = X 
WHICH_nz(Y)(X) = 1 ifj z n y = x & /XI= n 
WHICH_ONESz(Y)(X) = 1 iff Zn Y = X &/XI::::: 2 

Applying the above definition, we see that sentence (4a) denotes a function th t 
maps the set PERSON nJN_THE_CORRIDOR to 1 and any other set of individua~s 
~~ ~4) ~::sc~~c(i)twn of the truth conditions of the interrogative sentence/response pair 
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( 4) a. Who is in the corridor? 
b. Fred and Bill 

(5) WHO({xlx E IN_THE_CORRlDOR})({[Fred], [BillJ}) = 1 iff 
PERSONn ({xix E IN_THE_CORRIDOR}) = {[Fred], [BillJ } 

The functions WHICH_n and WHICH_ONES are inherently restricted to context 
sets. Therefore, they cannot be uttered in "out of the blue situations". Consider the 
interrogative sentence (6a) and the answer (6b) in a context where we are talking about 
female students in our deparment. Therefore, the relevant context set is Z = {xi x E 
FEM ALE_STU DENT} and the interpretation as in (7). 

(6) a. Which three like tacos? 
b. Jill, Jodie and Jennie 

(7) WHICH_THREEz({xlx E LIKE_TACOS})({[Jill],[Jodie],[Jenniel}) = 1 iff 
{xix E FEMALE_STUDENT}n{xlx E LIKE_TACOS} = {[Jill] , [Jodie], [JennieJ} 

Definition 6 (English Interrogative Determiners) 
For all Z, Y,X, W i;;; E,x,y E E,m EN: 
WHATs9 (Z)(Y)(X) = 1 iff Zn Y = X & /XI= 1 
WHATpt(Z)(Y)(X) = 1 iff Zn Y = X & IXI::::: 2 
WHICH 89 w(z)(Y)(X) = 1 iff (W n Z) n Y = X & IXI = 1 
WHICHp1w(z)(Y)(X) = 1 iff (Wn Z) nY = X & IXI::::: 2 
WHJCH_nw(z)(Y)(X) = 1 iff (Wn Z) nY = X & IXI = n 
HOW.MANY(Z)(Y)({m}) = 1 ifflZnYI =m 
W HOSE(Z)(Y)(X) = 1 iff Zn Y = X & 3x'vy E Z[Poss(x, y)] 2 

Which determiner expressions also denote context dependent functions. The differ­
ence between the argument interrogative determiners WHICH sg and WHICH pl lies 
in the additional condition imposed on the cardinality of their answer sets. Here we 
treat the difference as the semantic correlate of grammatical number in parallel to the 
contrast between singular and plural declarative determiners (THEsg vs. THEpt)- Con­
sider sentence (8). Informally, the question denoted by (8) either poses a query about 
the set of students in the model or about a subset of those students that the speaker 
has in mind. 

(8) Which students came to the party? 

The latter reading is sometimes called a "partitive" reading. The descriptive intuition 
behind the term relies on the equivalence between the interpretation of which students 
and the interpretation of which of the students, as noted by Heim (1987). Let us consider 
first the interpretation of (8): 

(9) Let W = {xix E LINGUIST} 
WHICHp1w(STUDENT)(COME)(X) = 1 iff 
{xix E LINGUIST} n {xix E STUDENT} n {xix E COME}= X & IXI ::0: 2 

As observed in Barwise & Cooper (1981) and Keenan & Stavi (1986), declarative 
partitive determiners obey the restriction that only definite plural determiners can follow 
the preposition of. The same constraint surfaces in the interrogative domain (10). 

(10) a. *Which of some/most/many /every /three students came to the party? 
b. Which of the (ten)/John's (ten)/these ten students came to the party? 

This fact suggest an analysis of which of the as a complex determiner, along the 
lines proposed by Keenan and Stavi for the declarative counterpart. One can check 
immediately that for°' E {sg,pl}, WHICH_OF_THE 0 w (Z)(Y), as defined below, and 
W HIGH aw' (Z)(Y) are the same question function when the contextual restrictions of 
the determiners are equal (W = W'), 

2 Here we understand Poss as a possession relation between individuals, the possessor and the 
possessee. 

321 



(11) 
a. WHICH_Qp THE w 

- '9 (Z)(Y)(X) = 1 iff(WnZ)nY-x 
b - &/X/ = 1 

• WHJCH_Qp THE w 

3 
- pl (Z)(Y)(X) = 11Jf (W n Z) n y X 

= &/X/ 2'. 2 

Plural Questions 
We say that an int . 
of sets f · • errogative sentence d 

D fl . ~ md1viduals to 1 and any other ec:~:::t::l:~ question iff it maps a collection 
e nit10n 7 [ p • 

q (P(E))-> 2] is the set of (u 
Consider the foll . nary) plural argument questi 

owmg sentences: ons 
(12) Which student 
(13) W . s gathered in the plaza? 

ho earned th • e piano upstairs? 
. As a plural question 
m the plaza. Similar! , sentence (12) is asking for the rou 
persons that coll t· Y, (13) can be interpreted as g ps of students that gathered 
functions from se~~ ~;~ly ~a_rried the piano upstairs rtw~uest1on about the group(s) of 
properties) to truth I~d1v1duals (properties) to coilect· an;lyze plural determiners as 
plural readings as _va ues, we can extend the sam t10ns o sets of individuals (plural 
proposed for dec!a::~'.ateJ with_interrogative quantifi:rsre~{;:e~~ to the analysis of the 
Does (1992) Its t iv~ etermmers, among others b • B Is me of analysis has been 
other words. plurexl _ens10n to the interrogative dou'i _Y van enthem (1991) and van der 

, a mterrogat· am seems to be t • h 
associated with dec!a . ive quantifiers do not seem s ra1g tforward. In 
Let us consider fi t r:t1ve ones ( distributive collecti to exclude any of the readings 
any quantifier Qrs t e collective lifts of int~rrog t· veor neutral (van der Does 1992)) 
. or det • a ive quantifi d ' • 
mterrogative quantifi ermmer D_ we write C(Q),C(D) fi ehrs an determiners. For 

er and determmer respect· 1 H or t e collective lift of th 
D fl • Ive y. ere are t e 

e nition 8 (C l1 . . wo examples: 
(i) C(WHO) o ective lifts) Let z, W c E 
C(W HO)(Y)(~)p~~(:)) -> [qP(P(E)) __, 2]] 'Y, Xi:::; P(E). Then, 

(ii) C(WHJCH t) E !! : = {W/W i:::; PERSON & WE y • 

C(WHJCHpt)CZ)(Y)~X~ ~--; ['.f]Pc;C!»-> [qP(P(E))-> 21]) 
z - {W/W i:::; z & W E Y} 

The collective lift of W H 
uals to plural questio 0, C(W HO), is a function f 
that maps a propert n~. The collec~ive lift of W HI C Hrom collections of sets of individ-
truth conditions of (i2) :~da (~~)lect1ve interrogative qu:~ti~~~ t({(:Hpt), is a function 
(14) are as follows: H ICHpt)(Z). The 

a. C(WHJCHp1)(STUDENT)( 
X = {W/W i:::; STUDENT&;ATHER)(X) = 1 iff 

b. C(WHO)(CARRY T E GATHER} 
X = {W/W C - HE_PJANO)(X) = 1 iff 

- PERSON & WE CAR 
The answer set of the . RY-THE_PJANO} 

of students in the ex . plural question denoted b . 
where John gatheredt:~~~of the plural property G~j};J~s the collection of subsets 
collection { { JOHN B ill and Sam, and Susan a • Therefore, in a situation 
(12). Consider now' (llfL, SAM},{SUSAN, PAM, J01k}te;odur1th Pam and Joe, the 
(15) Wh· h d be the answer set of 

ic students ate pizza? 

. The distributive inter . 
t1on of singletons of pretat1on of sentence (15) is a 
J? an interrogative ;tudents who ate pizza. Again, for plura'. question true of the collec­
hfts of Q and D ete:mmer function, we write D(QQ) an mterrogat1ve quantifier and 

respectively. and D(D) for the d' t 'b . Is n ut1ve 
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Definition 9 (Distributive lifts) Let Z, W i:::; E, Y, X i:::; P(E), and AT(Z) = {WIW i:::; 
Z & IWI = l}. Then, 
(i) D(WHO) E [P(P(E))-> [qP(P(E)) _, 2]] 

D(WHO)(Y)(X) = 1 iff X = AT(PERSON) n Y 
(ii) D(WHICHp1) E [P(E)----+ [P(P(E))-, [qP(P(E))-, 2]]] 
D(WHICHpt)(W)(Y)(X) = 1 iff X = AT(Z) nY 

The intended interpretation of (15) is: 

(16) D(WHICHp1)(STUDENTS)(EAT_PJZZA)(X) = 1 iff 
X = AT(STUDENTS) n EAT_PJZZA 

4 Answers and Linguistic Responses 

4.1 Determiner Questions 

In principle, there are no logical restrictions as to what types can be suitable answer 
spaces of a question. One can construct languages in which there are questions over all 
the denotable types of the language. This is clearly not the case in natural languages, 
where only a subset of the denotable types are suitable answer sets. Let [q[P(E) -> 

[P(E) -, 2]] -> 2] be the set of determiner questions, and [q[P(E) -> 2] -> 2] be 
the set of generalized quantifier questions. In English how many and whose-questions 
are the only candidates to be defined as determiner questions. Consider the following 
question/answer pairs: 

(17) a. How many apples are in the bag? 
b. Six /?? At least three /*Most. 

The example in (17) illustrates the fact that how many-questions can only be an­
swered with cardinal determiners. Moreover, only cardinal determiners of the form 
EX ACT LY _n constitute genuine complete true answers. To see this point, consider at 
least six as the answer of (17). As discussed at the beginning of the paper answers of 
this sort do not resolve the question properly since they are compatible with there being 
exactly six apples in the bag or two thousand. In this respect , they are partial answers 
and do not resolve the question completely. Now we define HOW_MANY(Z)(Y) as a 
determiner question: 

Definition 10 For all determiners DE {EXACTLY_n: n EN}, all Z, Yi:::; E: 
HOW_MANY(Z)(Y) E [qP(E)----+ [P(E)-, 2]] and 
HOW _M ANY(Z)(Y)(D) = l iff D(Z)(Y) = l 

In general, questions of these sort are not limited to answers in the form of determiner 
expressions. They can also be answered with noun phrases, like six apples. The function 
HOW _MANY as defined above does not have generalized quantifers in its domain. 
Theferefore, we have to extend it to a function HOW _MANY* whose domain includes 
also generalized quantifiers of the form EXACTLY _n(Z) , as follows: 

Definition 11 Let GQEX = {EXACTLY_n(Z)IZ i:::; E} Then, 
Dom(HOW .MANY*(Z)(Y)) = Dom(HOW_MANY(Z)(Y)) U GQEx, 
HOW_MANY*(Z)(Y)(D) = HOW .MANY(Z)(Y)(D),v'D E Dom(HOW_MANY(Z)(Y)) 
HOW_MANY*(Z)(Y)(Q) = 1 iff 
:ln[Q = EXACTLYn(Z)&HOWMANY(Z)(Y)(D) = 1] 

Consider now the case of whose-questions, where also determiner and quantifier 
expressions are good constituent responses (18). The determiner question function 
WHOSE and its extension WHOSE* would be defined in a similar fashion: 

(18) a. Whose cats are on the mat? 
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b. John's I His / John's cats/ *E 
very cat. 

Definition 12 Let POSS - x' 

::i::[;J[~))(~)[qP(E): }P(l) ~ ~)j ;; all DE POSS, all z, y ~ E, 
= 1 iff D(Z)(Y) = l 

Definition 13 Let GQPoss - D 
Dom(WHOSE*(Z)(Y)) _ D - { (Z)/Z ~ E&D E POSS} Th 
WHOSE*(Z)(Y)(D) = WHi;iWHOSE(Z)(Y)) u GQPoss en, 

WHOSE*(Z)(Y)(Q) = 1 i.ff 3D[Q(:>~?1f2' ~ E Dom(WHOSE(Z)(Y)) 

4.2 Question resolution 
HOSE(Z)(Y)(D) = l} 

W: can also consider the relati 
It 1s mediated b . on between a question and ·t J' . . 
from the denot~i~;e~~lut1on relation. Question resoluti~n\s1:gu1~t1c ~nswer as indirect. 
of sets). Therefore noun phrases we can recover sets ( a n na ura mechanism since 
and also from ans:e~:~nc[;tc)over answer sets in P(E) fromo~:s:hras: denotes a set 
to a single class of expressio E_ -> [P(E) -> 21]. The three functio:rs m [P(E) -> 2}, 
argument of the rel t · G?s. argument interrogatives i e th types correspond 
from an expression a ion • . iven a question /, we need 'to •• , ose that question one 
domain of/. All th!;!!: hnguisti_c answer, whose type does r;~~ver the answer set At 
A generalized quantifie ;ers do is to resolve the question by m~_ch t_he type of the 
a question/ iff . r (Z) -the denotation of an NP ?rovi mg its answer set. 
of the question. one its elements whic~ is a subset of the r::;~~:uent response- resolves 

or set is the answer set 

Definition 14 Let D(Z) E [P(E) 
[qP(E)-> 2], Resolve(D(Z) !) 'ffA-> 2} be a generalized quantifier 

. , z t ~ z &D(Z)(At) = 1 • Then, for all f E 

As an illustration of th . 
e process mvolved, consider th . 

(19) a. What did you put on the table? e question-answer pair in (19): 
b. Three forks • 

A l • PP ymg the above definit· 
solves question (20) if and only1oi~'o!heeogfe_nterallized quantifier denoted by th fi k 

1 s e ement • th ree or s re-
(20) WHAT([>.x.Youputxonthetabl R)(X) . s IS e answer set of the question: 

Resolve([th f e1 = 1 1/f En [>. y 
A ree arks], WHAT([>.x y x. ouputxonthetabl n _ X 

WHAT((>. • ouputxonthetabl ])) 'ff e1 -
THREE (F;RuputxonthetableJ) t;; FORK & e 1 

[>. K)(AwHAT((>.x y 
x.Youputxonthetabl TIC j;, ouputxonthetablel)) = 1 iff 

THREE(FORK) e1 - ORK & 
[ ' ([>.x.Youputxonthet bl 1 . AX.Youputxonth t bl TI a e1) = 1 iff 
/FORK n ([ e a e, t;; FORK & 

>.x.Youputxonthetable])/ = 3 
Notice that more than 

lon h one generalized t'fi 
g as t e answer set is an 1 quan I er can resolve the . 

respective restrictors. Th d fie ement of the resolving quantifiers d same question, as 
e e mt1on of question resolutio . l an a subset of their 

Fact 15 (Exhaustiv"t n is a so related to exhaustivity. 
ff D(Z) 1 1 Y and resolution) 
J reso ves J w·th X h 

z ' t en ,3y such that X C y d 
Question resolution b d t . an D(Z) resolves I with y 

of sets. Therefore one / e ermmers seems to pose a proble . 
this set is the ans;er set :;:t recover a set from their denot1::t' smce they are not sets 
determiner response e question. We claim that th· . wn_ and check whether 
admit them clearly \~r~ so scarce. In English, only how m;~ is precisely the reason why 
of determiners that. can opamsh and other Romance languag: a~ wh_ose-interrogatives 

ccur as constitue~lesponses: , ere IS a wider variety 

(21) a. lQuienes vinieron a la fiesta? 
'Who came to the party?' 

b. Algunos/ Muchos/ todos ... 
some-pl. many-pl. all 

'Some people/ many people/ Everybody/ .. ' 

Only context-dependent determiners occur as constituent responses to argument in­
terrogatives. These determiners are relativized to context sets and behave like gener­
alized quantifiers in disguise. A type lowering operation of pronominalization(Pron) 
provides the restrictor of the generalized quantifier: for D a determiner, A a context set , 
Pron(D) = DA(A) = D(A). A question f is resolved by a pronominalized determiner 
Pron(D) iff the answer set off, At , is a subset of the context set A and an element of 
Pron(D) . As in the case of standard GQs, we will say then that the pronominalized 
determiner resolves the question f. 

Definition 16 Let Pron(D) = D(A), for A a context set, and f E [qP(E)-> 2]. Then, 
Resolve(Pron(D),J) iff At~ A&Pron(D)(A1) = 1 

5 Modifier Questions 

The standard analysis of modifiers, for instance in Keenan & Faltz (1985) , is to treat 
them as denoting functions in [P(En) -> P(En)], for n 2'. 0. Nevertheless, modifer 
interrogative quantifier expressions like where, when, etc. behave more like true quan­
tifiers . They quantify over different domains (times, places, manners) and are treated 
as variable binding operators in grammatical theories that posit logical form represen­
tations. Therefore, it seems that what is needed is to conceive modifiers not as maps 
from n-ary relations to n-ary relations but as arguments of the relation that we can 
question or quantify over (McConnell Ginet, 1982). Our representation language needs 
to be extended to a many sorted language with models M =<< E, < 'Dj > jES >,I> , 
where S is an index set of sorts and for each j E S,Dj is a non-empty set. For instance, 
D1 = PLACE is the set of locations in the model) , 'Dt = TIME is the set of times 
in the model, etc. It seems reasonable to assume that these domains have a rich under­
lying structure (see Szabolcsi & Zwarts (1993) for manners and times, Nam (1995) for 
locatives). Therefore, we have to shift the type of i-ary relations to Ei x TI j 'D j. Writ­
ing s for ISi here and later, relation-denoting expressions now denote sets of i-tuples 
of individuals and s-tuples of modifiers. By adopting this view we make the so-called 
adjuncts or modifiers into arguments. Therefore, adding modifier variables or constants 
to a relation increases its arity as follows: 

Definition 17 ( Argument extension of a relation by modifiers) For all R ~ Ei, 
M s;; TI j 'Dj , M is the argument extension of a relation R to a i+s-ary relation R' s;; 
Ei X TijDj iff 
R' = {<a,, ... , ai, µ,, ... , µs > I< a,, ... , CTi >ER& < µ,, ... , µs >EM} 

We are now in a position to introduce the notion of an argument extended question, 
and the definitions of argument extended interrogative quantifiers and determiners in 
the new type. For brevity we will also call this type of quantifiers and determiners 
modifier interrogative quantifiers and modifier interrogative determiners respectively. 

Definition 18 (Unary modifier questions) 
UjES[qP(Dj)-> 2] is the set of(unary) modifier questions. 

Definition 19 (Modifier interrogative quantifiers) Let µ1 E PLACE, µt E TIME, 
µm E MANNER, µc E CAUSE, µr E REASON. Then, for all n 2'. 1, all R' ~ 
Ei x TijDj, and all X ~ UjES'Dj: 
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WHERE(R')(a,, ... ,a;)(X) = 1 iff{µ / < 
WHEN(R')(a,, ... ,a;)(X) = 1 iff{ 

1
1 a,, ••• ,a;, ••• ,µ1, ... ,µs >ER'} =X 

HOW(R')(a,, ... , a;)(X) = 1 iff { It <a,,· ··, a;, ·· ·, µt, •·· , µs >ER'}= X 
W HYc(R')(a,, ... , a;)(X) = 1 i µm <a,,···, a;,···, µm, ···, µs >E R'} = X 
W HYr(R')(a,, ... , a;)(X) = 1 ii {{µc// <a,,···, a;,···, µc, ···, µs >ER'}= X 

µr <a,, ... ,a;, .. . ,µr,···,µs >ER'}=X 

For j E S, and X, y C 1) . let X n .y b 
with domain P(Vj) - - 1 ' 1 e the meet (glb) of X and Yin the lattice 

Definition 20 {Modifier interro • . 
ITjVj , and all Xi:;; LJ EST) : gat1ve determmers) For all z i:;; E, all R' CE' x 

IN_WHICH(Z)(R')(~,, ... ,1a;) (X) = 1 iff 
p(Z) n I {µL/ <a,, ... , a;, ... ,µl, ... ,µs >ER'}= X 3 
FOR_WHAT(REASON)(R')( . 
REASON n { . a,, ••• , a;)(X) = 1 iff 
ALWHAT(T1t;-1")(;:)'c···,°'i,•• ·, µr,• •·, µs >ER'}= X 
TIME a,, ••• ,a;)(X) = 1 iff 

nt{µt/ < a,, ... ,a;, ... ,µt ... µ >E R'}-X 
IN_WHICH(MANNER)(R')(' ' s - . 
MANNER n { °'" ... ,a;)(X) = 1 iff 

m µm/ < a,, ... ,a,, .. . ,µm, ... , µs >ER'}= X 

The truth conditions of the interrogative sentence ( . . 
the type of modifier (argument extend d) . t . 22a), m which when denotes in 

22 . e m errogat1ve quantifiers, are in (226): 
( ) a. When did John arrive? 

b. WHEN (ARRIVE')(JOHN)(X) = l iff 
{µi/ <JOHN,µ,, ... ,µ,, ... ,µ, >E ARRIVE'}= X 

A qualification on exhaustivity is needed at th· . 
am but also on Monday or last we k I is pomt. The fact that not only at 10 
on Monday last week does not co~ tare a s?dproper responses if John arrived at 10am 

n as ev1 ence against exha t· ·t . 
responses are more or Jess specific d . t. f us 1v1 Y, smce all these 
arrival took place. Otherwise th ;scnp wns o the moment of time in which John's 
previous definition are degree 'que:Iio o not res?l~e the question, Not considered in the 
that degree predicates like tall denot/fs, a ts_pec1af class of modifier questions. Assuming 

unc wns rom individual t d a property G is gradable iff G c E x 1) h . s o egrees, we say that 
- d, w ere T)d 1s a domain of degrees b. 

Definition 21 {De . 
" gree quest10ns) For all G C E x 1) ll R' . 
u E Vd and all X C U . 1) . - d, a i:;; E' x IT 1) • all 
HOW I - JES J· J 1, 

(G)(R )(a,, ... , a;)(X) = 1 iff 
{b/3x. < x, b >E G} n {b/ 

d <a,, •.. ,a;, ... ,b, ... ,µs>ER'}=X 

Sentence (23a) is a degree question Its answ . 
meet(glb) of {b/3x . < x ,b >E FAST} a~d {b/ er set is the set of degrees in the 

(23) a. How fast did John run? 
< JOHN, ... ,b, ... ,µs >E RUN'}. 

b. HOW(FAST)(RUN')(JOHN)(X) = 1 iff 
{6/3x.<x,6>EFAST}nd{6/<JOHN 6 ' , ... , , ... ,µ,>ERUN}=X 

The approach to questions that I am develo in . . 
problem of preposition stranding • . t . P g gives a semantic solution to the 
the contrast in (24) is that in sent~:~: (;~of~~ves. The ?escriptive generalization for 
wh-word "moves" to sentence initial po T a I e prepos1t10n stays in its place and the 
to the initial position. SJ wn. n sentence (246) the whole pp has moved 

(24) a. Which box did you put my shoes in? 
31takeptobea . 

b h . . n operator mapping sets of individ I t h . 

y t ose individuals. For example, p(BOX) is the re i ua s o t e regwn of space (location) occupied 
the model. Note that, for all Z, p(Z) C PLACE S gNon of(space occupied by the denotation of box in 

- • ee am 1995) for further details. 
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b. In which box did you put my shoes? 

Question (24a) is an argument question, whereas question (246) is a modifier ques­
tion. As a matter of fact, even their linguistic answers are different. (25a) is an adequate 
answer to (24a) and (256) is an adequate answer to (246), but they cannot be inter­
changed. 

(25) a. This box. 
b. In this box. 

The truth conditions of the interrogative sentences in (24) are as follows: 

(26) a. WHICH([.\x.Box(x)J)([.\x.Youputmyshoesin(x)][)(X) = 1 iff 
BOX n {x/Youputmy shoes in (x)} = X 

b. JN_WHICH([,\x.Box(x)])([.\µ1.Youputmyshoes(µ1)])(X) = 1 iff 
p([.\x.Box(x)]) n 1 {µ1 I < [you], [myshoes], ... , /Ll, ... , µ, >E PUT'} = X 

The equivalence of the stranded preposition and non-stranded preposition interpreta­
tions is not immediate. It comes from the general equivalence between which-questions 
and in which-questions when the p operator is applied to the answer set of the first 
one:p(AwHICH(Z)(Y)) = AINwHICH(Z)(Y)· In other words, answers (25a) and (256) 
are spatially equivalent. 

6 Properties of Interrogative Determiners and Quan-
tifiers 

6.1 Conservativity and Intersectivity 

Some characterizing properties of declarative quantifiers seem to hold of interrogative 
quantifiers. Here we will restrict ourselves to argument interrogative determiners and 
quantifiers, but most of the claims hold also for modifier interrogative determiners. 
Keenan & Westerstahl (1994) observe that interrogative quantifiers satisfy conservativity 
and extension, and give the following examples to illustrate this fact: 

(27) a. Which roses are red? = Which roses are roses and are red? 
b. Whose cat can swim? = Whose cat is a cat that can swim? 

The claim holds not just for WHICH and WHOSE but for any argument interrogative 
determiner. 

Definition 22 {Generalized Conservativity) Let E be a universe and X any set. 
Then, D E [P(E) --> [P(E) --> X] is conservative iff for all A, B, B' i:;; E, if An B = 
An B' then D(A)(B) = D(A)(B'). Equivalently: D(A)(B) = D(A)(A n B) 

Conservativity of declarative and interrogative determiners follows from the above 
definition, since in the case of declarative determiners X is the set of truth values and 

• in the case of argument interrogative determiners X is the set of argument questions. It 
also follows that if an interrogative determiner D satisfies conservativity, then D(A)(B) 
and D(A)(AnB) are the same question function. Applying the definition to (27a,b) we 
see that WHICH(ROSE)(RED) = WHICH(ROSE)(ROSE n RED). 

Fact 23 All argument interrogative determiners are conservative 

Argument interrogative determiners all satisfy the property of extension. 

Definition 24 (Generalized Extension) For all D E [P(E) --> [P(E) --> 2]], D 
satisfies extension iff for all A, Bi:;; E i:;; E', DE(A)(B) = DE,(A)(B) 
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With respect to the property of t t· . . 
that WHO 1 . P:rmu a IOn mvanance (PI), it is interesting to note 
PERSON . resiJects a oc~I not10n of it (Westerstahl, 1985), namely when we fix the set 

permutati~:s ~h:te::~:f:ti~:~~l~;,n~:~:::s:i~~~!i:,terminers are also invariant under 

Definition 25 {Locality) Let X C E PE 

~ e: ~~~)(;) 1:::~~(:(A;e(;~)fat 
1

D is ~~~:~b:;'i:/:t ;1;~~~)~i~;:t1J::=a1 

The determiner WHOSE saf fi . . . 
calls "qualit ,, It . his es a more specific cond1t10n that van Benthem (1986) 

induced by "J,0~s (a ~:;~::::0! ;:la:!~:)~rmutations 1r preserve the possession relation 

serv!ti~;ent interrogati~e deter~iners satisfy a stronger invariance condition than con-
y. They are all mtersect1ve or generalized existential (Keenan 1987, 1993). 

Definition 26. (?eneralized Intersectivity) Let X be any set. Then D 
[P(E) --> X] is mtersective iff for all A B A' B' c E f A B ' E [P(E) --, 
D(A)(B) D(A')(B') ' ' ' - , i n = A' n B' then 

6.2 

= • Equivalently: D(A)(B) = D(A n B)(A n B) 

General_ized Existential Interrogative Functions and Context 
Neutrality 

If a determ· • • t • mer 1s m ersective, then the denotation of D(A)(B) de d I · 
::rsection of the arguments. In the int~rrogative domain, we haves~: ; t~:tt~ ~:t:;:t:­
B e an_swer s_et of a? argument question we only have to know the intersection of A anJ 
sho:~s set is prec1se(y th~ answer of the question. Keenan (1987) and Lappin (1988 
met . h~ha conserv~tive bmary_ determiner is intersective iff it is existential iff it is sym~ 

nc. e generalized defimt1on of the two latt t· £ 

as follows (their application to interrogative deter;:n:~s1;:i~0:: ~:i~\; /:;:::tc::e~~ 

Definition 27 (i} For all D E [P(E) __, [P(E) ]] . . . . 
for all A,B s:;; E,D(A)(B) = D(AnB)(E). --> X , Dis generalized existential iff 

(ii) For all DE [P(E) --, [P(E) X]] D · 
D(B)(A) . --> , issymmetriciffforallA,B<;;;E,D(A)(B)= 

to b~:gf:~~s~:::i:rg~~ent interrogative determiners satisfy intersectivity is equivalent 
equivalent to the o~e de:o~~~s:;(2(:it) 4 denoted by the interrogative sentence (28a) is 

(28) a. How many students are vegetarians? 
b. HOW MANY (STUDENT)(VEGETARIAN) 

c. How many students who are vegetarians are there/exist? 
d. HOW MANY(STUDENT n VEGETARIAN)(E) 

gen!;:~:e:~~:::!tii:~e;~~~:i~:: f:t:~:!~::p:::i:ee~::!!:e ~e~:r:~ners like_SO~E are 

many languages, like Chinese, Greek, Latin, Romance, etc.,' the declar:~;;;1:~~n!ifi:: 1i~ 

. •There are some exceptions, though. Heim (1987) . . 
existential constructions with which and wh. h 1th d notices the margmal status of the following 

tc o e etermmers. 

(i) a. ??Which one of the three men was there in the room? 
b. ??Which actors were there in the room? 

Notice that the functions WHICH I and W H IC 
text restricted. Therefore, they a:C related t H_ONE_QF~THE_TWO are inherently con­
course and are not com atible . . o a s~t of. ent1t1es already present in the dis­
noveJ" answer sets Fu~thermo:1t\h~re~e~tat1~nal/;x1stent1aJ predicates that require "discourse 
WHICH_n_QF_TJfE_m(A)(B)(x)'= I iff /~/e~mm~xu.'.'.ction WHICH_n~OF_THE_m defined as 

::P.zlS - An B & /X/ = m 1s not 1ntersect ive. 

derived from the interrogative one by attaching a morpheme to it. In other languages 
the same word is used for some declarative and argument interrogative determiners 

The equivalence between intersectivity and symmetry apparently poses some prob­
lems. Consider the interrogative sentence in (29a): 

(29) a. How many vegetarians are students? 
b. HOW MANY (VEGETARIAN)(STUDENT) 

Since intersective determiners are symmetric, the questions in (28b) and (29b) should 
be equivalent. In fact, they are. The answer set of (29b) is the intersection set of the 
denotations of student and veg~tarian which is also the answer set of (28b). However, the 
intuition remains that the two questions are "about" different things. Imagine a situation 
in which a school's cook wants to know the number of students who are vegetarians. 
Sentence (28a) would be felicitous in that situation whereas (29a) would not be so, 
despite the fact that their respective answer sets are the same. Higginbotham (1993) 
relates the contrast to the property of domain restriction. Since domain restriction 
is formally defined as conservativity + extension (Keenan & Westerstahl, 1994) and 
symmetry is a property satisfied only by a subset of the determiners that satisfy domain 
restriction, namely those which are intersective, it seems more reasonable to relate the 
"aboutness" problem with this latter property of interrogative determiners. From an 
information-based perspective one can easily conclude th(l.t the difference between the 
two sentences is that their respective topics or themes are different. In other words, they 
are not context neutral. We can generalize this new property as follows: 

Definition 28 (Context Neutrality) For all context sets C <;;; E, all determiners D, 
Dis C-neutral iff for all A, B, X <;;; E, D 0 (A)(B) = D(A)(B). 

When a determiner is context neutral in a given context C its arguments can be 
inverted preserving truth values. This property only makes a difference in the case of 
intersective determiners. Co-intersective determiners (Keenan, 1993) are not symmetric 
nor are non-intersective determiners in general. Therefore, the sentences in (30) are only 
equivalent if STUDENT= VEGETARIAN. 

(30) a. Every student is a vegetarian. 
b. Every vegetarian is a student. 

Since all argument interrogative determiners are intersective, context neutrality be­
comes a relevant issue. The property captures the idea that when a symmetric deter­
miner is relativized to a non-empty context set then its arguments cannot be flipped in 
general , i.e., the determiner is not context neutral. 

6.3 Monotonicity, Entailment and Negative Polarity Items (NPis) 
Licensing 

A~gument interrogative determiners can be characterized as continuous in their mono­
tonicity behaviour. Continuous functions are meets of increasing and decreasing func­
tions. 

Definition 29 An argument interrogative quantifier Q E [P(E) --> [qP(E) --> 2]] is 
continuous iff for all A,B, C <;;; E, if A<;;; B <;;; C and Q(A) = Q(C) = f then Q(B) = f. 

Fact 30 Argument interrogative quantifiers are continuous 
Proof: Let D(A) be an argument interrogative quantifier. Assume for arbitrary sets 
W, Y,Z that W <;;; Y <;;; Z and D(A)(W) = D(A)(Z) = f. Therefore, there is an X 
such that D(A)(W)(X) = D(A)(Z)(X) = l. Then, An W = An Z = X and, since 
W <;;; Y <;;; Z,AnY = X so D(A)(Y)(X) = 1 o 
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There is a gram t· I ~ f h" _ma ica ,act associated with t - . . 
rom_ t is characterization. It is a fairly com 1ono o11;1c1ty which seems not to follow 

are licensed in interrogative sentences. mon o servat10n that negative polarity items 

(31) a. Which student has ever been to M ? oscow. 
b. Do you have any money? 

c. Who has ever lifted a finger to help us? 
Th • e piece of data above does not foll f 

so fa~, since as observed for the first tim:~ rom the _Properties of questions studied 
negative polarity items are licensed ind y Fauco~mer (1975) and Ladusaw (1979) 
m!~rrogative determiners are continuousecreas~~g environments. Nevertheless, although 
tailmg with respect to th . , ques wns can be considered as do d 

e1r answer sets. Consider th £ 11 . . wnwar en-
(32) e O owmg quest10ns: 

a. Which guests smoked? 

b. Which guests smoked cigars? 

c. In which state do you have relatives? 
d. In which state of the West Coast d h . 

0 you ave relatives? 
e. How many cars are parked in the garage? • 

f. How many red cars are parked in the garage? 

There is a natural information-based relatio b 
a true complete answer to (32b) is . n etween (32a) and (32b) above. Namely 
Informally, (32b) asks for more spe;ica;:~:~!an~ possibly complete) answer to (32a) .' 
is the answer set of (32a) then b at10n than (32a). In other words if A r , a SU set of A f is th , f 
app '.es to (32c) with respect to (32d) and to (32 ) . e answer set of (32b). The same 
relation between questions subsumption: e with respect to (32f). Let us call this 

Definition 31 
Question f subsumes question g (I S g) zjf A C A 

g - f· 

Clearly, the subsumption relation is . 
transitive). Then, if we allow not on! :h~a:1al ord:~ (reflexive, antisymmetric and 
but also the subsumption relations b t y onotomc1ty behaviour of the quantifier 
deter'.11iners will exhibit the entailm:n;;~!~:s~~~ to ent:r the picture, interrogative 
question f subsumes question g then a co I t eclarat1ve NO. As noted above if 
true answer to f but not neces~arily vice:~s=. es true answer tog is a partial or compl~te 

Definition 32 (i) An interro t· 
th_en Q(B) S Q(A) ga zve quantifier Q is decreasing iff'<IA,B <;; E if AC B 

(ii) An interrogative determiner D . d . -
D(B)(C) S D(A)(C) is ecreasmg iff VA, B, C <;; E if A <;; B then 

Fact 33 Argument interrogative :fl 
Proof- Let A B Cc E AC B quantz ers Qare decreasing 
t h ' ' - ' - , Q = D(C) and D - WHJCu w 
0 s ow that for arbitrary X, Y, if Q(B)(X) _ - 11 , HAT, etc . We have 

Q(B)(X) = Q(A)(Y) = 1 s; Ac B - Q(A)(Y) = l, then Y <;; X. Assume 
• ,nee - , y = C n A <;; C n B = X. □ 

Fact 34 Ar t · . yumen interrogative det · D 
Proof- Let A B C c E d A ermzners are decreasing 

, , - an C B We h t h 
y be such that D(B)(C)(X) = 1 and D(A)(v;l(oY)s ~w that D(B)(C) S D(A)(C). Let X , 
D ; - 1. Then, Y = An C <;; B n C = X. 

5 Th • e subsu.mpt10n relation presented here i . 
between questions in G&S(l989). For th hs apparently different from the relation of e t ·1 
here subsumption holds between . em ~ ~ entailment relation holds between . ~ a1 ment 
however, that if quest· f b questions ( it is the subset relation bet propos1t1ons and 

wn su sumes question th . ween answer sets). Notice 
s;nseb so the notion of subsumption could also b!' ~n question f entails question g in G&S' (1989) 
o su sumpt10n is identical to Higginbotham's (199~'t u;_ed m their terms. Notice also that the notion 

no 10n of downward entailment for interrogatives. 
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The notion of subsumption given above predicts entailments between questions aris­
ing from their monotonicity pattern as the ones illustrated in (32a) to (32f) above. A 
complete (partial) answer to question (32b) will be a partial (complete) answer to (32a) 
since the answer set of (32b) is a subset of the answer set of (32a). Fact 34 also predicts 
that negative polarity items can occur in the first argument of interrogative determiners. 

(33) Which students that have ever been to Moscow want to go back there? 

The presence of NPis in interrogative environments triggers a peculiar phenomenon 
observed, among others, by Linebarger (1991). In all the examples above involving NPis 
the interpretetation of the questions as rhetorical is either available or strongly preferred. 
A rhetorical question is not a "well-behaved" question. The speaker knows already the 
answer and he asks it for rhetorical purposes (irony). For instance, in question (31c) 
the speaker knows already that the answer set of the question is empty but he asks it to 
highlight precisely this fact: that the set of persons who have done something to save us 
is empty. A sentence like (34) uttered as a rhetorical question has an empty answer set. 
Assume that the speaker knows that nobody came (PERSON n COME= 0 ). Then, 
he would ask this question for rhetorical reasons. 

(34) Who came? 

Sentence (35) presents the opposite case. Assume that the speaker knows that everybody 
went to the party: PERSON <;; COME,i.e. PERSON n COME = PERSON. 
Therefore, for rhetorical reasons, he would ask: 

(35) Who didn't come? 

The answer set of (35) is PERSON n *COME= 0, since everybody went to the 
party. In sum, for a speaker to be able to ask a rhetorical question he has to calculate 
the complement of an answer set and ask a question about it. He has to be able to go 
over the whole entailment set of a question and pick its smallest element. The presence 
of the NPI signals precisely this calculation (Fauconnier, 1975). Nevertheless, we are not 
claiming that rhetorical interpretations arise only when there are NPis in the sentence. 
As observed in the literature, practically any question can be interpreted as rhetorical, 
depending on the circumstances and the speaker's intentions. What needs to be stressed 
is the close relationship between answer set entailment and the calculation of rhetorical 
questions. If question f is rhetorical (Rhet(J)), thenA1 = 0. 

Definition 35 (Subsumption set of a question) SU f = {glf :<::: g} 

Fact 36 If Rhet(f) then SU f = {/}. 

Further evidence for the semantic treatment of rhetorical questions comes from the 
behaviour of why and how-questions. The occurrence of NPis in these sentences does 
not trigger rhetorical readings (Lawler, 1971). 

(36) a. Why did you tell anybody about us? 
b. How did anybody buy that house? 

Sentence (36a) presupposes that the addressee told somebody about them and (36b) 
presupposes that somebody bought the house. Neither of the questions has empty 
answer sets. Szabolcsi & Zwarts (1993) claim that manners and reasons are structured 
as join semilattices with no least element. They are closed under joins but not under 
complements. Being lattices without a bottom element, they cannot constitute proper 
denotations of rhetorical questions (there is no empty manner or reason). Therefore, 
the explanation of why there are no proper rhetorical why and how questions is mainly 
semantic. Since why and haw-questions cannot have empty answer sets, they do not 
meet the essential denotational requirement to be a rhetorical question. 
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7 Multiple Questions 

In previous sections we have only an I d 
In o:der to give a proper semantics :r:ult~e~tences ~ith one interrogative quantifier. 
one mterrogative quantifier interact h p e questions -sentences where more than 
dativ t • - we ave to define the n • t· e ex ens1ons of an interrogative q ffi . . omma 1ve, accusative and 
compositional semantics of English . t uan I e_r. This will allow us to give a surface 
whom. m errogat1ve VPs like bought what or bought for 

Definition 37 {Extensi f 
Let R c En ons O Interrogative Quantifiers) 

. - ,,a.,, ••• , a.n E E , X C E,Q E [P(E)---. [ 
(i) A nominative interrogative q~antifier qP(E)---. 2]]. Then, 
Q, E [P(En) ---. [En-, ---. [ P(E) ]ll ~o; the nominative extension of Q)is a function 
Q, (R)(a.,, ... , a.n)(X) = 1 if.IQ( {---. 2 e ned as follows: 
(ii) An accusative interrogative :~:-a.,, ••• , O.n >ER} )(X) = i 
Q, E [P(En) ---. [En-, ---. [ P(E)q t]1]fi]edr (the accusative extension of Q) is a function 
Q,(R)(a. a. )(X) q . ---. 2 efined as follows: 

" 3, ···,a.n = 1 iffQ({ I 
(iii) A dative interrogative ua . a., < a.,,_. •• ,a.n >E R})(X) = 1 

Q3 E [P(En) ---. [En - , ---. [ i(;)t1fier ](]]thde dative extension of Q)is a function 
Q (R)(a. q ---. 2 efined as follows: 

3 ,,a.,,0.4 , ••·,a.n)(X) = 1 iffQ({a. / 
3 <a.,, ... ,a.n>ER})(X)=i 

The interpretation of the VP buy what is the c II . 
LO owmg: 

(37) WHAT,(BUY)(a.)(X) = l iff WHA 
X = En {,8/ < o.,,8 >E BUY} . T({,8/ < o.,,8 >E BUY})(X) = I iff 

The Chinese version of the VP • . t 
an "ech " • t Is m erpreted as above I E r h 

0 1_n ~rpretation, arising from the fact th t h t d • n ng is , it would receive 
not occur m its canonical fronted . . a w_ a enotes W H ATX when it does 
declarative and interrogative argu!~~~t10n. ;kere Is a significant difference between 
reducers" (van Benthem 1986· K qran I ers. Declarative Qs behave as "a ·t 
relation as input and ret~rn an'n-1~:nan _Westerstahl, 1994). They take an n-:/ 
reducers. They take an n-ary relatio; :e!at1~n. Interrogative quantifiers are not arit; 
n-ary relation is not the same as the . nt re urn another n-ary relation. The output 
is turned into an answer set. Consid mtphu ~nlle. The argument that has been "queried" 

(38) Which men love which women? 
er e LO owmg sentence: 

In its most natural reading, question (38) . . 
whose first coordinate is a member of the s~ks ior the sets ?f pairs m the love relation 
member of the set of women. e o men and its second coordinate is a 

(3~ (WHICHptMAN, WHJCHp1WOMAN)(LOVE)(S) = l iffS= RnMANxWOMAN 

entence (38) denotes a binary uestio . . 
S to true iff S =Rn MAN x W6MAN n, i.e. , a funct10n mapping a binary relation 
first the notion of a n-ary argument t: Generahzmg to the n-ary case, we define 
interrogative quantifier induced b ques IOn and afterwards the polyadic W HIGH 

y a sequence of n WHICH pl quantifiers: pl 
Definition 38 For n > 1 [ P(En) ] . . 

- , q ---. 2 is the set of n-ary argument questions 
Definition 39 {Polyadic resum . • 
Let R , S c En z z c E ~'hwn of WHICH pl quantifiers) 
[ n - ' '' ···, n - · ,, en, Res (WHICH 
P(E ) ---. [qP(En)---. 2]] is defined as t ll . pl(,)Z,, ... , WHICHpl(n)Zn) E 

Res(WHICH z ;o ows. 
. pl(,) ,, ••• , W HICHpl(n)Zn)(R)(S) = i iff S =Rn z, x ... x Zn 

All mterrogative quantifiers can partici a . . 
resumptions of arbitrary argument i t p te m multiple questions. We treat first the 

n errogat1ve quantifiers except WHICH 
sg• 
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Definition 40 (Resumption of argument interrogative quantifiers) Let R, S <;;; 
En, Z,, ... ,Zn<;;; E, for all Q;, 

{ 
Z if Q; = WHAT (Z;) or Q1 = WHOSE(Z;) 

let Z; = PERSON if Q; = WHO 
E if Q; = WHAT 

Res(Q,, ... , Qn)(R){S) = 1 iff 
S=RnZ,x ... xZn 

The reducibility result that we prove states that the answer set that we get by an 
application of the prefix in definitions 39, 40 and the one that we get by successively 
applying the n interrogative quantifiers in the prefix are equivalent in a sense we make 
precise below. Therefore, what we really prove is equivalence of answer sets or , in less 
formal terms, the questions that we get with an absorbed interrogative quantifier and the 
iterated application of the members of the quantificational prefix are querying "about" 
the same object. 

Fact 41 The polyadic Res(Q,, ... , Qn) is reducible to itemtions 

Instead of a full proof we give here a worked out example. Consider the following 
sentence: 

(40) Who gave what to whom? 

Applying definition 37(iii) , we see that WH03(GIVE) is a function in [E---. [E---+ 
[qP(E)---+ 2]]]. Then,W H03(GIV E)(a., /3)(X) = 1 iff X = PERSONn{'y/ < a.,/3,'Y >E 
GIVE} . In the second step of the calculation, the accusative extension of WHAT, 
WHAT, applies to WH03(GIVE), and we get the function WHAT2 (WH03(GIVE)) E 

[E---+ [qP(E 2 )---+ 2]] defined as WHAT2 (WH03(GIVE))(a)(S) = 1 iff S = 
{< /3,'Y > l/3 E E&'Y E WH03(GIVE)(a.,/3)} (writing 'YE WH03(GIVE)(a.,/3) for 
'Y E Aw so3 (GIV E)(a,i,))- Finally, the nominative extension of WHO, WHO,, applies to 
WHAT2 (WH03(GIVE)) yielding the function WHO,(WHAT2 (WH03(GIVE))) E 
[qP(E3)---+ 2] such that WHO,(WHAT 2 (WH0.3(GIVE)))(S) = 1 iff S = {< a , /3,'Y > 
la EPERSON & < /3,'Y >E WHAT 2 (WH03(GIVE))(a)}. In general, Q,( ... (Qn(R))) E 
[qP(En) ---+ 2]. Let Q; = D(Zi) , for some Z; <;;; E . Then, Q,( ... (Qn(R)))(S) = 1 iff 
S = {<a.,, ... , Oen> /0. 1 E Z,& <a,, ... , °'n >E Q2 ( ... (Qn(R))(a,)}. 

Resumptions of WHICH 89 determiners deserve a more detailed analysis. Higgin­
botham & May (1981) claim that multiple WHICH,9 questions have two interpreta­
tions: a singular interpretation and a bijective interpretation. Consider the following 
sentence: 

(41) In Gone with the wind, which character admires which character? 

The singular interpretation of the sentence is the one rendered by the answer in 
(42a). The answer in (42b) corresponds to the bijective reading. 

( 42) a. Ashley Wilkes admired Rhett Butler 

b. Ashley Wilkes admired Rhett Butler and Melanie Wilkes admired Scarlett O'Hara. 

Under the singular interpretation of the question, the answer set is a singleton, i.e., 
it consists of a unique pair. The bijective interpretation asks for a bijection between the 
restriction sets of the interrogative quantifiers. 6 The following definition characterizes 
H&M's intuition: 

6 According to H&M the bijective reading is only available when "the domain of quantification in 
the subject NP is disjoint from that of the object"(p.46). Nevertheless, the claim does not seem to be 
completely correct for all English dialects (Ed Keenan, p.c.). We assume, then, that the two readings 
are generally available, though accomodating H&M's disjointness condition is straightforward. 
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Definition 42 /s· I . 
I' mgu ar readmg of (WHICH 

!gj!VHICH.9 c,J(Z,), ... , WHJCH8 C J(Z ))(R)(ff)•~·• WHICHsg) quantifiers) 
-Rn_z,x, ... ,xZn&/S/=1 gn n -1ijj 

{The dzsJozntness condition {H&M 1981)· n .z . -
, • ' ' - 0) 

The singular reading is the one that we . 
quantifiers. Therefore it is red "bl dget by iterated application of WHICH (Z) 
\Vi ' uci e an does not r "b sg 

e are able to get the interpretation abo b _1e eyond the Frege boundary". 
to the function WHICH,g(i+,)(Z;+ )( c~Z)itymg a WHICH,g(i)(Z;) quantifier 
ofasthepolyadicresumptionofWHJC.H (Z) sg~n)(Zn)(R)). It can be conceived 
to Res(WHICHsg(,)(Z,), ... , W HICHsg(:(Zn))uant1fiers, so definition 42 corresponds 

Fact 43 The singular readin is de . d . 
Proof- Let R C En z zg rive from iterations of WHICH (Z) q t:.: 
1 i X - - , ,, •.. , n c:;: E . Then,WHICH, z sg uan ZJ,ers. 

ff - Zn n {an/ < a,, .. . ,an >E R}&/X/ - g(n)( n)(R)_(a,, ... ,°'n-,)(X) = 
IWHICH,9 c;J(Z;)( ... (WHICHsg(nJ(Zn)(R)))( - 1. For all z (1 :c:; i :S n _ l) , 
a; E zi & < °'i+,, ... , °'n >E WHICH . a,, •• • , °'i-,)(S) = 1 iff S = {<a;, ... , °'n > 

&/S/ = 1. □ sg(,+,)(Zi+,)( ... (WHICH. C J(Z )(R)))( 
gn n 0'.1.,•••,ai)} 

In the bijective reading there is an a 
posed by WHICH sg, due to the fact thaf ~;:ent loss_ o'. the uniqueness condition im­
W H ICHsg(Z) quantifiers. polyadic IS not reducible to iterations of 

Definition 44 Let R S C En z 
Bij(WHICH (Z) 'wH , ,, •.. ,Znc:;:E. Then, 

Bij(W H ICH: (Z:): :::: W HJiZ:[::n(~)[P())E~) ->jqP~En) -; 2]] and 
\fa;::l!<a1, ... a· . _1 ZJJS-RnZ,x ... xz & 

hth , ,-,,ai+t,•··,°'n>EZlx ... xz•-1xzi+, n 
sue at<a,, ... ,an>ER x ... xzn 

8 
I~teractions of declarative and interrogat· 
tifiers 1ve quan-

In th: previous section we analyzed how interr . . 
questi_ons). In this section we treat the co i-gat1:e quantifiers are combined (multiple 
quantifiers. Different interactions give ris::\ m~t;ns of mterrogative and declarative 
sentence. The first readin to be . ? I erent readings of the interro ativ 
consti~uent" reading (Chie:chia, 19~~n-s1i~~ed is the individual (G&S, 1984) or ,!in 1: 
(43a) is reflected in the response (43bf I t example, the md1v1dual reading of sente!ce 
::a(~:)g ~orresponds to the iteration of t~e ':I"er::i~!tthe be~av~our of the quantifiers, this 

s ows. ive an t e mterrogative quantifier, 

( 43) a. What did every boy read? 

b. Tom Sawyer and The Jungle Book 

(44) WHAT,(EVERYBOY,(READ))(X) - ·tr 
WHAT({f3/BO - 1 1 
X- y <;;; {o:/ < o:,{3 >E READ}})(X) = 1 iff 

- {f3/BOY <;;; {o:/ < o:,{3 >E READ}} 

Sentence (43a) d t 
(43 ) eno es a unary question i ·t • d" . 
. a the accusative extension of the interr n i_s m 1v1d~al reading, as does (45a). In 
mat~ve extension of the declarative quanti;e~at1ve quantifier com~ines with the nom­
the mterrogat1ve quantifier combines with th • In (45_a) the nommative extension of 
quantifier. e accusative extension of the declarative 

(45) 
a. Which students read more than three books? 
b. John and Sam • 

334 

(46) WHICH STUDENTS,(M3BOOKS,(READ))(X) = l iff 
WHICH STUDENTS,({◊:/ /BOOK n {f31 < o:,{3 >E READ}/> 3})(X)= 1 iff 
x = STUDENTn {o:IIBOOKn { f31 < o:,{3 >E READ}I > 3}&IXI 2'. 2 

A second type of reading is called by G&S pair-list reading, since the answer specifies 
a set of pairs. The response in (47c) would be a pair-list answer for sentences (47a) and 
(47b). 

(47) a. Which book did each boy read? 
b. Which book did these boys ( each) read? 
c. Bill read Tom Sawyer and Joe read The Jungle Book 

The problem with pair-list readings is that they are not available with any declarative 
quantifier. G& 8(1984), Chierchia (1993) and Szabolcsi (1994) have observed that only 
quantifiers that denote principal filters give rise to pair-list readings, as the examples in 
(48), taken from Szabolcsi (1994), illustrate: 

( 48) a. Which boys did every dog bite? (pair-list o.k.) 
b. Which boys did the dogs bite? (pair-list o.k.) 
c. Which boys did two dogs bite? (pair-list o.k. if TWO DOGS is a principal filter) 

A generalized quantifier Q is a principal filter iff it has a generator set GSET(Q) 
defined as follows: 

Definition 45 X is a generator set for Q {GSET(Q) = X) iff 
Q(X) = l&W[Q(Y) = 1 iff X c:;: Y] 

Declarative quantifiers such as MORE_THAN_THREEBOYS or FEW BOYS 
are not principal filters and, as expected, sentences ( 49a) and ( 49b) lack pair-list read­
ings. 

(49) a. Which book did more than three boys read? 
b. Which book did few boys read? 
c. *Bill read Tom Sawyer and Joe read The Jungle Book 

An interrogative sentence with one interrogative and one declarative quantifier de­
notes a binary question in its pair-list reading. It maps a unique set of pairs to true, 
the set specified by responses such as ( 4 7 c). When the interrogative sentence has n 
declarative quantifiers and m interrogative quantifiers, the "n + m - tuple"-list reading 
is a n + m-ary question. For example, the triple-list readings of sentences (50a) and 
(50b) are ternary questions. 

(50) a. Which book did each boy put on each desk? 
b. Which book did each boy put on which desk? 

Combinations of a declarative quantifier which is a principal filter and a modifier 
interrogative quantifier can be also conceived as binary questions. Therefore these com­
binations have pair-list readings (51b). 

(51) a. When did each of your relatives arrive? 
b. Uncle John arrived on Monday, Grandma arrived on Tuesday and my parents on 

Christmas eve. 

Here we will treat only pair-list readings (binary questions) arising from the combina­
tion of an argument interrogative quantifier, a declarative quantifier and the denotation 
of a transitive verb. There are two cases to consider: when the nominative extension 
of the interrogative quantifier combines with the accusative extension of the declarative 
quantifier and the opposite case. 
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Definition 46 (Pair-list lift) 
(i) Let Q, E [P(E) _, [ P(E) _, 2]] Q [ 
Pair-list(Q,, Q,) E [P(.E2) _, p Ji, ~E P(E) _, ~], and R , S <;; E 2• Then, 
S = {<a, (3 > 1/3 E GSET(Q2[)&i E )Q (~)]((3an)}d Pair-list(Q,, Q2)(R)(S) = 1 iff 

(where a E Q (R)(/3) b • ' 
( 

.. ) L , a reviates a EX such that Q (R)(f3)(X) _ } 
n et Q, E [P(E) _, 2] Q E [P(E) [ P( ' - 1 ) 

Pair-list(Q2, Q,) E [P(E;) ~ [ P(E2) _, q E) _, 2]],_ and R, Sc;; E 2
• Then, 

iff S = {<a, (3 > Ja E GSET(Q,) & (3; ~]~(;)1:i}1r-hst(Q2, Q,)(R)(S) = 1 

Not all polyadic pair-list lifts with En r h • ~ti; does not participate in pair-list po~~~ic~m~erftl q~antifiers se~m to be denotable: 
h RY _seems to participate in them, and EA~J ,hon y the nomn~at1ve extension of 

t e end it is a question of econom : wh . s ow_s a 1:1u?h wider flexibility. In 
EACH, EVERY and ALL when t? f y/av1~g polyad1c pair-hst lifts denotable with 
clear specialization of morphologica~ r unc ion en?ted would be the same? There is a 
re~dings and EACH is used for pair-li::oc:~:: tak_mg place: ALL is used for individual 
umversal determiners (Gil, 1995) partic· rncti?ns. Therefore, only distributive-key 
hke Hungari~n or Turkish, the pair-list1~:!e _m t?1s construction. 7 In some languages 
of a declarative and an interrogative t~~ng is not expressible with a combination 
quantifiers can express it. The e . t quan If er. Only a combination of interrogative 
that, for i, j E {l, 2}, Qj a declar:~~v:nc:a:ti~he two altern~tives is due to the fact 
answer s~t of the polyadic Pair-list(WHiCH er and R a b1~ary :_ela~ion, when the 
set of pairs{< a,(3 > J\la E GSET(Q )CJl(3 sg(i)(Z,),Qj)(R) 1s a b1Ject1ve function (a 
then Pair-list(WHICH ()(Z) Q )(R _:_ tch that f3 E WHICH,g(i)(Z;)(R)(a)}) 
In this case, (52a) and (52b) d~~ot~ th) - ZJ(WH_ICHsg(i)(Z;), WHICH1(Z)1)(R)'. 
(52c). e same question: they have the same answer set 

(52) . a. Which boy likes which girl? 
b. Which girl does each boy like? 
c. John likes Mary, Bill likes Pam, Joe likes Sue. 

_Functi~nal readings (G&S, 1984; En dahl 1 • 
nations of mterrogative quantifiers and d~cr , . 986) of qu:st1ons a~e specific to combi-
the pair-hst response is not possible. easmg declarative quantifiers. In these cases 

(53) a. Which book did no student like to read? 
b. Their last week assignment. 

(54) a. Who do few Italian married men like? (Chierchia, 1993) 
b. Theu mother in law. 

. Functional readings are intensional re d • • • • 
chm, 1993). In clarification contexts th~u e~mf~ ofpa1r~hst answers (G&S, 1984; Chier-
tamed. Consider (55) as an answer t~ (53a~:, e pa1r-hst answer can be explicitly ob-

(55) Their last week assignment. More ex Ii • • • Joe did not like to read Magic Mount~nc1tly, Bill did not like to read El Quijote and 

How is this "extensionalization" "bl 7 • s and EVERY BOY( ,B) h poss1 e •• Smee NO BOY (B) = EVERY BOY(,B) 

d
. as a generator namely BOY th 

spon mg pair-list lift as follows: ' ' en we may define the corre-

(56) Pa::-list(NOBOY,, WHICHBOOK,)(R)(S) = i iff 
S- {< a,(3 > la E GSET(EVERYBOY )& 
/3 E WHICHBOOK2( 0 LIKETOREAD~~)} 

7The position of EVERY is intermediate a • common scenario is that one universal d ' . t least _for some dialects. Crosslinguisticall t 
d1ff:rent one, the distributive-key univer::~r:,t::::art1npates in individual readings (itera{;~n~i" a:~s! 

NO BOY(B) = EVERY BOY~ (B) _ E mer, m pa1r-hst readings (polyadic) . 
- VER;;;;oy ( ~B) = 1 iff BOY 'l B iff BOY n B = 0. 

Interrogatives like (57a) have an additional reading which has been called "cumula­
tive" (Srivastav, 1992) . A standard cumulative answer for (57a) would be one like (57b), 

whereas the pair-list answer would be (57c). 

(57) a. Which books did the boys read? 
b. They read Tom Sawyer and The Jungle Book. 
c. Bill read Tom Sawyer and Joe read The Jungle Book. 

Srivastav claim that the pair-list reading can be considered as the cooperative spell­
out of the cumulative reading when the latter is the preferred interpretation. I perceive 
more of a semantic difference than of a gricean phenomenon. Cumulative questions are 
plural n-ary questions, functions that in a situation map a relation between sets to true. 
Notice also that there does not seem to be a branching lift in the interrogative domain. 

Definition 47 (Plural n-ary questions) 
[qP(P(Er)-> 2] is the set of plural n-ary questions. 

Definition 48 (Cumulative lift) Let i =f. j E {1, 2}, Q; E [P(E) -> [qP(E) -> 

2]], Q
1 

E GQDEF (the set of definite generalized quantifiers), and R c;; E 2
, S c;; P(E)

2 

(i .e. S <;; P(E) x P(E)). Then, Cum(Q;, Q1) E [P(E2)-, [qP(P(E)2
)-, 2]] and 

(i) if i = 2, j=l then Cum(Q;, Q1)(R)(S) = 1 iff S =Ax B such that 
A= GSET(Qj) &B = {f3J3a E A&(3 E Q;(R)(a)} 
(ii) if i = 1, j = 2 then Cum(Q;,Q1)(R)(S) = 1 iff S =Ax B such that 
B = GSET(Qj) & A= {aJ3(3 EB &a E Q;(R)(f3)} 

Another type of questions considered by G&8(1984) are choice questions. The name 
comes from the fact that sentences like (58a) can be paraphrased as "for two boys of 

your choice, which book did each read". 

(58) a. Which books did two boys read? 
b. Steve read A Tale of Two Cities and Mark read The Never Ending Story 

There is common agreement that this reading is quite marginal in normal discourse. 
They are only natural in contests or quizzes anq are also called "quiz" questions. The 
reason for its marginality might be that in the definition of the corresponding polyadic, 
the relevant domain set cannot be the generator of the declara.tive quantifier (it does 

not denote a principal filter) but one of its elements. 

Definition 49 ("Choice" lift) 
Let i =f. j E {1 , 2}, Z1, W <;; E , Q; E [P(E) -> [qP(E) -> 2]], D1 E [P(E) -+ [P(E) _, 
2]],Q1 = Dj(Z1) and R,S <;; E2. Then, Choice(Q;,Qj) E [P(E2)-, [qP(E2) _, 2]] and 
(i) if i = 2, j = 1 then, Choice(Q;,Q1)(R)(S) = 1 iff 3W such that Qj(W) = 1 & 

W <;; Zj&S = {< a,(3 > \a E W &(3 E Q;(R)(a)} 
(ii) if i = 1, j = 2 then, Choice(Q;,Q1)(R)(S) = 1 iff 3W such that Q1(W) = 1 & 

W <;; Z 1&S = {< a,(3 > 1/3 E W &a E Q;(R)(f3)} 

The explanation of why choice questions are only possible with non-filter denoting 
declarative quantifiers is the result of the fact that if J{WIW E Q1 & W <;; Zj }\ = 1 then 

Choice(Q;,Q1) = Pair-list(Q;,Q1). 
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Links without Locations 
Information Packaging and Non-Monotone Anaphora 

Herman Hendriks and Paul Dekkerl 
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Abstract . . . _ . the structuring of propositional content 
In his work on mformat10n packagmg . 1.e., b t the hearer 's information state-­
in function of the speaker's assumpt10ns a ou . . . . f. link and 
V lid , (1992 1993 1994) identifies the informat10nal pnm1t1ves_ ocus, t 

a uv1 , , / d d t pic/commen ap-

:~~;~~~ha~~e ::!::e~hz:::::;~f~~~!~okn;o~oi:~~rl~sr::l~nt~!:!e::::e~e:~::s a~\e~: 
. ka • g strategies o spea ers revea d 

informat1on-pac gm f H . . fil cards· links which correspon 
the internal structure of a system o e1m1an eh • h ~ file card-the fo-

ad. . 11 k wn as topics say w ere-on w a 
to what are tr 1t10na y °:o . . ;.. it fits there The present paper gives 
cal information goes, and tails md1~ate hdo t m~del information states as 

f t believing this an proposes o d 
various reasons or no . ·thout locations. This requires an 
Kampian discourse represen_tat10n structur~s, w\ !"nks They signal non-monotone 
leads to a different perspective on th_e funct~on_o t I ;,,,tecedent discourse marker 
anaphora: their discourse referent y is anap one oban 'non-identity' anaphora, 

rt y Th" • d will be shown to su sume 
X such that X i= • is l ea I t" nd restrictiveness of relatives and 
contrastive stress, pronoun referent reso u wn, a 

adjectives. 

1 Information Packaging 
The notion of information packaging is introduced in Chafe (1976): 

[The phenomena at issue] have to do primarily with how the message is 
sent and only secondarily with the message itself, just as the ~ackag:~g 
of toothpaste can affect sales in partial independence of t e qua 1 y 
of the tooth paste inside. (Chafe 1976: 28) 

• f t· n in an unstructured way, 
The basic idea is that speakers do not p~ese~t m orrr_ia 10 n how to manipulate and 
but that they provide a hearer with deta~:d- m~tt~:1:~:~t the hearer's knowledge 
integrate this information accordmg to elf e ie 
and attentional state: 

To ensure reasonably efficient communication, [ ... t]he ~peaker tries, 

to the best of his ability, to make the structure of I his ~1te(;~:;~ 
congruent with his knowledge of the listener's menta wor • 

and Haviland 1977: 5) 

h t ·1 • g of an utter­
On all levels the crucial factor appears to be t e a1 ~rm£ th . tended 
ance by a sender to meet the particular assumed nee s o e flm t the 

. . , • kaging in natural languge re ec s 
receiver. That is, m,ormation pac · d beliefs and 
sender's hypotheses about the receiver's assumptions an 
strategies. (Prince 1981: 224) 

fi th Section 2 reflects 
~ions 1 and 3 of the present paper have been written by the rst au or. 

joint work of the two authors. 
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For instance, sentences such as (1) and (2) are truth-conditionally equivalent in that 
they express the same proposition, but each of them 'packages' this proposition in 
a prosodically different way: 2 

The boss hates BROCCOLI 

(2) The boss HATES broccoli 

Typically, speakers will use (1) if the hearer at the time of utterance knows nothing 
about or is not attending to the boss' relation to broccoli, while they will use (2) 
if the hearer at the time of utterance knows that there exists a relation between 
the boss and broccoli, is attending to this relation, but does not know what it is. 
Apparently, speakers are sensitive to such differences in the hearer's knowledge and 
attentional state, and hearers rely on this: 

speakers not using this device systematically give their listeners a 
harder time. (Nooteboom and Terken 1982: 317) 

Truth-conditionally equivalent sentences that encode different information packag­
ing instructions are not mutually interchangeable salva felicitate in a given context 
of utterance: e.g., of the above sentences, only the first one is a felicitous answer 
to the question What does the boss hate? It is this context-sensitivity that has 
traditionally placed information packaging within the realm of pragmatics. 

Vallduvi's account of information packaging (1992, 1993, 1994) is a combina­
tion of two influential earlier pragmatic approaches, the 'topic/comment' approach 
and the 'focus/ground' approach. 

According to the focus/ground approach, sentences consist of a 'focus' and 
a 'ground'.3 The focus is the informative part of the sentence, the part that (the 
speaker believes) makes some contribution to the hearer's mental state. The ground 
is the non-informative part of the sentence, the part that anchors the sentence to 
what is already established or under discussion in ( the sp~aker's picture of) the 
hearer's mental state. Although sentences may lack a ground altogether, sentences 
without focus do not exist. 

The topic/comment approach splits the set of subexpressions of a sentence 
into a 'topic ' , the-typically sentence-initial-part that expresses what the sentence 
is about , and a 'comment', the part that expresses what is said about the topic. 
Topics are points of departure for what the sentence conveys, they link it to previous 
discourse. Sentences may be topicless: so-called 'presentational' or 'news' sentences 
consist entirely of a comment. 

In Reinhart (1982), it is argued that the dimension of 'old'/'new' information 
is irrelevant for the analysis of sentence topics. Instead, the notion of 'pragmatic 
aboutness' is is defined in terms of the organization of information. The set of Possi­
ble Pragmatic Assertions that can be made with a sentence S expressing proposition 
<pis defined as PPA(s) = {cp} U {(a, cp) I a is the interpretation of an NP4 in S} A 
pragmatic assertion (a, cp) is assumed to be about a. 

Notice, by way of example (adopted from Dahl 1974) , that the sentence The 
boss hates BROCCOLI gives rise to the parallel topic/comment and ground/focus 

2. Italics are used for unaccented expressions; SMALL CAPS for expressions that bear a (focal) H* 
pitch accent; and boldface for expressions that bear a L+H* pitch accent. This is the terminology 
of Pierrehumbert (1980). H* accent and L+H* accent are called A accent and B accent, respec­
tively, in Jackendoff {1972). We will assume that the relevant intonational unit for links is not the 
accent but rather the whole phrase, so that there is no such thing as a link-associated accent, but 
rather a link-associated tune.). • 

3. The ground is also known as 'presupposition 1 and as 'open proposition '. 
4. Subject to further syntactic and semantic restrictions, cf. footnote 9 below. 
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partitions indicated in (3) if it answers the questions What about the_ boss? What 
does he feel?, whereas it induces the partitions specified by ( 4) m the mterrogat1ve 
context What about the boss? What does he hate? 

topic comment 
(3) The boss hates BROCCOLI 

ground focus 

topic I comment 
(4) The boss I hates I BROCCOLI 

ground I focus 

The fact that the two informational articulations correspond to_ different partitions 
·n (4) shows that neither of them is by itself capable of capturmg all the mforma­
~ional distinctions present in the sentence. Therefore, Vallduvi proposes to conflate 
the two traditional binomial articulations of focus/ground and topic/comment mto 
a single trinomial and hierarchical one. The core distinction is the one between new 
information and anchoring, between focus and ground. ~n addition, the gro~nd 1s 
f ther divided into the 'link', which corresponds approximately to the topic m the 
ur 5 d h ' ·1' 6 I • t . traditional topic/comment approach, an t e ta1 . n a pie ure. 

topic I comment 'aboutness' 
(5) » link J tail I focus 

ground I focus 'old' / 'new' 

Given this articulation, the answer The boss hates BROCCOLI _to the questions 
What about the boss? What does he hate? will receive the followmg analysis: 

The boss I hates BROCCOLI 

(6) link I tail focus 
ground focus 

Roughly speaking, the different parts-focus and ground, link and tail-of a sen-
tence S have the following informational funct10ns. . 

The focus encodes Is, the information of S, which can be metaphoncally 
described as c/>s, the proposition expressed by S, minus J(_h, the mformat10n (the 
speaker presumes) already present in the heare~'s information state: . 

The ground performs an ushering role-it specifies the way m which ls fits 
in the hearer's information state: links indicate where ls should go by denotmg a 
location in the hearer's information state, and tails indicate how ls fits there. by 
signaling a certain mode of information update. Of course, talkmg about ushermg 
information to some location in the hearer's information state presupposes tha: 
this information state has some sort of internal structure. In this respect, Vallduv1 
purports to 

5_ To the extent that links correspond to the topic in the tradit_ional t opic/c~mme~t distinction, 
Vallduvi 's theory is quite similar to the analysis of sentence topics presented m Remhart {19:2\ 
where a ragmatic assertion of <p about a is formalized as (a, ip), m that a fu_nct10n~ as a km ? 
'locus of~pdate' for 'P {cf. below). A difference is that Reinha_rt allows assert10ns without a topic 
(since also 'PE PPA S ) and topics that express new mformat1~n.. . 
6. The hierarchy d~./s not imply constituency or (_even) contmmty. In particular, the two parts 
(link and tail) of the ground may not constitute a lmear umt at the ~urface. Mo:eover, sentences 
may have more than one link, and more than one element may constitute the tail. 
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agree with Heim that there has to be some additional internal struc­
ture in the hearer's model of the common ground that plays an im­
portant role in natural language interpretation, even if this internal 
structure is of tangential relevance in truth value computation. It is 
this internal structure of information states which is, in fact, crucially 
exploited by the different information-packaging strategies used by 
speakers in pursuing communicative efficiency. (Vallduvf 1994: 7) 

In fact, Vallduvf takes the metaphor of Heim's file change semantics (1982, 1983) 
literally, in that he assumes that the information in the hearer's model is organized 
in files, i.e., collections of file cards. Each file card represents a discourse entity: its 
attributes and its links with other discourse entities are recorded on the card in the 
form of conditions. Such a discourse entity may be known to the hearer but not 
salient at the time of utterance, it may be salient at the time of utterance, it may 
be completely new to the hearer, it may be inferable from what the hearer knows, 
etc. Discourse entities mediate between referring expressions (noun phrases) and 
entities in the real world: indefinite noun phrases prompt hearers to create a new 
file card, and definite noun phrases incite them to retrieve an already existing file 
card. Both definites and pronouns denote already existing file cards, but pronouns 
denote salient file cards, whereas (other) definites refer to non-salient ones. 

File change comprises the above aspects of file card management, but it also 
involves content update, i.e., the incorporation of information conveyed by a given 
sentence into records on novel and familiar file cards, and this is where Vallduvf lets 
information packaging come in. • 

Links are associated with so-called GOTO instructions. In file change seman­
tics , the target location of such a declaration is a file card Jc. A tail points at an 
information record-normally a (possibly underspecified) condition-on such a file 
card, RECORD(fc), and indicates that it has to be modified (or further specified) by 
the focus information ls of the sentence. The associated instruction type is called 
UPDATE-REPLACE. In the absence of a tail, the focus information ls of a sentence 
is simply added at the current location. The associated instruction type is called 
UPDATE-ADD. 

Sentences may lack links and tails (recall that the focus is the only non­
optional part of a sentence) , so the following four sentence types can be distin­
guished: 

(7) a. link-focus 
b. focus 
c. focus-tail 
d. link-focus-tail 

The above sentence types are associated with the below (compound) instruction 
types, respectively: 

(8) a. GOTO(fc) (UPDATE-ADD(Is)) 
b. UPDATE-ADD(ls) 
C. UPDATE-REPLACE(Is,RECORD(fc)) 
d. GOTO(fc) (UPDATE-REPLACE(Is,RECORD(fc))) 

The sentence and instruction types in (7) and (8) can be illustrated with the fol­
lowing examples, where Jinks, tails and foci are specified by means of [L- .. ], [T- .. ] 
and [F- .. ] brackets, respectively, and accented expressions in foci and links are---­
as above----written in small caps ( representing H* pitch accent) and boldface ( for 
L+H* pitch accent), respectively: 
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. . [ The boss][Fhates BROCCOLI] 
(9) a. lmk-focus. L 

GOTO(f c) (UPDATE-ADD(ls)) l 
l He always eats BEANS 

b. focus: F 
UPDATE-ADD(Js) 

c focus-tail: [FHe is NOT][Tdead] 
UPDATE-REPLACE(Js,RECORD(fc)) rj 
link-focus-tail: [L The bossl[FHATES][Tbrocco I 

d. GOTO(f c)(UPDATE-REPLACE(Is,RECORD(f c))) . 
• t d t mp is ordering e that a newly appom e e . 

As regards the first example, suppos . etary whether there is anythmg that 
dinner for the boss and asks t~e ex:cu~:es:~ecutive secretary gives the following 
should known about the boss tas e. 

answer: 

(10) [L The bossl[phates BROCCOLI] . . 
. d as such it is associated with a 

Example (10) is a Jink-focu~ constr~ct1~he~7nk subject the boss specifies a locus 
GOTO(fc)(UPDATE-ADD(ls)) mstruct10n. h boss-card #25, say. The focus verb 
of update Jc, viz., the card representmg \.e I that has to be added to this card. 
phrase hates broccoli specifies the informa i~n !36 Then passng over some formal_ 
S that broccoli is represented by car #. .d ·th the focus hates broccol1 

uppose (I ) • struction associate wi · the 
details, the UPDATE-ADD s . m ' (25 136)' to the locus of update, 1.e., . 
amounts to adding the cond1t10n ha;[~ 28,, a pointer to the locus of u~date, '.s 
boss' card #25. Moreover , the record . . 'hates(25 136)' on card #25 access1-
added to card #136, renderin~ the cond1t1o_n inkin ~echanism, which designates 
ble' from card #136: Vallduv1 says that ,th~sc~ mor! efficient' than straightforward 

. e location for content update , is m 
a umqu · ards 
multiple recording of informat10n on c • 

25 136 
-~----

25 

boss(25) broccoli(l36) => boss(25) 
hate(25,136) 

136 

broccoli(136) 

["-' 25] 

(ll) [pHe always eats BEANS] 
. . sim 1 associated with an UPDATE-

E Pie (11) an all-focus construct10n, IS. lp y the addition of the focus in-
xam , h" • t uctwn mvo ves ·f • • 

ADD(ls) instruction. Here, t is ms r d always eats beans. That is: I it is 
formation Is that the value of the current c:~d if we leave its adverbially modHied 
interpreted immediately after example_(lOi· ·t it amounts to adding the cond1t1on 
transitive verb phrase ~nanalyzed for s1mp 1c1 y, 
'always eats beans(25) to card #25. . ls a mode of update different from 

The presence of a tail in a sent~nce s1g~a A tail indicates that a (possibly 
ADD(J ) mstruct10n. h ) The 

the straightforward UPDATE- ~ h t be replaced (or specified furt er • 
underspecified) record on a file car as r°determining which record. Suppose, for 
material in the tail serves the purpo~e ot tement Since John is dead, we can now 

1 that (12) is a react10n to t e s a 
examp e, 
split his inheritance: 

. b t [ he is NOT][Tdead] 
(12) I hate to spoil the fun, u F 

s eaker instructs the hearer to replace the record 
With this focus-tail example, the p for John-expressing that the value 
on the current locus of update-card #17, say, 
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~! ~~itli:;: f c~:~f ti~~ ~:e :i:Y~:;d t~~ 7 ~et~: :~: ~:;tgI::~:i~e tte J:!~ s~~~: 
con 1 10n Is t. :n modified i~ the way specified by the material in the focus. • 
. . . In additwn to the opt10n of replacing a record on a file card there is the os 

; 1b~ity o_f further specifying an underspecified record, something ~hich is assu~e~ 
t~e e g~mg on _m the lmk-focus-tail example (13) given below. Suppose now that 

t ndew Yb appomted temp asks the executive secretary whether it was a good idea 
o or er roccoli for the boss d th t th · , an a e executive secretary gives the follow1·ng answer: 

(13) [L The bossl[FHATESl[Tbroccoli] 

Th: idea is that the temp has an underspecified record on his card for the boss 
which says that the boss h~ some attitude towards broccoli. The lack of informatio~ 
ab~ut !he nature of this attitude is reflected by the record , ATT' and ·t · th ' d 
which 1s r J d b 'h , f . , 1 1s 1s recor 

ep ace Y ate a ter hearmg the executive secretary's answer (13): 

25 136 25 136 

boss(25) 
ATT(25,136) 

broccoli(136) =} boss(25) 
hate(25,136) 

broccoli(l36) 

1~25 1 

Different languages choose different st~uctural means to spell out th · c 
tional inte t t • V lid , e same m,orma­
. rpre a wns. _a uv1 studies the manifestation of information packaging 
m severnl languages, ~1th an emphasis on Catalan and English. Cross-Ian ua e 
companson shows t_hat 1~ expressing information packaging, languages exploitgwo~d 
~:!er a~~ prosody m vanous ways. Roughly speaking, English structurally realizes 

. rma !On packagmg by means of alternative intonational contours of identic J 
;;;~ngs, wh:reas Catalan has a_constant prosodic structure and effectuates inform:-

packagmg by means of strmg order permutations In cact Valid ' h 
I h C • 1• , uv1 argues t at 
ang_uages sue . as atalan supply empirical support for the representation of infor-

~atwn packagmg s~etched above, since these languages package their information 
'.n a much ~ore salient way than, for example, English. Thus, while informational 
mte~pretat10ns may be expressed exclusively by prosodic means in English • £ 
mat10n packag'.ng instructions in Catalan are straightforwardly reflected in ' mt or-

~n English, the focus is associated with a H* pitch accent (written i:y:m~i 
c;ps), lm1k1s are marke~ by a L+H* pitch accent (written in boldface), and tails are 
s ructura y charactenzed by being deaccented One and the sam t · b 

• d d'ff • . • e s rmg may e 
as:igne 1_ erent mtonat10nal phrasings in order to realize different informational 
m er~reta:10ns. In particular, the focal pitch accent may be realized on different 
pos1t10ns m the sentence. This is illustrated by the sentences (15) (17) d (l 9) 
construed as answers to the questions (14) (16) d (l8) . ' an ' , an , respectively: 

(14) What did you find out about the company? 

(15) [FThe boss hates BROCCOLI] 

(16) What did you find out about the boss? 

(17) [L The bossj[Fhates BROCCOLI] 

(18) What does the boss feel about broccoli? 
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(19) [L The bossl[FHATES][Tbroccoli] 

In Catalan, the situation is as follows. Metaphorically speaking, one can say that 
Catalan focal elements remain within a so-called 'core clause', but that ground 
elements are 'detached' to a clause-peripheral position. In particular, links are de­
tached to the left , and non-link ground elements undergo right-detachment. As a 
result of detaching both links and tails, the core clause ( CC) is left containing only 
the focus of the sentence: 

(20) LINKS [cc Focus] TAILS 

Consider the Catalan counterparts (21), (22) and (23) of (15) , (17) and (19), re­
spectively. The all-focus sentence (21) displays the basic verb-object-subject word 
order. In (22) and (23), the link subject l 'arno has been detached to the left. In (23), 
moreover, the tail direct object el broquil has been detached to the right, leaving a 
clitic (J') in the focal core clause. Note that intonational structure plays a part in 
Catalan too, albeit 'a rather lame one' (Vallduvi 1993: 33): a focal H* pitch acent 
is invariably associated with the last item of the core clause. 

(21) [FOdia el broquil L'AMO] 

(22) [LL'arno][Fodia el BROQUIL] 

(23) [LL'arno] [FL'ODIAj[Tel br6quil] 

The above observations provide confirmation that information packaging involves 
syntax as well as prosody; hence any attempt to reduce information packaging to 
either syntax (for Turkish, cf. Hoffman 1995) or prosody (for English, cf. Steedman 
1991, 1992, 1993) is inadequate from a cross-linguistic point of view.7 Accordingly, 
Hendriks (draft) treats the range of variation in the structural realization of infor­
mation packaging as displayed by Catalan and English by means of the sign-based 
categorial grammar formalism of Hendriks (1994). Basically, this formalism is a 
both intonationally /syntactically and semantically /informationally interpreted ver­
sion of a double 'dependency' variant (see Moortgat and Morrill 1991) of the non­
associative Lambek (1961) calculus, enriched with the unary operators of Moortgat 
(1994). The treatment of information packaging it accommodates differs from many 
of its predecessors (including other extensions of standard Lambek calculus such as 
Oehrle 1991, Van der Linden 1991, and Moortgat 1993), in that it does not employ 
focusing operators, but, instead, makes use of 'defocusing' operators that license 
the presence of links and tails. 

Acccording to most approaches, focused constituents are semantic functors 
which take the non-focused part of the sentence as their argument. This analysis 
is based on such assumptions as made in Szabolcsi (1981, 1983) and Svoboda and 
Materna (1987), where focus is not only considered an information-packaging primi­
tive but also an implicit truth-conditional exhaustiveness operator, and on semantic 
studies of the phenomenon of 'association with focus' as provided by Jacobs (1983), 
Rooth (1985), Krifka (1991), and others who have argued that the quantificational 
structure of so-called focus-sensitive operators is crucially determined by the tra­
ditional pragmatic focus-ground partition. However, Vallduvi argues convincingly 
that 'the claim that focused constituents truth-conditionally entail exhaustiveness 
leads to extreme positions' (1992: 170) , and Vallduvi and Zacharski (1993) show 
that 'association with pragmatic focus' is not an inherent semantic property of 

7. Note, moreover, that the structural realization of information packaging in Catalan involves 
both syntax and prosody. 
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'focus-sensitive' operators, which ma . 
than the focus-ground one-witnes ybe~press their semantics on partitions other 
f th • £ s o v10us cases of as • t· • 

0 e m ormational focus wi·th 1• k d . socia 10n with subsegments 
. , m s, an with othe t f h 

This dissociation of the prag t· £ r par s o t e ground. 
of exhaustiveness and focus-sens·r ~a ~- oct-background distinction from issues 
stituents as operators which sem~~:i yll If~ s the need of analyiing focused con­
the sentence, which can be con "d cda y a e scope over the non-focused parts of 

d . s1 ere an advant A 
an tails, such analyses do not im d" t I age. s sentences may lack links 
which is the only non-optional part::;: ~:ne y reflect the core status of the focus, 
tences constitute the basic case a d th tence. In some sense, then, all-focus sen­
from such basic all-focus struct~re:. e cases where there is a ground are derived 

2 Files in Focus 
Vallduvi has it that 

[ ••• ] a proper understanding of information . . 
actual strategies used by h . packagmg, 1.e., of the 
d b . uman agents m effecting inti t· 

ate y lmguistic means ·11 h I . • orma !On up-
structural properties of thew1 ~-p us gam further insight into the 
manipulate. (Vallduvi 1994: ~i)m ive states these dynamic strategies 

As we have seen, the basic idea of information ka . . 
ers not only present information to th . . pac gmg is that in discourse, speak­
detailed 'instructions' on how t :1r tterlocutors, but also provide them with 
respect to the role of these inst o mt· am~u ate and mtegrate this information. With 
t rue 10ns m the de term· t • f h 

s ructure of information state h" h ma 10n ° t ose aspects of the 
t • V: II s w IC are rel event to nat I I 10n, a duvi claims the following: ura anguage interpreta-

The use of these instructions rev I h • 
states as highly structured ob. teas dt at speakers treat information 
information update more ffi ~ec s£an exploit their structure to make 

e c1ent or the!f hearers. (Vallduvi 1994: 3) 

~ore specifically, concerning 'the internal str . . 
m fact, crucially exploited by th d""' . ucture of mformat10n states which is 
b e iuerent mformat· ka • ' 
Y speakers in pursuing communicat· ffi . ion-pac gmg strategies used 

for t· ive e c1ency' (1994· 7) ·t • d 
. ma wn packaging instructions cont "b t . • , I is argue that in-
mformation update since they pr "d n u e m two ways to the optimization of 

' ov1 e means to 

• designate a file card as the locus of information 
the redundancy of multiple u d t . d update and hence circumvent 
• d t"f h . P a e, an 

• I en I y t e mformation of the sentence an . . . 
ready present in the hearer's model. d its relation to mformation al-

(Recall that the information of the sentence . 
that the ground has an ush . I . , Is, is expressed by the focus and 

. enng roe with respect to J . r k • d" ' 
~oes, and tails indicate how it fits there) So s . s- m s m icate where Is 
mformation states constitut t h. ' ummmg up, Vallduvf concludes that 

II e sys ems t at have at least th • t l 
co ection of file cards connected b . e m erna structure of a Y pomters. 
. . Though the presented arguments ma a . . . 
mg, it can be argued that strict! k Y ppear to be mtmt1vely quite appeal-
Somehow, Vallduvf is be~ging a: s:ue:t;:~'. ~~:Kare not as compelling as they seem. 
in the hearer's model K / ] d • mg about ushermg Is to a location 

h • • • oes not make much sense unless one assumes some 
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sort of rich internal structure for Kh ' (Vallduvf 1994: 7). The relevant question, 
however, is whether this assumption of 'some sort of rich internal structure' itself 
makes sense of anything besides the ushering function of links. 

If file card systems are assumed, then the information-packaging instruction 
types apparently do contribute to efficient information exchange. And if this as­
sumption is warranted, it may even serve as an explanation of the fact that we do 
appear to find these ways of packaging information in a variety of languages. Never­
theless, the more theoretical question is whether this assumption itself is warranted, 
and whether the organization of linguistic information exchange really presupposes 
such information states. After all, ushers can be very useful, but there are also halls 
that have unnumbered seats! 

Maybe links really make no sense without files, but, for that matter, maybe 
we simply fail to understand what links do. The notion of 'ushering Is to a location' 
may be just as metaphorical as the notion of 'file card collection'. For instance, files 
are, as Vallduvi puts it, 'dimensionally richer' than the card-less discourse repre­
sentation structures of Discourse Representation Theory (see Kamp 1981, Kamp 
and Reyle 1993), since each file card introduces its own 'representational space' 
where all its records are to be found while there is no sensible notion of location in 
discourse representation structures. Still, a hearer who employs discourse represen­
tation structures has an easier job from a bookkeeping perspective than a hearer 
whose information states are collections of file cards connected by pointers. 

This can be illustrated as follows. Imagine an utterance made by Irene, a 
speaker who organizes her utterances on the basis of the assumption that her audi­
ence stores information using collections of file cards connected by pointers, to Hans, 
a hearer who employs discourse representation structures. Clearly, it would be inap­
propiate to say that Irene uses links to usher Is to a location in the hearer's model 
Ks, since there is no sensible notion of location in Hans's discourse representation 
structures. Still, this does not at all preclude Hans from updating his discourse rep­
resentation with the proposition that Irene attempts to get through. And worse, he 
has even got considerably less to do than a hearer who uses collections of file cards 
connected by pointers. Compare the following link-focus example: 

(24) [LFranksl[Fflew from Amsterdamg to Oslos via STUTTGART2] 

Neglecting various details, if a file clerk is to update her file in order to represent 
the information expressed by example (24) in the way sketched above, she has to 
carry out the following sequence of instructions:8 

(25) GOT0(5)(UPDATE-ADD(flew(5,9,8,2))) 

ooro(9){umATHDD( I ~' Ill 
GOT0(8)(UPDATE-ADD( "-' 5 )) 
GOT0(2)(UPDATE-ADD( "-' 5 )) 
GOT0(5) 

8. Assuming that establishing links to the locus of update is done via packaging instructions-of 
course, these links have to be established somehow. Note, by the way, that the file clerk's task 
would not be made easier by structure sharing (something suggested by Enric Vallduvi (personal 
communication)) , because also the structure sharing will itself have to be established somehow- in 
the following way, for example: 

GOT0(5)(UPDATE-ADD(;flew(5,9,8,2))) 

GOT0(9)(UPDATE-ADD( 1 )) 

GOTO(S)(UPDATE-ADD( 1 )) 

GOT0(2)(UPDATE-ADD( 1 )) 

GOT0(5) 
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Hans, on the other hand, only has to carry out the following instruction: 

(26) UPDATE-ADD(flew(5,9,8,2)) 

This example may serve as an indication that none of the data discussed above 
precludes the use of, say, Kampian discourse representation structures instead of 
Heimian files. Clearly, there may be evidence for assuming there to be files at work, 
and one of the last things we would like to claim is that people organize their infor­
mation in simpler systems than collections of file cards ( or discourse representation 
structures, for that matter). On the contrary. The only point is that the use of files 
does not appear to be imperative so far. 

Notice that Vallduvi's conclusion is, in some sense, unfalsifiable. Discourse repre­
sentation structures can model precisely the same information as file card systems, 
except for one small difference. The only thing that discourse representation struc­
tures lack is a marked discourse referent corresponding to the file notion of 'current 
locus of update', i.e. , the location where file clerk happens to find herself. If we 
assume that discourse representation structures have a way of marking such a dis­
course referent j-by a condition 'CLERK_AT(j)', say-, then the two systems differ 
only in the way in which they display their information: in one big box, or on several 
cards connected by pointers. But, moreover, one can show that given Vallduvi's spe­
cific use of pointers to file cards, there is actually a bijective correspondence between 
his files and the class of discourse representation structures with atomic conditions 
and one marked discourse referent for the current locus of update. For note that con-
ditions 'REL(i1 , ... ,in)' are invariably added on card i1 , inducing pointers 'I-:; i 1 I' 
on the cards i2, ... , in. Hence the following correspondence can be establislie : 

... ,j, ... 

CLERK_AT(j) 

The idea that links specify a locus of update in information states that are collec­
tions of file cards connected by pointers is problematic for various reasons. First, it 
is unclear what locus of update must be associated with quantified, negative and 
disjunctive links, or-more in general-where and how quantified, negative and dis­
junctive information has to be put. Second, the existence of sentences with more 
than one link is enigmatic. Third, the replacement operation triggered by the pres­
ence of tails is complicated by the use of file cards. And fourth, the approach leads 
to the counterintuitive conclusion that pronouns form part of the focus. These issues 
will be addressed in the remainder of this section. 

(a) Vallduvi observes that files are 'dimensionally richer' than the discourse 
representation structures (DRSs) of Discourse Representation Theory. Now, this is 
true to the extent that each file card introduces its own 'representational space' 
where all records concerning that file card are to be found. In order to be actu­
ally richer, nonetheless, files must be adapted to model more than merely atomic 
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. . . . erties and standing in relations at various 
conditions- Le., md1v1duals havmg ro~h- they should be able to model quant1-
spatio-temporal locations. Among ot er mDg_s, se Representation Theory allows 

d d. · tive information 1Scour b . 
fied negative an 1sJunc . f • b DRSs and these conditions- Y an 

' • f plex condit10ns rom su - ' · f t· on the construction o com . d model precisely such m orma 1 • 
appropriate semantic interpretat10n pro~e fi~re-rds as metaphors (1982: 276 and 
Heim, who explicitly speaks of fil:s and d"esJ·ucnact·1ve information in purely seman-

ffi d egat1ve an 1 ·t • 302ff.) spells out quan I e , n . d t· faction sets of files. However, I is 
' • f the domams an sa 18 · 1 fil d tic terms, i.e., m terms o b ed in the non-metaphonca e car 

not clear how such information must e express 

set-up of Vallduvi (1994). "fled by the links of sentences 
h t loci of update are spec1 t· 

For one thing, w a d( ) •f any-should the informa wn 
such as (27), (28) and (29)?9 On wh;t file car s -1 
expressed by these sentences be put. 

(27) [1Every manl[pWALKS] 

(28) [LNo manl[pWALKS] 

(29) [1John or Maryl[pWALKS] . 
. . . be ut? One might think of usmg sub-files, 

For another, how should this mform?a1on the~ a~tached to a main file, or must they 
but then where must these be put. Wreh_ h ? Interestingly Heim raises similar 

, . fil , file card? ic one. ' 
be attached to a mam e 8 • 
questions in her 1983 paper: 

l. It is raining. In the context of the file 
Take a simple sentence [ •• : • h t deal with this sentence. 

d esn't qmte know ow o f h 
metaphor, one o . ht to call for an updating o t e 
As an informative sentence, it ~uth file clerk supposed to do? The 
file somehow: but what exactlyd1s et belong on any particular file 

• • th t it is raining oes no d 1 b t 
informat10n a_ file card is a description of an indivi ua ' u 
card, it seems, smce each . d. . d 1. Should the file clerk perhaps 
It is raining is not ~bout any l\t:u:: ~hat it is raining'? Or should 
write on some arbitrary car;_- d h t if the file so far doesn't contam 
he write that on all cards?_fi ~ w d a gated propositions are similarly 
any cards yet? [ .•• ] Quan:1. e an t ne t to say what exactly the file 

. •f O amb1t10us as o wan · 
puzzlmg I we are s U d the modest aspect of domam 
clerk does in response to the;- n er they pose no problem. (Heim 
and satisfaction set change, owever, 

1983: 183-184) 
'modest' position cannot be retained in the 

It should be noted here that such a h n ·es to be updated must be files, 
t f Vallduvi (1994), because there t e en I I 

se -up o . f . ts 
not their domains and sat1s act10n se th t there is no structural restriction on the 

(b) Vallduvi (1992: 104) notes a h more than one link, as in the 
number of links in Catalan. 'Sentences may ave 

Catalan example (30). 
V llduvi notes the 'restricted existence of 

- h 'links tend to be definite NPs' (1992: .77), . a ' claimed to be 'less natural than 
~~de!~~~\nks' (l992: 46). 'Sentences with ~t::1~:e:p~:t:r:.r;entences like A tots els estudiants, 

othe~s~;::s~~g;:::Te~:~~;::~:~:i~;~:;he; give ann~~~r:l~ !!:t~~::~ ::n:!~!::c:::n~ ~~~;~ 

~:s:r~~it!~c::yh£:~~:~!tl;~~~~~a~;:vf l!i~tc~~t;:n~l;l:;i::i;~en~~::~:F :~:~i~ 
it may reqmre so . ) as denoting sets, umversa y quan ' 
'can be interpreted (pragmatically t ·cs' (1982: 65-66). 
and generic indefinite NPs, can serve as op1 
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(30) [LEI broquil] [La l'amo] [ l'h " 
the broccoli to the boss :bj-: o;~n3 REG ALAR] 
Approx • 'Th b 'l P-Past give 

I • • e roccoli the boss (they) gave it to him ( for free) ,. 

. n these cases the speaker directs the hear 
m~rmation under both.' (Vallduvi 1992· 60)r ;o go to two addresses and enter the 
a~ that the boss and broccoli still • • ho,_ assummg that 'they' have card #3 
this means that the sentence is not possess t eir respective cards #25 and #136 
an instruction along the lines of (32rsociated with the instruction (31),10 but with 

(3l) *GOTO(l36)(GOT0(25)( 
UPDATE-ADD(give(3, 136,25))) 

(32) GOTO(l36)(VPDATE-ADD(give(3136 25)) 
GOT0(25) (UPDATE-ADD(give(3,l,36,25)) 

But this raises questions What is the 
:ar,ried out? Is the file cle;k suddenly si~~;;ent locus of update after (32) has been 
isn t (suppose she lands on card #25) d an:ously present on two file cards? If she 
to (33), the instruction associated with t~es t is _then mean that (32) is equivalant 

e one-Jmk sentence (34)? 
(33) GOT0(25) ( 

UPDATE-ADD(give(3,136,25)) 
GOTO(l36)(UPDATE-ADD(["-' 2,8)) 
GOT0(25) 

(34) [LA l'amo] [Fhi van regalar el BR0QUIL]l 

B~t if (32) and (33) are equivalent then wh 
all. And how could (32) and (33) b; non-e _Y does Catalan allow multiple links at 
of update make that pointers cannot? qmvalent- what sel!se could multiple loci 

( c). Above we gave an informal sketch f V: ,, 
sente~ces _m terms of UPDATE-REPLACE instr o . allduv1 s analysis of tail-containing 
comphcat10ns will arise when it comes t ~ct10ns. It can be expected that various 
replacement instructions associated with t o/1~ng an explicit formalization of the 
and f~Uy general definition of these instr:~t:· ny ~rtempt at giving an appropriate 
queshons. Thus, how exactly do o ons _w1 have to confront a number of 
specified further? Is there guarant~du t~nbow whh1ch record has to be replaced or 
and what ha 'f h e sue a record? I th ppens I t ere are more? Is •t 1 • s ere a unique one 
o~ do we sometimes need to replac~ a g~o a wa~s one record that has to be replaced, 
t ere be between the material in a tail u~ o records? What kind of match mus; 
cours:, these are tough nuts that have\:: the material in the target record? Of 
theories of belief revision. e cracked when it comes to coming to 

_Here we will just present an exam 1 . . 
operation triggered by th P e which illustrates that the rep] 
th t . £ e presence of tails is sp . fi II acement 

a m ormation is organized in fil d ec1 ca y complicated by the idea 
utters (35), whereupon Johan Cruij; iar t sys_tehms. Suppose that Louis van Gaal 

eac s wit saymg (36): 

(35) [LAjax]fpWON] 

(35) fpNo, BARCELONA][Twon] 

Assume the file cards #1 and #2 £ A' 
Johan Cruiff here instructs Louis ::n GJax ]and Barcelona, respectively. Now clearly 

aa to replace hi' d ' , - s recor according to which 
10. Note by th h 

' e way, t at the 'GOT0(3)' const't t 
1 u es a superfluous d t · . 

e our m mstruction (31). 

Ajax won by one according to which Barcelona did. Presumably, this should not 
(only) be done on the card for Ajax. Instead of the straightforwardly simple (37), 
we seem to need the complex instruction given in (38) . 

(37) *UPDATE-REPLACE(won(2),won(l)) 

(38) UPDATE-REPLACE( ,won(l)) 
GOTO (2) (UPDATE-ADD( won(2))) 

(d) A typical example of the way in which Vallduvi analyzes pronouns can 
be obtained by combining the above example sentences (10) and (11) into one text: 

(39) [L The bossj[phates BROCCOLI] 
[pHe always eats BEANS] 

The first sentence is a link-focus construction, and therefore associated with an 
instruction to go to the file card of the boss, thereby turning it into the current 
locus of update, and to enrich that file card with the information that the boss hates 
broccoli (and the broccoli file card with a pointer to the file card of the boss). The 
second sentence is an all-focus construction, associated with the simple instruction 
to add the focus information that the value of the current locus of update always 
eats beans to the current locus of update. Hence if it is interpreted immediately 
after the first sentence, it amounts to adding the information that the boss always 
eats beans to the card of the boss. 

Note that the pronoun he obviously does not induce replacement or shift the 
locus of update. Hence it cannot be a link or a tail, and this inevitably leads to the 
conclusion that it forms part of the focus. This is a counterintuitive result, however, 
since it is also clear that the interpretation of the pronoun is provided by the value 
of the current locus of update-which does not constitute new information, but can 
be assumed to be already present in the hearer's information state. 

3 Non-Monotone Anaphora 

Let us wind up the discussion so far. We have argued that the data discussed above 
do not enforce the conclusion that information states have at least the structure 
of a collection of file cards connected by pointers. For that matter , the phenomena 
can also be accounted for in terms of discourse representation structures, and it is 
very well possible that circumventing file cards might lead to the avoidance of the 
complications that were outlined in the previous section. 

In view of these considerations, a card-less alternative will be defended in 
the present section, according to which information states are modelled by means of 
discourse representation structures, which are ontologically less committed than the 
'dimensionally richer' file card system, in that discourse representation structures 
do not come with locations. 

But if, as we have argued, the use of files does not appear to be imperative, 
then we face a question: what purpose do links serve if they do not serve to specify 
a locus of update by ushering to locations? What does 'ushering to a location ' mean 
if representations do not come with locations? Thus a different perspective on the 
function of links is required. We would like to suggest a tentative answer which we 
take to carry less presuppositions than the file metaphor. 

The perspective we would like to offer has its heuristic starting point in Kamp 
and Reyle (1993) , who note that processing a plural pronoun does not always involve 
equating the discourse referent it introduces with one introduced earlier through the 
processing of some other plural NP. They consider the following example: 
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(40) John took Mary to Acapulco. They had a lousy time. 

Here, the plural pronoun they does not have a single NP for its antecedent. Rather, 
the 'antecedent' has to be 'constructed' out of various parts of the preceding text. 
Such examples, which are very common, seem to suggest that plural pronouns can 
pick up any antecedent that can be obtained from antecedent information by logical 
deduction. However, the deductive principles that are permitted in this context turn 
out to be subject to restrictions. 

(41) Eight of the ten balls are in the bag. They are under the sofa. 

The pronoun they in ( 41) cannot be understood as referring to the two balls that 
are missing from the bag. Apparently, subtracting one set from another is not a 
permissible operation for the formation of pronominal antecedents. 

The permissible process of antecedent formation displayed by (40) is called 
Summation: a new discourse referent is introduced which represents the 'union' of 
individuals (John and Mary) and/or sets represented by discourse referents that are 
already part of the discourse representation structure. Other permissible processes 
are Abstraction, exemplified by (42), which allows the introduction of discourse 
referents for quantified NPs (compare also footnote 9 above), and Kind Introduction, 
which introduces discourse referents for a certain 'genus' explicitly mentioned in the 
text by a (simple or complex) noun.If they in (43) refers to the (few) men who joined 
the ( conservative) party, we are dealing with Abstraction. The more natural reading, 
where they refers to men in general (arid the party is presumably non-conservative), 
is a case of Kind Introduction. 

(42) I found every book Bill needs. They are on his desk. 

( 43) Few men joined the party. They are very conservative. 

In their discussion of the inferential processes available for the construction of an­
tecedents for (plural) pronouns, Kamp and Reyle suggest the following generaliza­
tion: 

or 

What sets the admissible inference processes of Summation, Abstrac­
tion and Kind Introduction apart from an inadmissible inference pat­
tern such as set subtraction is that the former are [ ... ] strictly positive 
(Kamp and Reyle 1993: 344) , 

'cumulative' in the following sense: the newly created discourse refer­
ent represents an entity of which the discourse referents used in the 
application of the rule represent ( atomic or non-atomic) parts. (Kamp 
and Reyle 1993: 394) 

Notice that, when this generalization is taken in conjunction with a principle that 
anaphora invariably involves the addition of an equational condition 'X = Y' for 
an anaphoric expression with discourse referent Y and a- possibly inferentially 
created-antecedent discourse referent X (and such an equational approach is stan­
dard practice in Dicourse Representation Theory), the necessary result will be that 
anaphora is always (upward) monotone: if an expression with discourse referent Y 
is anaphorically dependent on an expression with discourse referent X, then X i;;; Y. 

The latter result, however, does not seem to be borne out by the facts. For 
example, Van Deemter (1992, 1994a) presents cases of 'non-identity anaphora' along 
the lines of (44), as well as minimal pairs such as (45) and (46): 
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(44) Our neigbours are extremely nice PEOPLE. 

He is a TEACHER, she is a HOUSEWIFE. 

(45) John fed the ANIMALS. The cats were HUNGRY. 

(46) John fed the ANIMALS. The cats were HUNGRY. 

It can be observed that the pronouns he an she are anaphorically dependent :~ 
· hb · (44) but that the discourse referents of the pronouns represe 

our ne1g ours m , ct· f t 
entities which are proper subsets of the entity represented by the rncourse re eren 

f th antecedent: obvious cases of non-monotone anaphora. . 
0 e Moreover whereas the reading of (45) where the cats is anaphonc to the 
ANIMALS strongly and monotonously suggests that all animals fed by John were 
cats the reading of ( 46) where the cats is anaphoric to t~e ANI_MALS does not: It 
eve~ seems to imply that John fed at least one non-cat. 1 Agam, we are dealmg 

with non-monotone anaphora. . f L+H* 
Note that the texts (45) and (46) differ only in the assignment o . . 

t to the noun phrase the cats, which is the distinguishing mark of lmks m 
accen • r ks 
English. Hence our alternative hypothesis concernmg m : 

(47) Non-Monotone Anaphora Hypothesis (NAH): . 
Linkhood (marked by L+H* accent in English) serves to_s1gn_al 
non-monotone anaphora. If an expression is a link, then its discourse 
referent y is anaphoric to an antecedent discourse referent X such 

that X Cf:. Y. 

As we will show, this hypothesis affects a range of phenomena. It su~sumes not only 

the so-called 'non-identity' anaphora just exe~phfied and _analyz~d- m ~:it~%;~;) 
( 1992 1994a) but also the cases of contrastive stress d1scusse m . 
and Vallduvi '(1992, 1994). It contributes to an explanation of the effect of pitch 
accentin on pronoun referent resolution noted-in Cahn (1995), Kai_neyama (1994), 
V lid 'g(1994) among many others, and it sheds light on the d1stmct10n between 
re:tri~~~e and ~on-restrictive relative clauses and adjectives (see Kamp and Reyle 

1993). . . h d rnkhood can be 
(a) The relationship between non-1d~nt1ty anap_ ora an 1 

demonstrated even more saliently with relational nouns. 

(48) 

(49) 

Ten guys were playing b2.sketball in the RAIN• 

The fathers were having FUN. 

Ten guys were playing basketball in the RAIN. 

The fathers were having FUN. 

Thus while (48) has an 'identity' reading where the fathers is a~aphoric to ten 
u s 'which suggests that all ten guys playing basketball m the ram were fathe~s 

g y h · f d (49) has a 'subsectional' readmg where the fathers 1s 
who were avmg un, an h · f 

horic to ten guys which suggests that the fathers who were avmg un con-
:~:~te a proper subset of the ten basketball-playing guys, the latter text also has 

t 'relat1·onal' reading where the fathers of the ten guys playmg a-non-mono one--
basketball in the rain were having fun. 

--- , , · 1 , instead of 'entails', since though the effects are quite 
11. 'Strongly suggfests and ste~c~a:~~~fh~n a logico-semantic, nature. See also (c)1 on pronoun 
strong, they are o a pragma 1 , 

referent resolution, below. 
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Observe, by the way, that Kamp and Reyle's example ( 40) of Summation, a 
case of monotone non-identity anaphora in which the pronoun they typically apears 
unaccented, shows that is not so much the 'non-identity' as the 'non-monotonicity' 
of the anaphora which is responsible for the L+H* accent (that is: the linkhood) of 
the anaphor. 

(b) According to Rooth, contrast is the cornerstone of the interpretation of 
focus phenomena: 'Intonational focus has a semantic import related to the intuitive 
notion of contrast within a set of alternative elements' (1992: 113) , and Vallduvi 
gives the following example of 'contrastive' links (1993:14): 

(50) Where can I find the cutlery? 
The forks are in the CUPBOARD, but 
the knives I left in the DRAWER. 

However, note that contrast is not really necessary. 12 Mere non-monotonicity is 
sufficient for L+ H* accent: 

(51) Where can I find the cutlery? 
The forks are in the CUPBOARD. 

(c) Many authors have paid attention to the effect of pitch accenting on 
pronoun referent resolution. The examples below stem from Lakoff (1971). 

(52) Paul called Jim a Republican. ·Then he insulted him. 

(53) Paul called Jim a Republican. Then he insulted him. 

For grammatical reasons (parallellism), the preferred antecedents for the unstressed 
pronouns he and him in (52) are Paul and Jim, respectively. The preferences are 
reverse for the stressed pronouns he and him in (53). 13 

In the theory of Kameyama (1994), this phenomenon is accounted for in the 
following way: 

• A grammar subsystem represents the space of possibilities and a pragmatics 
subsystem represents the space of preferences; 

• Stressed and unstressed pronouns have the same denotational range----the 
same range of possible values; 

• Complementary Preference Hypothesis ( CPH): A stressed pronoun takes the 
complementary preference of the unstressed counterpart. 

However, the NAH formulated in (47) actually predicts the CPH effects: adding 
L+H* accent to pronouns means the addition of a pragmatic signal that the ana­
phora involved is non-monotone. In the case of singular antecedents with entity­
representing discourse referents, this means that the anaphor does not not corefer 
with its antecedent. As a consequence, pronominal stress turns the grammatically 
determined preference for a certain antecedent into a pragmatic preference for non­
reference with that antecedent. 

12. Nor is contrariety (as proposed in Van Deemter 1994b), witness: 

Where can I find the cutlery? 
The forks are in the CUPBOARD, and the knives TOO. 

13. The fact that (53) insinuates that calling someone a Republican is an insult is essentially due 
to the de-accenting of insulted in the second sentence of (53). 
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( k from Kamp and Reyle 1993: 255) 
(d) The sentences (54) and_ (55) ta en h that non-restrictive clauses are 

illustrate the familiar rule of English orthograp by t that restrictive clauses are not. 
set apart from the surrounding text by commas, u 

(54) 
The son who attended a boarding school was insufferable. 

d . h 1 was insufferable . 
(55) The son, who attended a boar mg sc oo , 

. . e is used restrictively, suggests that there 
Note that (54), in which the relative claus . d' In (55) where the relative 

b t I one who 1s boar mg. ' 
is more than one son, u on y . . ther that there is only one son, 

• t· 1 the suggest10n 1s ra • 
clause is used non-restnc ive y, . ff bl but also parentheticlly as it 

• 'd t I that he was msu era e ' . k 
of whom it is sa1 no on y . 1 If the prosody of these sentences is ta en 
were that he attended a boardmg schoo • t' d'fference is in keeping with the 
into 'account, it will be clear that this pragm_a ic I be made with respect to the 

. (47) s· ·1 r observat10ns can . NAH as formulated m • 1m1 a . (58) (Kamp and Reyle 1993: 
(non-)restrictiveness of the adjectives and nouns m 

372). 

(56) 

(57) 

(58) 

The son who attended a boarding school was INSUFFERABLE. 

L was INSUFFERABLE. 
The son, who attended a BOARDING SCHOO , 

John fed the ANIMALS. 
HUNGRY. 

The young cats were 

The young cats were HUNGRY . 

The young cats were HUNGRY. 

The young cats were HUNGRY. 

I 
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Safety for Bisimulation in General Modal Logic 
Marco Hollenberg, Department of Philosophy, Utrecht University 

Abstract 
We define a natural generalisation of the notions of invariance and safety for bisim­
ulation , and characterise the resulting notion of (n, m)-safety for bisimulation. 

1 Introduction 

Modal logic, when interpreted on models as opposed to frames, can be seen as a 
fragment of first order logic. This fragment is motivated mainly historically, but 
also by the well-known invariance theorem (Benthem 1976, Rijke 1993) that states 
that first order formulas ¢,(xi) in a single free variable x1 that are invariant for 
bisimulation are precisely the modal ones, modulo logical equivalence. 

Invariance is a very natural notion from the viewpoint of modal logic. Propo­
sitional Dynamic Logic (PDL, (Hare! 1984)) gave rise to another natural notion: 
safety for bisimulation. A formula ¢,(x1, y1) is safe for bisimulation iff whenever Z 
is a bisimulation between two models M and N then this same Z is also a bisim­
ulation with respect to the relations defined by ¢, in M and N respectively. Van 
Benthem (Benthem 1993) proved that the safe formulas consist of the programs of 
PDL that do not contain the iteration operator*, which is, of course, not first order 
definable. 

In the past, bisimulation was a notion defined just on structures with binary 
relations and unary predicates, so-called transition systems. The two theorems men­
tioned above would have sufficed in that era: the notion of invariance is just a gen­
eralisation of the bisimulation-clause for unary predicates, while that of safety is an 
obvious generalisation of the zig- and zag-clauses for binary relations. The study of 
polyadic modal operators, such as the binary composition operator in Arrow Logic 
(Venema 1992), whose corresponding first order translations use relation symbols of 
arity greater than two, created the need for a more general notion of bisimulation. 
So nowadays bisimulation is a relation that can hold between models ( of the same 
type) with relations of any arity greater than zero. Thus, new notions of safety are 
called for. 

The structure of the paper is as follows . The next section introduces the 
necessary concepts and states the relevant theorems that have occurred in the lit­
erature, namely the invariance theorems of (Benthem 1976) and (Rijke 1993) and 
the safety theorem of (Benthem 1993). An obvious generalisation of the notions 
that these theorems deal with is defined: (n, m)-safety, for n, m E N. The section 
after this introduces the languages PROG(n ,m), all of whose formulas are (n , m)-safe. 
The section thereafter forms the technical heart of this paper: in it we prove that 
PROG(n,m) consists precisely of the (n, m)-safe formulas. We finish the paper with 
some conclusions and suggestions for future research. 

The notion of invariance and safety also plays a role in defining process­
algebraic operations on process graphs (or: rooted Kripke models) that respect 
bisimulation. This is discussed in detail in (Hollenberg 1995a). The proofs in that 
paper are very similar to those in the present one, but since the concerns of both 
papers are quite distinct , we have chosen to write two separate papers. 

Notational Conventions 
Whenever in the text we introduce a first order formula as in 'Consider ¢,(x1, .. . , Xn) 
... ' we mean: 'Consider ¢,, whose free variables are among x1, ... , Xn ... '. After 
having introduced a formula in this fashion, we may simply use ¢, to refer to it. 
Moreover ¢,(y1, ... , Yn) will then refer to the formula ¢,[x1 := Y1 , ... , Xn := Yn], 
the result of simultaneously substituting in ¢, every occurence of Xi by Yi, for each 

■ 

359 



l<i<nHe - - . re we may need to a I • 
none of the bound variables in ,,_ o PP Y o-converswn on ¢, first, making sure that 
· t . '+' ccur among x m erpretmg ¢, in a model M we . 1' • • • ' Xn, Yi,··•, Yn· Finally when 
· d. , may wnte M 1- ,1.[ , 
m icates an assignment sending X1 x t r- '+' s1, • •• , snl, where [s1, ••• , sn] 

' . •. ' n O Si'···, Sn respectively. 

2 Safety for bisimulation 

Tradit ionally, the only structures of importance t • 
These are simply relational structure £ . o modal logic were Kripke models 
ing a single binary relation symbol t s: ot r a signature (that is, a language) contain~ 
ma O m erpret the modal d. d 

ny unary predicate symbols to inter ret th . . iamon ◊ and infinitely 
guage. In later years this pers t· p e propos1t1on letters of the modal lan-
b. ' pee 1ve was broadened h mary relation symbols in our si t somew at by allowing more 
transition systems) can be used J:ao~:~~ f!:rttures for this type of signature (i.e. 
however, even this has not sufficed A L polymodal language. In recent years 
modal language that has a binary. m~r;;it og1c (Ve~ema 1~92), for example, is ~ 
mterpreted by means of a ternary accessibi!it' ~hie~ m the mtended structures is 
hm1t we are forced to view struct £ y elat10n. Followmg this trend to the 
some modal language (where ures or any relational signature [, as models for 

f . we assume that [, doe t • 
o anty zero: we will see why shortly). s no contam relation symbols 

Just as the signature of ordinar Kri k • • 
<lard modal language, an arbitrary[, Jso d p e models easily gives rise to the stan-
are defined as follows:! etermmes a modal language. Its formulas 

<P := T J-,<f, I </JV <PI (R)(<f,1 , ... ,<Pn) 

wh R • ere is an n + 1-ary relation symbol in [, S • 
usual , at points in £-structures M Th . • uch formulas are mterpreted as 
at a point s in some £-model M (~ t :. not~n of truth of a modal formul~ ¢, 
from the context) is given by th £ !lo a_ wn , s If- ¢,, or just s If- ¢, if M is clear 

e O owmg truth-definition: 

s If- T always 
s If- -,<t, iff s JI' ¢, 
s If- ¢, V ,j; iff s If- ¢, or s If- ,j; 

'f'l, ... , 'f'n iff 1, ••. , Sn Wit s, S1, ••• , Sn) E RM slf-(R)(A. ,1.) thereares ·h( 
and s; If- <Pi for each 1 ~ i ~ n. 

Here RM d t f eno _es o course the interpretation of the • 
Readers familiar with standard mod I I • symbol Rm M. 

terns in this setting. But note that when R i: og1c may not recognise their own sys­
as a proposition letter· it is true at . t un~ry, the nullary diamond (R) behaves 
t h · a pom s if s is in the • t • 
o w Y we restricted our relational s· t m erpretat1on of R . As 

that the uniform schema abo e . . igna ures not to contain nullary symbols note 
d v givmg us a modal oper t d • ' 

oes not work for such nullary relation symbols a or an its truth definition 

Modal formulas can be seen as abb • • • 
What they abbreviate is given b the s ~ev1at10ns for certain first order formulas . 
maps any modal formula¢, to al t do c;lled standard translation ST. This 
f I rs or er ,ormula ST(A.) th t • 
ree, w 1ere x1 is supposed to• d. h . '+' a contams at most x 
-- m icate t e pomt of evaluation of the modal formula. 

I. This is a lso I.he way that the basic mod I I • 
does things differently and first defines the ;od:~~~~ge is defined in (Rij_ke 1993). (Venema 1991) 
ity an_ n + 1-ary relation symbol. Thus diff guage,_ and then assigns to each n-ary modal­
access1bil1ty relation, wh ich cannot happ'e . erent modaht1es may have the same relation as its 

n in our setup. 
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ST(T) 
ST(-,¢,) 
ST(¢, V 'I/!) 

ST((R)(</,1, . . . ,</Jn)) 

Note that the standard translation simply copies the truth definition above. So it 

is not surprising that M,s If-¢, iff MF ST(<f,)[s]. 
Bisimulation is an important relation for comparing points in relational 

structures. Originally it was designed to fit well with modal logic: it was designed 
in such a way that bisimilar points satisfy the same modal formulas (Benthem 
1976). But it has some independent motivation as well, from the area of process 
algebra (cf. (Baeten and Weijland 1994)), where it was developed independently 
from Van Benthem's work as a natural notion of process equivalence (by (Park 
1981)) . Applications of bisimulation are not restricted to computer science and 
modal logic however: it has also found its way into the fundamental area of non-

wellfounded set theory (Barwise and Moss 1996) . 
The standard definition of bisimulation deals only with unary and binary pred-

icates. This standard definition is a special case of the following general definition: 

Definition 2.1 (Bisimulation)Let M and N be two £-models. A relation Z be­
tween M and N is an £-bisimulation (or just 'bisimulation') if the following two 

clauses are satisfied: 
Zig If sZt and (s, s1, . .. , Sn) E RM for some RE £ then there are ti , ••• , tn such 

that (t,t1, · ·•,tn) E RN and s1Zti, ••• ,snZtn. 
Zag Vice versa: if sZt and (t, t1 , ... , tn) E RN then there are S 1 , ••• , Sn with 

(s, S1, ... , Sn) E RM and S1 Zti, ..• , snZtn . 
We write Z : M .-.N if Z is a bisimulation between these two models. When s is 
a point in M and t is in N, we write S!:!.t if there is a bisimulation Z : M.-.N 

connecting s and t . □ 
Bisimulations are sometimes also called zigzagrelations, which explains the 

names of the two conditions in the above definition. When the domain of the relation 
Z : M.-.N is the whole domain of M, we speak of a total bisimulation. Cases in 
point are functional bisimulations, known as p-morphisms, or zigzagmorphisms. 

As bisimulations are closed under taking arbitrary unions, for any two models 
M and N there exists a maximal bisimulation Z: M.-.N. For such a maximal 
bisimulation Z, any other bisimulation Z' : M..-.N is a subset of Z. The relation 
!:!. defined above is precisely this maximal bisimulation. 

A natural question is: for which relations p do the zig- and zag-conditions 
carry over from the atomic relations of £ to the relation p? In this paper we are only 
concerned with first order definable relations. So we are interested in the following 
notion: we call a first order £-formula ¢,(x1, y 1 , ••• , Yn) n-safe for bisimulation if 
whenever Z: M.-.N then the zig- and zag-conditions are satisfied for then+ 1-ary 
relations in M and N given by ¢, . That is: if sZt and M F ¢,[s, s1 , ••• , sn] then 
there are t1, ... , tn such that N F ¢,[t, t1 , ... , tn] and s;Zt; for each 1 ~ i ~ n, and 

similarly for the zag-condition. 
This notion has been studied for various £ and n E N already. We list the two 

main results. First , there's the notion of invariance for bisimulation. This corresponds 
to our notion of 0-safety. It is a generalisation of the bisimulation clauses for unary 
predicates, which tell us that bisimilar points should agree on all unary predicates. 
Let us spell it out: a formula ¢,(x1) is invariant for bisimulation if whenever Z : 
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M<--tN and sZt then MF ¢,[s] iff NF ¢,[t]. 
(Ben them 1976) contains a characterisation of the first order formulas that are 

invariant for bisimulation , for the case where£ has a single unary relation symbol 
and infinitely many unary predicate symbols. There, it is shown that invariance for 
bisimulation corresponds precisely with equivalence to a (translation of a) modal 
formula. (Rijke 1993) contains the same result for arbitrary relational signatures. 
(Rosen 1995) has a finite model theory version of Van Benthem's invariance theorem, 
that can easily be extended to the general case: if we restrict ourselves to finite 
models , still the only invariant formulas are the modal ones (modulo equivalence in 
the class of finite models). 

These invariance theorems give us a rational reconstruction of the modal frag­
ment of first order logic. For although historically bisimulations were designed for 
the specific needs of modal logic, we may also take bisimulation as the fundamental 
notion. If we then also take first order logic as fundamental, the study of modal logic 
is motivated by the invariance theorem: given first order logic and bisimulation, you 
get the modal fragment for free. 

Second , (Ben them 1993) studies a notion of safety for bisimulation in a setting 
of transition systems. In this paper, a formula ¢,(x1, y1) is called safe for bisimulation 
if whenever Z: M-N, sZt and MF ¢,[s, s'] then we can find at' withs' Zt' and 
N F ¢,[t, t']. The zag-clause for binary relations is automatically also satisfied by 
such ¢,, as bisimulations are closed under converse. This notion of safety clearly 
corresponds to our notion of 1-safety. It is demonstrated in (Benthem 1976) that 
the 1-safe first order formulas are prer;isely those equivalent to a formula in the 
fragment defined as follows. 

Let PROG (PROG for 'programs') be the language containing as formulas : 

0 ::= RI ¢,? I 0; 0 I 0 u 0 

where R is a binary relation symbol in £ and ¢, is a modal formula of£. So PROG 
consists of the programs of PDL (Propositional Dynamic Logic, see (Hare! 1984)) 
that do not use iteration *· 

PROG-formulas are to be seen as abbreviations for first order formulas in two 
free variables, x 1 and y2 . This is again made clear by means of a standard translation 
ST (which we have already defined for the modal formulas): 

ST(R) 
ST(¢,?) 
ST(01;02) 
ST(01 U 02) 

R(x1,yi) 
x1 = Y1 I\ ST(¢,)(xi) 
:lz.(ST(01)(x1, z) I\ ST(02)(z, Y1)) 
ST(01) V ST(02) 

In (Hollenberg 1995b) a safety theorem is proved for the finite model case, thereby 
expanding on the work in (Rosen 1995): no new formulas become 1-safe, modulo 
equivalence in the class of finite models of course. 

An obvious generalisation of the characterisations mentioned above would involve a 
characterisation of then-safe formulas, for any signature£. In fact, we will study an 
even more general notion, as a pre-emptive strike against possible future theorems 
on the subject of safety, namely (n , m)-safety, for n, m E N. 

Definition 2.2 ((n, m)-safety)A first order formula ¢,(x1,••·,Xn,Y1, ... , ym) of 
£ ( with x 1, ... , Xn, y1, ... , Ym all distinct) is called ( n, m )-safe if whenever Z is a 
bisimulation between two £-models M and N and s1, ... , Sn E M, t1, ... , tn E N 
such that SiZti (for each 1 :Si :Sn) then: 
Zig ,'Vt f= ¢,[s1, --- ,sn,u1, ... ,um] implies the existence ofv1, ... ,vm EN such 

thatN f= ¢,[t1, ... , tn ,V1, ... ,vm] and u1 Zv1 (for each 1 S j '.,'. m). 

362 

Z V 1-- ,1.[t t v v ] implies that there are ui, ... , U m E 1\.1 with ;\.1 F 
agJ llf' 11··· 1 n, l , ··· 1 m . □ 

,1.[s s u 1 ... Un,] and u1 Zv1• (for each 1 SJ Sm). If' 1, · • ·, n, , , ~ 

To determine whether a formula¢, is ( n, m)-safe, we have to pick a sequence x 1 • --x_n 
of distinct input variables and a disjoint sequence y1 ••• Yn of d1stmct outpu_t ,van­
ables, in order to have this question ma_ke sense. We_ solve tins -p_'."_oblem as fol-

l D. ·ct the (infinite) set of variables mto three d1sJ01nt sets, X - {x1 ,X2, • • -} , 
ows. 1v1 e .1. • bl t" elv _ { } d AUX of input output and aux1 1ary vana es, respec 1v o-
y - Yi , Y2, • • · an ' l I f • h f f ( m)-safety can only be asked of formu as w 1ose ree van-
Now t e ques ion o n, X Uy For such formulas, the question 
ables occur among X1,-•- , xn,Yl,··•,Ym C, • fi d 
is clear. There is no more need to first pick xi . .. Xn and Y1 -• • Yn: these are xe 

names for variables. 
Let us consider a few examples. 
R ( ) /\ R (X Y ) is il 2)-safe (where Ra and Rb are two distinct binary 

• a X1, Yl b 1, 2 \ , 

predicates in £). 
• Ra(x1 ,Y1) I\ Rb(x1,Y1) (i.e. Ran Rb) is not (1, 1)-safe. 

• x 1 = y1 is (1, 1)-safe. 

• x 1 = x2 is not (2, 0)-safe. 
• T (the tautology) is (n, 0)-safe, for any n. It is not (n:m)-safe, for any m > 

O. Note that T is thus an example where the q~est1on of (7'.',m)-safety is 
meaningful for different pairs (n , m). In general, 1f the ~uest10n of (~, rri;l-

f · · f l for some formula ¢, it is also meamngful for (n , m ), sa ety 1s meamng u ' 
with n' 2: n and m' 2: m. 

• J_ is vacuously (n,m)-safe, for any n,m. . . 
• Our earlier notion of n-safety corresponds to (1, n)-safety. Thu~ mvananc~ 

for bisimulation corresponds to (1, 0)-safety and Van Benthem 's not10n o 
safety in the language of transition system~ corresponds to (1, 1)-safety m our 

terminology. 
• Studying (n, m)-safety instead of just n-safety has some support from the area 

of process algebra (Baeten and Weijland 1994). For exam?le, the _c~mmon 
process algebraic operator of free merge uses as part of its defimt1on the 

formula: 

This formula is (2, 2)-safe, which explains why the free m:rge operator respects 
bisimulation. For a detailed investigation of this perspective on prncess algebra 
one may consult (Hollenberg 1995a) or (Benthem 1994), on which the former 

paper is based. 

In the next section we will present fragments PROG(n,ml of the first order 
II f hose formulas are (n m )-safe. The section thereafter con tams the 

language a o w ' • b • J t t 
proof of the converse: if a formula is (n, m)-safe then it must e eqmva en o a 

PROG(n,m)-formula. 

3 Safe fragments 
The languages PROG(n,m) are simultaneously defined as follows: 
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1- E PROG(o,1) 
ID E PROG( t,1) 
6 E PROG(J,2) 
7r E PROG(2,2) 
R E PROG( 1,n) 

if>; 1/J E PROG(n,m) 
if> U 1/J E PROG( 11 ,m) 
~ q> E PROG(n,O) 

if R is an n + 1-ary relat ion symbol of C. 
if if> E PROG(n,k) and 1/J E PROG(k,m) · 
if ef>,1/J E PROG(n.,m)· 
if if> E PROG(n,m)· 

if> • 1/J E PROG(n+k,m+I) if if> E PROG(n,m) and 1/J E PROG(k,1)· 

The funct ion ST sends a PROG(n,m)-formula to an .£:-formula of the form 
ef>(x1, ... , Xn, Yi, .. . , Ym), which gives us its intended meaning: 

ST(1-) 
ST(ID) 
ST(t::,) 
ST(1r) 
ST(R) 

ST(ef>;'lf;) 

ST(ef>U'lf;) 
ST(~ if>) 

ST(¢• 1/J) 

J_ 

XI = Yi 
Xt = YI I\ X1 = Y2 
X1 = Y2 I\ X2 = Yi 
R(x1,Y1,••·,Yn) 

3 ( ST(ef>)(x1, •• ·,Xn,Z1,••·,zk)I\ ) 
Zt- · · 2k · ST('lf;)(z1,•· ·, zk,Y1, , . . ,ym) 

ST(¢) V ST('lf;) 
~3y1 .. -Ym·ST(ef>) 

( ST(ef>)(x1,,,.,Xn,Y1,,,.,ym) I\ ) 
ST('lf;)(Xn+l, • • • ,Xn+k, Ym+I, · • • ,Ym+l) 

A more succinct way of stating the meaning of PROG(n,m) -formulas is perhaps 
by means of relations on sequences of points. Given a model M, we associate 
with each PROG(n,m) -formula 0 a relation [0] between M n and M m. Instead of 

(s 1 ... s11 , t1 . . . tm) E [BJ we write St . . . Sn!.., ti . . . tm. 

l. A ..:!:. sis never the case (where A is the empty sequence). 

2. s !g s for every s EM. 
3. s .S ss for every s E M. 
4. st -.".. ts for every s , t EM. 
5. s.&s t··· sniff( s,s1, . . . , sn)ERM. 

6. u ~r iff there is a p with u ±. p and p :f:.. r, where u, rand pare sequences 

of the appropriate length . 

7. u <t>:=;,J, r iff u ±. r or u :f:.. T. 

8. u :_t A iff there is nor with u ±. T. 

9. u 0~ riff there are ui, Ti (i = 1,2) such that u = u 1u2, r = T1T2, u1 ±. r 1 

and <72 Y:.. r2. 

So in this setting ; denotes relational composition and U denotes union, which 
explains the notation . Likewise, t::, is for 'diagonal' and 1r for 'permutation ' . 

To increase readability we introduce some notational conventions. First , 
u and • are treated as associative operations. This is not harmful, as they are 
associative on the semantic level. Second, the notation ef>t •· . . • ef>n will sometimes be 
used. If n 2 2, which formula is denoted by this should be clear (as • is associative). 
When n = 0, we let it denote the formula ~ 1- and when n = 1 it stands for just 

r/>1 , 
The languages PROG(n,m) could be viewed as a single language, but with 

sorts, or types, (n, m). Such languages are not uncommon in the study of variable­
free languages. An important example is Quine's variable-free predicate logic (Quine 

364 

1966). There, we see sorts n E N, where a formula of sort n is a formula having its 
free variables among the fir st n variables and which is viewed as an n-ary relat10n. 
In the present situation something similar occurs: a PROG(n. mrformula is seen as a 

relation from n-tuples tom-tuples. 
Every formula in our setup has a unique type (n, m): there are no formulas 

that are both in PROG(n,m) and in PROG(k,I), with (n,m) cf (k,l). Yet there m_ay be 
formulas of different types whose standard translations are equivalent semantically. 
An example is given by ~~ 1- and 1- . The first of these has type (0, 0), the second 

(0, 1 ), yet they are equivalent as both are unsatisfiable. 

Example: deterministic programming in PROG(n,m) · 
The name ' PROG(n,m)' points to the intuition that these formulas can be seen as non­
deterministic programs, that on input of an n-sequence may output an m-sequence. 
To gain some experience with the new languages, let us write some determm1st1c 

programs in PROG (n,m)· These programs will be useful in proofs later on as well. 
• IDn is the vacuous program: on input s 1 ... Sn it outputs the same sequence. 

It is defined as ID • ... • ID ( n times). 
• DELn is a more destructive program. It is defined thus: ~~ IDn- On any 

sequence s1 ... Sn, DELn gives us A, the empty sequence. 
• Projection is defined using the deletion program. If 1 ::=; i :'.'::: n we define 1rf as 

DELi-l •ID• DELn-i· Thus 1rf sends St ••• Sn to Si -
• The program RIGHTn sends a sequence st1 . • . tn to t1 ••• tn s: 

RIGHTo 
RIGHTn+l 

ID 
(RIGHTn • ID) ; (IDn • 1r) . 

• Next we define a program COPYn E PROGn,2n that copies the input and places 

the result next to it. 

CO PYo 
COPYn+ l 

~ J_ 
(ID • COPYn); (t::, • .ID2n); (ID• RIGHTn • IDn), 

So COPY n sends St .. , Sn to S1 , ·•Sn SI · ·· Sn, 
• coPYm does the previous procedure a fixed number of times: it produces m 

copie; of the input sequence next to each other. Definition: 

DELn 
COPYn; (IDn • COPY;:'). 

• PERMUTE(n, m) takes as input s1 ... snti ... tm and outputs t1 • • • tms1 • • • sn: 

PERMUTE(n,m) := COPYn+m; (DELn • IDn+m • DELm), 

• Finally, we give the mother of all deterministic programs. Let f be a function 
from { 1, ... , m} to { 1, . . . , n}. Then [!] will denote the program Ill PROG( n,m) 
that sends s1 ... Sn to s f( I) . .. s f(m)· It is defined as follows: 

[f] := COPY;:'; (1r'J(1) • • • • • 7r/(m)) 

Here endeth the programming lesson. 

A trivial theorem is the following: 

Theorem 3.1 PROG(n,m) -formuJa are (n, m)-safe. 
□ 
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In the next section we will prove the converse to this: any (n, m)-safe formula 
¢ is equivalent to a PROG(n,m) -formula. The invariance theorem of (Benthem 1976, 
Ri_jke 1993) and the safety theorem in (Benthem 1993) already give us this converse 
for certain cases. 

Lemma 3.2 PROG(l,O) is (modulo equivalence) precisely the set of modal formulas. 

Proof. 
Recall that ( 1, 0 )-safety is the same as 0-safety and thus the same as invariance. So 
PRO.G(1,oi-formulas are invariant. By the invariance theorem of (Rijke 1993) , they 
must then be equivalent to modal formulas. We could also give a more constructive 
proof, by means of a translation function that recursively translates PROG(l ,o) ­
formulas into equivalent modal ones. 

For the other direction , we define the translation (_) 0 from modal formulas to 
PROG(l,o)-formulas such that ¢,0 is equivalent to¢,: 

To 
(¢,V'lj;)o 
(-,¢, )0 

((R)(c/>1, . .. , 'Pn)) 0 

~~ ID 
¢,o u 'lj;o 

~ ¢,0 

R; ((¢1)0 • • • • • (c/>n)0 ) 

D 

Something similar can be done for PROG0 formulas. As Van Ben them 's safety theorem 
is limited to languages with just binary and unary relations, the following lemma 
is res tricted as well. 

Lemma 3.3 Let [ be a language with just binary and unary relations. Then 
PROG(l ,t ) is the same as PROG, modulo logical equivalence. 

Proof. 
By the safety theorem and the fact that (1, 1 )-safety corresponds to Van Brn­
them 's notion of safety, we conclude that PROG(l,i )-formulas are equivalent to PROG­
formu las. 

The other direction is again proved by means of a translation , (-)1, from PROG­
formulas to PROG 11 ,l)-formulas. Because the definition of PROG includes reference 
to the modal language, we also need the translation (_) 0 . 

Rl .- R 
( cp?)l . - 6. ;(¢,o •m) 
( cp; 1P) I ¢,1; 'lj;l 
( cp U 'lj;)l ¢,1 U 'lj; l. 

D 

4 Characterising ( n, m )-safety 

In this section we will prove our main theorem: 

Theorem 4.1 (Main Theorem)A first order formula ¢,(x1, . .. , Xn, y1, . .. , Ym) is 
(n, m)-safe iff it is equivalent to a PROG(n,m) -formula. 

The 'if'-part of this t heorem has already been stated in theorem 3.1. This 
section is therefore devoted solely to the 'only if'-part. The first few subsections 
deal with some modal techniques that we will need along the way: modal saturation 
and unravelling. After this , we define special sets of first order formulas , so-called 
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descriptions, which will be of use in the proof of the main theorem. T hen the main 
theorem for the case that n = 0 is proved. For n > 0 the proof is modelled along 
the lines of the proof Van Benthem's safety theorem (Benthem 1993) , but without 
his not ion of continuous modal formulas. 

4.1 Modal saturation 

Definition 4.2 Let A1 be some [-model. We call M modally satu rated (or m­
saturated , for short) if, for every s EM, every n + 1-ary relation R in [ and every 
sequence <I>1, ... , <I>n of sets of modal formulas: 

For every sequence of finite subsets 6.1 <;; <I>1, .. . , 6.n <;; <I>n there are s1, ... , Sn such 
that (s,s1,- --,sn) ERM and S1 II- 6.1 , --- ,Sn II- 6.n 

implies that 

there are St, ... ,sn such that (s,s1, ... ,sn) ERM and s 1 II- <I> 1, ... ,sn II- <I>n- □ 

Modal saturation was first defined (under a different name) in (Fine 1975). It is 
studied in detail in (Hollenberg 1995c). We list a few basic facts, proofs of which 
may be found in the latter paper. 

Fact 4.3 If M ·and J,f are both m-saturated then the relation of modal equivalence 

Z := {(s, t) EM x .NI sand t satisfy the same modal formulas} 

is a bisimulation between them. In fact, Z is then the maximal bisimulation. D 

Fact 4 .4 If M is w-saturated then it is m-saturated. D 

Fact 4 .5 Let Z: M-.N be a total bisimulation· (i.e. dom(Z) = M) and let .N be 
m-saturated. Then M is also m-saturated. D 

4.2 Unravelling and multiplying 

This section contains some useful operations on models, which will play key roles 
in the proof of our main theorem. 

First , we define an unravelling construction, one that takes a model and turns 
it into a tree-like st ructure. It is a slight generalisation of the standard unravelling 
construction. This same generalisation can be found in (Rijke 1993) . 

Definition 4.6 Let M be a model and supposes is an element of M, the domain 
of M. We define the model M7 as follows: 

• JvI-;1, the domain of M7, contains pairs, the first coordinate an element of 
M , the second containing strings from the alphabet MU [ U {[]}. We always 
assume that the three sets making up this alphabet are disjoint. If a and T 

are two strings from this alphabet then a[T] is the result of replacing every 
occurrence of the 'gap'[] in a by the string T. Now, M-;1 is construed thus: 

(s,[]) E M-;7; 
If (so, a) E M-;7 and (so, s1, . .. , sn) E RM for some R E [ of arity 
greater than 1, then 

(si , o-[Rsos1 . .. Si-d]si+l ... sn]) 

is also in M-;1, for every 1 ::; i :=; n. 
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• n + l-ary relation symbols RE l • are interpreted as follows: 

((so, er ), (s1' cri) ... '(sn, CTn)) ER" 

i ff(so,si, ... ,sn) ERM and for every i E {l, . . . ,n}: 

er; = cr[Rsos1 ... s;-1 [ls;+1 ... sn] -

There exists a zigzagmorphism (a totall • . . D 
sending any (so,cr) EM" to s Th y_fun ct1_onal b1s1mulation) from M;' to M 
fact 4.5) . s o- us, if M is m-saturated then so is M" (us~ 

~ 'il s 
J s has many useful properties. To ex r 

model M the binary relation -+ M : • p ess them, we need to define, for any 

-+,"1:= {(s, t) E M 2 I 3R E l.3s1 . ( •• s k. t E { s I ' • •• ' s d /\ ( s' s I' ... ' s k) E RM)}. 

We call a model M rooted in s (wheres E • 
from s via -+M : s -+* t A d I M . M) if every t EM is reachable 
( h M • mo e 1s called d" • • ti 
w ere S1 . .. Sn is a nonempty sequence of d"st" t I~Jom y rooted in s1 ••• Sn 

t E M there is a uniques in these I hmc e ements from M) if for every w 11 • quence sue thats · -+* t 
e ca a model M unravelled if it has the foll ' • M • • . owmg properties: 

1. -+ M IS well-founded: there is no infinite 
Sn+1 -+M Sn for all n EN. • sequence so,s1,s2,- -· in M with 

2. i~ (so, s1, ••• 'sk) E RM then all the s; are distinct. 
3. t E M then there is at most one se uence R 

(so,si, . .. ,sk)E RM andtE{s } q ,so,s1, ••• ,sk such that 
I , . . . l Sk . 

Our model M;' has all of these properties: it is rooted i ( • • 
For present purposes we need ti n s, []) and 1t 1s unravelled. 

m d I ' more ian unravelling So 
o e construction: multiply ing· due to (A d ' ka • we present another ' n re et al. 1994). 

Definition 4. 7 Let M again be a model and let s • 
J\,1. D efine the model M c,, as r, ll EM, M being the domain of 

l\,fb. s O ows. 
• s , the domain of Mf' is a subset of M x N* • 

(s, .\ ) E Mc,, wh ,\ . . defined inductively: 
If ( ) ' , c,, ere is agam the empty sequence. 

so, er E M and (s s ) M . {l 5 O, I ,· · ·,sk ER then(s crn)EM6r 
iE , ... , k}and everynEN. ; , s ,or each 

• We define the interpretation of R in M c,, R e,, . s , . 

((so,cro),(s1,cri), ... ,(sk, crk)) E R e,, 

iff (so,s i , ... ,sk) ERM and there is an n EN with 
i E {l , .. . , k}. er; = cron for each 

D 

. T he map_ ( t , er) ..... t defines a zigzagmorphism from Mc,, • • 
that m-saturat1on transfers from Mt M 6 F s to M. This implies 
.u b. ·11 I O • urthermore "f M • , v, , wi a so be unravelled. Fin II M c,,~ . , 1 is unravelled, then 

\v d. a Y, s is rooted m (s ,\) 
e id of course not define ti • I ' • us atest opera t" • r • 

same: the operation makes M I . . wn Just ,or thmgs to stay the 
( mu tiphed which 
so, s1 , ... ,sk) ERM (fork > 1) the ti '. . means that whenever 

t t • - n iere are mfimtely d • • • 
1 · • • A- with s 1 .....,/ 1 s .....,t d ( many isJomt sequences 

- , · ··, k_ k an s0 , t 1 , ... ,tk) ERM 
We may thus define an operation ( )o r II • · . l - , as 10 ows· M o ·- (M")t:. 

ts a ways unravelled, multiplied and rooted in (( []) ,\). F s . - s (s,[]) . Jvt: 
s' ' . urthermore, there is a 
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zigzagmorphism Z from M: to M connecting ((s , 0), ,\) to s. So if Mis m-saturated, 

then M ~ will a lso be m-saturated. 
One fur ther operation will be of use in our proof: the familiar construction of 

disjoint union. This operation does nothing but put a number of models alongside 

each other in a single model. 

Definition 4.8 (Disj oin t Union) Let M 1, ... , M n be models of the same relational 
signature [, with n 2: 1. Then M I Ell ... Ell Mn is their disjoint union, defined as 

follows: 
• Domain: U i<i<n( {i} x ,,\If;) . 
• A k + 1-ary ""R1s interpreted as: 

D 

4.3 Descriptions 
Certain sets of first order formulas will play a major role in the main theorem: we 
call these (I , O)-descriptions, where I and O are finite, disjoint sets of variables. 
(I , OJ-descriptions are (infinitarily defined) relations, where I signifies the input 
and O the output. What an (I, 0)-description describes is a path from I-points to 
0-points: it tells us how I and O are connected . We give a definition in this section 
and prove that certain finite descriptions are equivalent to PROG(n,m)-formulas. 

Definition 4.9 A set of [-formulas is an (I , O)-description if it is produced by the 

following rules: 
• 0 is an (I , 0)-description, for any finite set of variables I. 
• If <I> is an (I , O) -description , z is a variable in I U O and -Ir is a set of (t rans­

lations of ) modal formulas then <I> U -Ir(z) is an (I , O)-description. 
• If <I> is an (I , 0)-description, z E I U 0 , R is an k + 1-ary relation symbol 

of our language l and z1, .. . , Zk are fresh , distinct variables (i.e. not among 
I u 0) then <I> U {R(z, z1, ... , zk)} is an (J , 0 U {z1, ••• , Zk } )-description. D 

Lemma 4.10 If <l> is a finite ({x1, --• ,xn}, {y1, ... , ym})-description then (\<I> is 

equivalent to a PROG(n,m)-formula. 

Proof. 
We prove the lemma by induction on the construction of descriptions: 

• A 0 = T is equivalent to DELn-
• Suppose <I> is produced by the second rule from r (also a fini te 

( { x1, . . . , Xn } , {y1, . . . , Ym} )-description) and llr(z) (-Ir some finite set of modal 
formulas and z occurring among the x; or Yj ) . By induction, Ar is equivalent 
to some 0 E PROG(n,m)· Also A llr( z) is equivalent to 'lj; (z), where 'lj; is some 
modal formula , as the set of modal formulas is closed under conjunction . So 
A <I> is equivalent to 0 /\ 'lj;(z) There are two cases to distinguish: 
1. z = x; for some i E {1, ... , n}. Then 0 /\ 'lj;(z) is equivalent to 

(IDi-l • 'lj;? • IDn-i); 0. 

where by 'lj;? we really mean (?j;?)1 (see page 8). 
2. z = Yj for some j E {l , . .. , m}. Then 0 /\ 'lj;(z) is equivalent to 

0; ( IDj -l • 'lj;? • IDm-j) -
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• Suppose <I> is produced by the third rule from some finite (I, 0')-description r 
and an atomic formula R(z,z1, ... ,zk)- Clearly O' = {y1, .. ·,Ym}­
{ z1_, . . : , zk}. Order ~' according to indices: for y;, y1 E O', y; < y1 if i < j. 
This gives us that O = { u1, ... , Um-k} with u 1 < .. . < Um-k. Define 

r' := I'[u1 := Yt , · · • , Um-k := Ym-k] · 

I'' is an ( {x1 , ... , x,.}, {y1, ... , Ym-d )-description constructed in the same 
number of steps as r. By the induction hypothesis we know that /1. I'' is equiv­
alent to a PROG(n,m-k)-formula 0. So we have to find a PROG( n,m)-formula 
eqmvalent to 0[y1 := u1, .. . , Ym-k := Um-k] I\ R(z, z1, .. . , zk)- There are 
again two cases to consider: 
l. z = x; for some i among 1, ... , n. First construct the function J : 

{l , ... , m}--+ {l, ... ,m} : 

f(j) := { ; + m - k 

The desired formula is then 

if y1 = u, for some 1 ::; / ::; m - k; 
if y1 = z1 for some 1 ::; / ::; k. 

(IDi-1 • (f:.; (ID• R)) • IDn-i); (ID;• PERMUTE(k, n - i)); (0 • IDk); [f]. 

2. z = u; for some i E { 1, ... , m - k} . Now the desired formula is: 

0; (ID;- 1 • (f:.; (ID• R)) • IDm-(k+i)); (ID;• PERMUTE(k, m - (k + i)); [f] 

where f is the same as in the first case. D 

4.4 Proof of the main theorem: the zero case 

If we examine the definition of (n, m)-safety again, we notice that n = 0 is a special 
case: if n = 0 the condition on a bisimulation Z that there are s 1, ... , Sn EM and 
t1, ... tn E N such that Z connects these points respectively is vacuous. Let us try 
to prove the main theorem for this simple case. 

We will prove that any (0, m)-safe formula </J(y1, ... , Ym) is either unsatisfiable 
or m = 0 and it is always satisfied. 

For suppose </J(y1 , --·,Ym) is satisfiable, say MF </J[s1, ... ,sm]- Take any 
model N and let Z be the empty bisimulation between M and N. As </J is (0, m)­
safe we must conclude that there are t1, ... , tm E N with N F ¢[t1, ... , tm] and 
s;Zt; for i = 1, ... , m. Since Z is empty t his can only be the case if m = 0 and </J is 
thus a closed formula, a sentence. The argument above shows that </J is satisfied in 
any model N. Thus, if¢ is satisfied somewhere then it is satisfied everywhere. 

This in fact shows that (0, m)-safe formulas are equivalent to PROG(o,m)­
formulas. For an unsatisfiable (0, m)-safe formula ¢(y1, ... , Ym) is equivalent to 
_L; COPYf' (see the definition on page 7) and a tautological (0, 0)-safe formula is 
equivalent to ~ _L. 

We seem to have demonstrated a case where the empty bisimulation is actually 
of importance. This is not really so: we can easily rearrange the argument such that 
only nonempty bisimulations are considered . 

4.5 Proof of the main theorem: the nonzero case 

Suppose </>(x1, ... , Xn, Y1, ... , Ym) is (n, m)-safe. Consider the subset of PROG(n,m) 
contammg only those formulas that by themselves imply </J: 

1¥ := {'1/J E PROG(n,m) 11/J F </J}. 
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We will prove that </J F V W. That is , we prove that <p implies the infinite disjunction 
of w' that M F </J[s, n implies that for some 1/J E 1¥ (not necessarily the same 1/J 
each time), M F 1/J [s, n. So suppose that M F </J[s, n. 

We may assume that M is m-saturated. For every model M has an w­
saturated (hence m-saturated) elementary extension M* (Keisler 1961). By ele­
mentary extension, M* F </J[s, n, as </J is a first order formula. If we could now 
prove that M* F 1/J[s, n for some 1/J E w then, again by elementary extension, 
M F 1/J[s, n would also hold, so we would be done. 

Furthermore, we may assume the following (see subsection 4.2 for the relevant 

definitions): 

• 1\11 is unravelled; 
• M is multiplied and 
• M is disjointly rooted in s1 .. . Sn. 

For consider the model M+ := M~, EB ... EB M~ .. (see again subsection 4.2). 
This model clearly has the desired properties, with respect to the points u; := 

(i, ((s;, []), ,\)). We know that we have a zigzagmorphism Z; from M~, to M for 
each i. Thus Z : (i,a) >--> Z;(a) is a zigzagmorphism from M+ to M. This Z 
connects u; to s;. As <p is assumed ( n, m )-safe, it must be the case that there are 
v 1 , ... ,vm in M+ such that Z(v1) = t1 for each 1::; j::; m and M+ F </J[u,v'J. If 
we could now prove that M+ F 1/J[u,v'J, for some 1/J E w, then by the (n,m)-safety 
of 'ljJ and the functionality of Z, M F 1/J[s, n should also hold, so we would be done. 
Note that as Z is a zigzagmorphism from M+ to M, M+ must be m-saturated 
(M ism-saturated , so just use fact 4.5): we can thus combine the assumptions from 
this and the previous paragraph without restraint. Note that the argument used 
here would not work for the case where n = 0, as then M+ would have an empty 
universe. This is why we needed to deal with the zero case separately. 

Define PATH to be the set of all points in M (now assumed to satisfy each of 
the properties described in the previous two paragraphs) of relevance to the path 
from each s; to t1, ... , tm. Formally, define PATH to be the smallest subset of the 

domain of M such that: 

• {s1, . . . ,Sn, t1, ... , tm} i;:; PATH. 
• If v E PATH, REL, (w0 ,w1 , ... ,wk) ERM and v E {w1 , ··· ,wd then 

{wo,Wt, . .. ,wk} i;:; PATH. 

For each w E M - { s1, ... , sn} there is a unique choice of the sequence 
R,w

0
,w

1
, .. . ,wk such that (w 0 ,w 1 , ... ,wk) ERM and w E {w1,•• •, wk}- This 

same choice is the unique one for each of the w; (with 1 ::; i ::; k). This is because 
M is assumed to be unravelled. PATH is arrived at by starting at ti , •• •, tm and 
going downwards as described and adding all the points encountered. As M is dis­
jointly rooted in s1 ... Sn, this will end at one of the s;. PATH must therefore be a 

finite set. 
We assign variables to points in PATH. The roots s1, ... , Sn are assigned the 

variables x1, ... , Xn respectively. To each point in PATH - { s1 , ••• , sn} we assign a 
unique variable from {y1, .. . ,Yk}, where k = !PATH - {st,··. ,sn}I = IPATHl-n. 

We build a description for PATH in steps: 

Step 1: Begin with <I>s, (x 1 )U ... U<I>,,. (xn) where <I>,. is the set of all modal formulas 
true at s; . We consider the points s; ' treated'. 

Step 2: Suppose that w0 has been treated and that <I> is the description built so far. 
If there are untreated w1, ... ,wk E PATH (k::; 1) such that (wo,w1, ••• ,wk) E 
RM, let the new description be: 
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M 

s2 

Figure 1: The PATH in M from s1, s2 to u, v. 

where z, is the variable assigned to wi (i :<::: k) and <I>w, is again the set of all 
modal formulas true at wi. At this point , consider w1, ... , wk treated. Repeat 
this step until there are no more untreated points in PATH . 

Note that because that we are in an unravelled model, all the z; are distinct. 
Furthermore, they do not occur freely in <I>, giving us a real description, as 
defined in subsection 4.3. 

This process gives us an ( { X1, ... Xn}, {y1, ... , yk} )-description <I> . Let z1, ... , Zm be 
the variables assigned to t1, ... , tm respectively. We- will prove that: 
<I> F ¢(x1, ... , Xn, z1, ... , zm). But first, let us consider an 

Example: 

Assume n = 2, m = 4 and consider a (2,4)-safe formula tf;(x1,x2,y1,y2,ya,Y4 ). 

Suppose.MF tf>[s1,s2,s2,u,v,u), where Mis as in figure 4.5. An arrow~ in this 
figure corresponds to an Ra-step in M, where Ra is some binary relation symbol in 
C.. Likewise for the ~ -arrow in the diagram. 

We want to describe the path from s1, s2 to u, v. First of all, PATH = 
{ s1, s2, t, ·u, v }. Note that we have added the intermediate point t. Let us assign the 
variables X1, x2, Y1, Y2, Ya to s1, s2, t, u, v respectively. The corresponding description 
<I> is: 

<I>s, (xi) U <I>s,(X2) U <I>t(Y1) U <I>u(Y2) U <I>v(Y2) 
{ Ra(X1, Y1 ), Rb(Y1, Y2), Ra(Y1, Ya)} 

At this point in the proof, for this concrete example, we are trying to show 
that <I> F tf;(x1,x2,x2,Y2,Ya,Y2). 
End of Example. 

Back to the general case. Suppose N F <I>[a] for some assignment to variables a. 
Again we may assume that N is m-saturated. What's more, we may also assume 
that 

• N is unravelled and multiplied. 
• N is disjointly rooted in a(xi) ... a(xn), 
• a is injective on the relevant variables (i.e. x1, ... , Xn, y1, ... , Yk ). 
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To see this , consider /If+ := N;(x,) EB ... EB N;(x,,). Clearly, this model is unravelled 
and multiplied. Furthermore, it may still be assumed m-saturated , as we have a 
zigzagmorphism Z from /If+ to N. We define an assignment , such that the second 
and third requirements above are satisfied for , and /If+ and furthermore /If+ F 
<I>[,). We choose , in such a way that a(z) and ,(z) are connected by Z, hence 
bisimilar, for any relevant z : this will ensure that they satisfy the same modal 
formulas. We build , in steps: 

Step 1: ,(xi):= (i,((a(xi),[)),.X)). Recall that ((a(x;),[)) , .X) is the root of/1/;(x,)· 
The zigzagmorphism Z then connects ,(xi) to a(xi), so these are bisimilar. 

Step 2: Suppose we have already assigned the value b0 to v0 , where v0 is the 
variable associated with a0 E PATH and suppose there are a1, ... , a1 E PATH 

with ( a0 , a1, ... , a1) E RM whose associated variables v1, ... , v1 have not been 
assigned values by , yet. 
By definition , R(v0 ,v1, ... ,v1) E <I>, so (a(vo),a(vi), ... , a(vi)) E RN. As 
a( vo) and ,( vo) = bo are bisimilar there are b1, ... , b1 such that( b0 , b1 , ... , b1) E 
RN+ with each b; bisimilar to a(vi). As /1(+ is multiplied, we must be able 
to choose b1, ... , b1 such that they do not not occur as values of, yet. Define 
,(v.i) := b; . 
Repeat this step until , assigns a value to every relevant variable. 

If we could now prove /If+ F tj;(i, z)[,], i.e. 

then, because ¢ is ( n, m )-safe, Z is functional and sends ,( z) to a( z), for all relevant 
variables z, we may conclude that NF ¢[a(x1 ), ... , a(xn) , a(z1 ), ... , a(zm)l, hence 
/1/ F tj;(i, i)[a) as desired. 

So we have an m-saturated, unravelled and multiplied model M, disjointly 
rooted in s1, ... , sn. We have another m-saturated, unravelled and multiplied model 
N, disjointly rooted in a(x1 ), ... , a(xn), By fact 4.3 the relation Z of modal equiv­
alence is a bisimulation between M and /1/. 

We want to prove that N F tf;[a(xi), ... , a(xn), a(zi) , ... , a(zm)). As /1/ F 
<I>[a), Z connects s1, ... , Sn to a(xi), ... , a(xn) respectively. As¢ is (n, m)-safe and 
lvt F tf;[s, ~ there must be b1, ... , bm in N such that t1 Zb1 for each 1 :<::: j :<::: m and 
/1/ F tf;[a(xi), ... , a(xn), b). There is however no guarantee that b1 = a(z1) for each 
1 :S j S m . To achieve this, we must first restrict Z somewhat. 

Consider the finite set: 

L := {(a,a(z)) I a E PATH and z is the variable associated with a} 

By definition of <I> , L c:;: Z, that is: £ -connected points are modally equivalent. We 
will prove that 

Z' := {(a , b) E Z I a <t dom(L) and b <t rng(L)} u L 

is still a bisimulation between Mand N. dom(L) is here intended to be the domain 
of the relation L (i.e. PATH), rng(L) its range. 

Zig: Suppose aZ'b and (a, a1, ... , a1) E R''vl, for some RE L. There are two cases: 
• One of the a; is in PATH. Then all of a1 , ... a1 must be, as well as a. So 

aLb = a( v) ( where v is the variable associated with a). If v1, ... , v1 are the 
variables assigned to a

1
, . .. , a

1 
respectively then R( v, v

1
, . .. , vk) E <I> and thus 

(a(v),a(vi), ... , a(vi)) E RN. As a;La(v;) we are done. 
• Suppose none of the a; occur in PATH. As Z' c:;: Z, there must be b1, .. . , b1 E 

/1/ such that a;Zb; (for i among 1, ... ,1) and (b,b1, ... , b1) E RN. As /1/ is 
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multiplied and rng(L) is fi ·t 
which occur in rng( L ), with n( be~ we must be ;ble to find C1, ••• , c1, none of 
to c;. As z is the maximal bis'i~~j~~/oc~) ER _such that each bi is bisimilar 
will be modally equivalent. Furtherm ' a;Zc; is still the case: these points 

Zag: For the other direction ass Z'b ore, we have ensured that a;Z'c · 
A · I ' ume a and (b b b) N • · gam, we iave two cases: , i , ••• , I E R for some R E £.. 

• One of the b; is in rng(L) Th b· _ • · en • - o-( v) for v as • t d 
c cannot be one of the roots s . h socia e with some c E PATH 
b f J' as t en v - x • and ( ) • 

e one o the roots , which gives us - •1 so o- v = b; would also 
has a predecessor b and that N . a contradiction with the fact that b 
unravelled, there must be a sequen;e ~nravelled. Thus'. by the fact that ;\,1 i; 
and c E {c } A ,co,c1, • • • ,cp with (c c ) .M . 1,· · ·,cp. scEPATH o, 1,···,cp ES 
vanable VJ is assigned to c · (' 'co,c1, ••• , cp must also be in PATH say the 
( ( ) ( J ,or J < P) Then S ( v ' o- Vo ,o- vi), ... , o-(vp)) E sN. As; E {c .. o,v1,••·:vp) ~ 1> , hence 
v must occur among vi, ... , v . Thus o-(v 1 '._ • 'Cp}, and v 1s assigned to c, 
is unravelled: S = R l = p P( ) _ b ) - b; E {o-(vi) , ••• ,o-(vp)}. As N 
therefore in the rang~ of L w' o- Vo - and o-(vi) = b1, ••• ,o-(vi) = b1 . b i·s 
• · e assumed aZ'b Lb 
implies that b = o-( z) where . th . , so a must be the case. This 

' z is e vanable • d 
was stated earlier, so by the injectivity of o-: z =ass1gne to a. But b = o-(vo) 
proved that there are c . vo, hence a= co. So we have 

1 , · · · ,c1 E PATH with (a ) .M • .. , c1 Lb1. ' ci , • • • , c1 E R and c1 Lb1, 

• The other case is entir I • ·1 proof. e y s1m1 ar to the second case of the zig-part of this 

We _can now prove NF ¢[0-(xi), ... , o-(x ) o-(z ) ( )] • f • 
is given. For each 1 :S i < n: s;Lo-(x ) as n ' . 1 '· • ·: o- Zm as allows. M F ¢[s, ~ 
and the latter is a bisi~ulation th x, is the vanable assigned to s.;. As LC Z' 
for each 1 :S j < m and N F ¢[' ( ere must be b~, ••• 'bm in N such that t Z'b . 
actually connected to b . via L Ho- X1 ), b ••• 't7(xn), b]. Since t1' ••• 'tm E PATH J t. i: 

. h J . ence . - o-(z ) . • h , J wit t1. . 3 - J , as Z1 is t _ e. variable associated 

So we have shown: q, F "'(- ;-1 ( {x } { 'f' x, z1. By compactness th • 
1' · · · 'Xn , Y1, · · •, yk} )-description q, c q, h ' ere is a finite 

4.10, /\ <I>o is equivalent to a PR0G -£ 0 - 1 ;uc that/\ <I>o F ¢(x, z). By lemma 
{1, ... 'n + k} as (n,k) ormu a • Define a function f : {1, ••• , m} -> 

Then 

f(i) := { j 
j+n 

if Z; = Xj; 

ifz;=YJ· 

:lxn+ I · · x (0(x ) . n+m · 1 , •.• , Xn+m I\ YI = X I\ I\ /(I) • • • Ym = X f(m)) F <p 

But the formula before the F is • 
C0PYn; (IDn • 0); [!]. So we have foun::i~v:~e;t to the PROG(n,mrformula 1P := 
'11). By construction of 1> , M F 1>[ (n,m)-formula 1/; with 1P F ¢ (i.e. 1P E 
(simply take as Ui the element of PA;~ \i;;; Sni u1'.:. 'uk] for some u1, • •• 'u. E M 
We have therefore achieved . . y, s assigned to) and hence MF 1/; [s r, 

our aim. we have proved that ¢ F V '1' ''J· 

Example: • 
Let us consider our example of a e 14 • now proved that 1> F ¢(x X· p g agam. For that specific example we have 
modal formulas that occur:~ tt:~ Y2, yt Y2). By compactness, the infinite sets of 
there are modal formulas "' "' ./~~ e replaced by single modal formulas. Thus 

'f's" 'f's,, 'f't, 'f'u, 1Pv such that: 

( 'Ps, (x 1) /\ 'Ps, (x2) I\ 1Pt(Y1) I\ 1Pu(Y2) I\ 1Pv(Y3)1\ 
Ra(x1,Y1) I\Rb(Yi,Y2) I\ Ra(Y1,Y3) 
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But then: 

and the formula on the left of the latter turnstyle is equivalent to the PROG(n,m)­

formula: 

End of Example. 
By compactness again, we deduce that ¢ F 1/11 V ••• V 1/11, where each ,Pi E W. 

This means that each ,Pi is a PROG(n,mrformula that implies ¢. Thus ¢ is really 
equivalent to 1/11 U ... U 1/11, where we define the empty union of PROG(n,m)-formulas 

as the inconsistent DELn; J_; COPY;". D 

5 Conclusions and Further Research 
We have proved that being ( n, m )-safe for bisimulation is the same as being equiv­

alent to a PROG(n,m)-formula. 
There are a few ways of looking at this result . It could be seen as just a general-

isation of the well-known invariance theorem, placing this theorem within a certain 
landscape of similar theorems. But we could also, value the languages PROG(n,m) 
themselves, as revealing the fine-structure of our modal languages. PROG(n,m)­
formulas could then be viewed as living inside modal formulas. They have been 

hidden until now, but theorem 4.1 reveals them. 
Future research could consist of generalising the result along several lines. 

First, we could extend the theorem by considering other languages beside the first 
order one, such as higher order languages or infinitary ones. The case of invariance 
in the infinitary case is dealt with in (Benthem 1993): invariance coincides precisely 
with the infinitary modal formulas, modal formulas where infinitary disjunctions 
and conjunctions are permitted. Maybe in a fragment of infinitary logic where only 
certain effective disjunctions are allowed, invariance under bisimulation corresponds 
exactly to PDL. Transitive closure logic (see (Ebbinghaus and Flum 1995)) comes 

to mind in this connection. 
Also, a finite model version could be investigated, thereby extending the men-

tioned result for invariance in (Rosen 1995) and the one for safety in (Hollenberg 
1995b). These theorems strongly suggest that in the finite case nothing changes: a 
first order formula is (n, m)-safe in all finite models iff it is equivalent (in the class 

of finite models) to a PROG(n,m)•formula. 
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HOW FREGE FAILED TO PROVE THE EQUIVALENCE 
OF 'NOTHING IS F' AND 'THE NUMBER OF F's = O' IN 

GRUNDLAGEN 

Antoon Hurkmans, Vrije Universiteit Amsterdam 

When Michael Dummett worked on his first, groundbreaking book on 
Frege 1, he believed, so he told us later 2, that his interpretation of Frege's work 
would not be a matter for serious controversy; it never occurred to him that the 
mere exegesis of that work (as opposed to its evaluation) could in any way be 
problematic. It is not difficult to understand how Dummett came to work under 
that assumption: Frege states the objective of his project plainly, its execution is 
largely formal, and the informal bits are written in an admirably clear prose style. 
But, as we know, Dummett's optimistic assumption proved hopelessly wrong; his 
own reading of Frege was fundamentally challenged by various people offering 
what were often again mutually incompatible alternatives; and now, 20 odd years 
after he set the ball rolling, the prospect of a more or less agreed understanding 
of even the most basic tenets of Frege's work would seem to be further away than 
ever: Frege's legacy has, indeed, been turned into a "battleground for exegetes" 3. 

This state of affairs is not just baffling, given the apparent clarity of Frege's 
purpose and writing; it is also very frustrating for those of us who labour in the 
philosophical fields that Frege helped to mark out. Few people would doubt 
Frege's seminal role in the development of various new disciplines - philosophical 
or otherwise - that have helped shape the intellectual world we now inhabit; and 
in philosophy, al least, it pays to know your ancestors well; so the present state of 
confusion in Frege exegesis means that, in an important sense, we do not really 
know where we are: we lack a clear perspective on how we got to our present 
position, and we cannot, if we are honest, feel at all confident that the key notions 
and distinctions which we inherited from Frege have the sense and import which 
( in our various, conflicting ways) we attribute to them. 

Still, two decades of sometimes acrimonious exchanges between the main 
protagonists in the field of Frege exegesis have not been entirely in vain: there is 
now, it seems, a growing recognition that the probable root cause of our radical 
disagreements lies in the fact that there is what looks like a crucial gap in our 
knowledge of Frege's work. It concerns the following. We know that sometime 
between 1884, when Grundlagen 4 was published, and 1891, the year Funktion 
und Begriff 5 appeared, Frege had what amounted to a fundamental change of 
heart. Because the changes in his work after 1891 are, even at a superficial glance, 
so striking, it has long been commonplace to distinguish his early work, comprising 
Begriffsscbrift 6 and Grundlagen, from his later work, which - apart from 
Grundgesetze 7 - contains the famous series of articles including Uber Sinn und 
Bedeutung 8. But - and this Dummett has now himself identified as "the principal 
problem of Frege exegesis" 9 - we don't really understand how the early and later 
work are related. We do not understand, in other words, why Frege suddenly 
embarked on what by his own admission was a radical overhaul of his logic and 
philosophy of logic. 

377 



Now it would seem, at least on the face of it, that Frege did not change 
his main objective: in his later work he is still in single-minded pursuit of a proof 
that arithmetic is but a further-developed logic. Also, in Grundgesetze he 
frequently refers back to Grund/agen in order to remind his readers of the 
structure of his argument and to explain the relevance of individual steps in it. 
This reliance on the exposition of his project in the earlier work strongly suggests 
that the changes he had introduced do not amount to a radical break with his own 
past, but rather represent a more or less natural progression in his thinking, 
perhaps reOecting a broadening of his interests into, say, the semantics of natural 
language or a desire to present his reasoning in a more systematic way. And so, 
many students of Frege - Dummett included - have been inclined to see the later 
work in that light. This is how Dummett formulates it: 

"The principal problem of Frege exegesis is to determine the relation 
between the writings of Frege's early period, up to 1886, and those of his 
middle period, beginning in 1891. During the years 1887-1890, he 
published nothing, but was engaged in thinking through afresh his system 
of philosophical logic and redesigning, in accordance with it, the formal 
system he had presented in Begriffsscbrift." 10 

Dummett apparently believes that, during the 'silent' years of 1887-1890, Frege's 
thinking on 'philosophical logic' underwent a development that culminated in his 
famous sense-reference distinction 11 , and that, in order fo accommodate these , 
new insights, Frege had to 'redesign' his formal system. 

However, this view of the matter doesn't quite tally with the very few 
words Frege himself devotes to the subject. In the Foreword to Grundgesetze, 
Frege tries to explain why the completion of that work had taken him so much 
longer than anticipated. The explanation takes the form of a few brief, intriguing 
statements. He tells us that he had nearly completed his manuscript for the book 
(i.e. the book that was to be Grundgesetze), when he discovered that what he 
calls "internal transformations" in his logical system were called for; he calls these 
transformations "far-reaching"; he also acknowledges that they will make 
acceptance of his ideas even more difficult - (he had just been complaining about 
the reception of his earlier work); he says that he can fully understand any 
reluctance on the part of his readers to go along with these innovations, because 
he had to overcome such reluctance himself; for they were not, he assures us, 
introduced "for novelty's sake", but because they proved to be "necessary". 12 

These few remarks do not suggest that the novel features of his later 
work were in l!ny way the result of a natural development in his thinking. Quite 
the contrary: they strongly suggest that Frege was suddenly and unexpectedly 
faced with an unavoidable, because purely formal, problem in the execution of his 
project. In any case, whatever the shortcomings of Frege's undifferentiated notion 
of a 'judgeable content' in Begriffsscbrift, it is hard to believe that the 
sense-reference distinction which replaced it somehow compelled him to recast 
his formal system in the way he did: some major features of the system of 
Grundgesetze are, by common consent, so counter-intuitive that we can all 
understand why Frege should be 'reluctant' to introduce them; but do we really 
have any reason to believe that these features follow inexorably from the 
sense-reference distinction or, indeed, from any other considerations in 
philosophical logic ? 
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On the other hand, if Frege was suddenly forced, for purely formal 
reasons, to abandon his nearly completed draft of the work he'd announced as just 
around the comer in 1884, why did he not set out the reason(s) why he was forced 
to do so. For that is the intriguing thing about these statements in the Foreword 
to Grundgesetze: Frege never in fact told us what exactly it was that compelled 
him - at a moment when he had, by his own lights, nearly completed his task - to 
change tack completely. And that, I think, is a very strange omission on the part 
of someone who, complaining about the reception of his earlier work, must have 
been keen to win over 'reluctant' readers of the volume in hand, 

I think I know now why Frege chose to remain silent on the matter. He 
simply didn't wish to broadcast the fact that he had discovered that the logic of 
Begriffsscbrift was seriously defective, in fact, strictly speaking, formally 
inconsistent. Such a discovery, we can all agree, would have presented Frege with 
the most compelling of reasons to introduce "internal transformations" into his 
system. Although it is likely, as I will explain, that the discovery was not entirely 
unaided, the help came in the form of what can only be described as a 'Ouke', and 
so Frege was under no obligation - moral or otherwise - to acknowledge it. The 
discovery of the inconsistency of Begriffsscbrift was, unlike the later one 
concerning Grundgesetze, strictly speaking his own. It is also well to remember 
that Frege had spent a great deal of effort defending the superiority of his system 
of Begriffsscbrift over the contemporary Boolean systems, so his discovery must 
have caused acute embarrassment. In these circumstances, it is understandable 
that Frege chose to remain quiet and to proceed simply with setting out a new 
system without detailed explanations of why some of its more startling features 
were necessary. The idea that his work would only really be studied in the wider 
philosophical community more than eighty years later, and that his silence would 
then spawn a veritable 'battle of interpreters' could hardly have occurred to him. 

So where, specifically, did Frege discover these defects, and bow did he 
discover them ? On the first question, there is, as it happens, an important 
indication of where the formal defects of Begriffsscbrift finally showed up, where 
they came to a head. One naturally assumes that the system of Begriffsscbrift was 
devised so as to enable Frege to establish, to give a formal proof of, the 
foundational thesis expounded in Grundlagen. So the original, discarded, 
manuscript of Grundgesetze, we may also assume, will have contained formal 
proofs for all the informal proof-sketches that Frege draws in Grundlagen. Now 
when we look at the published version, we do indeed find faithful formal 
reproductions of all of these proof-sketches - bar one. The exception concerns the 
fundamental proof, - required in any 'logicist' project worthy of the name -, of the 
equivalence of the two propositions 'Nothing is F' and 'The number of Fs = O'. 
In par.75 of Grundlagen, Frege proposed to prove that equivalence as following 
from the proofs of two lemmas, namely the proposition "All empty concepts are 
equal (gleichzahlig)" and the proposition "No empty concept is equal to a 
non-empty one". But in pars 96-99 of Grundgesetze, Frege proves the equivalence 
directly: that is to say, he simply proves that "If nothing is F, then the number of 
F's is O", and vice versa. The two lemmas, the two propositions from which the 
proof of the equivalence was said to follow in Grundlagen, have completely 
disappeared. So there is no correspondence at all between the informal 
proof-sketch of the equivalence in Grund/agen, and the formal proof we find in 
the Grundgesetze Frege finally published in 1893. Their structures are entirely 
different. 13 
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Interestingly, the new pr(X)f structu • 
more complicated than the one sket~hed in r~r: d~rundgese~e is a great deal 
the case that the choice of th n agen. So it caonot have been e new one was prom t d by • • 
economy or simplicity. But much more im . P e coos1deranons of 
Grundgesetze depends fcor ,·ts b . p<>rtantly, ID fact crucially, the pr(X)f in 

• ' as,c prermss oo th d fin" • 
(or, m Frege's parlance, a value-range And 'Fre e very e 1t100 of O as a set 
a procedure is not a trifling matter 2· h g~ was, of course, aware that such 
Nachlass : • e wrote m a passage on definitions in the 

"In the case in which what presents itself as d • • • 
which makes the truth of a pr(X)f "bl a efi.ninoo 1s really that 
definition, but there mnst he co t ~~ . e, _we do not have a pure 
either he proved as a theo n a1Dkne rn it something which should 

rem or ac owledged as an axiom." 14 

So the pr(X)f of the equivalence in Grund soundness of Axiom v the . rge5efze now comes to depend on the 
' very axJom about hi h F 

Foreword to Grundgesetze 15 h . d . w c , rege tells us in the , e reta1De a residual doubt. 

. . I think we have hit here on the recise e 
his logic as a logic of sets· witho t th p r ~n why Frege had to recast 
0 

. · u e use, as a basic premiss f th d •• 
as a set, the eqmvalence of 'Nothing is F and , o e efi.ninon of 

he ~roved. When Frege discovered that his ~e ~um~r ~f _Fs = O' cannot 
eqmvaleoce in par. 75 of Grundlagen was . reas~n1Dg ID the. onginal pr(X)f of the 
the matter. Let's now then take a cl I 1kncons1stent, he really had no choice in oser (X) at that paragraph. 

As regards the pr(X)f of the first I 
straightforwardly from the stipul ti. . emma, that would seem to follow 
B I a ons rn par 71 as Fr hi If 

ut want to draw attention to a fi • t : ' ege mse makes clear 
should ask ourselves, does Frege ~~~ e_resting features of this par.71. Why, w~ 

definition of 'correlation', using italic let=r a~ ~I necessary_ to give a separate 
used to he called the 'subiect--co t' . , or the special case where what 
int od d by ' ncep is empty ? After all "tali J r_ uce Frege in par. 11 of Be . . • , 1 c etters were 
vanables tacitly bound by ao initial . rgnffsscbnf! as mere 'abbreviations' for 
Fs to G's is trivially established in ~=ec: c:;;:ntifier. And. so the correlation of 
present the proposition in tenns of itali concept F is empty, whether we 
think is at least part of the an . F cs o~ of bound variables. A clue to what I 
definition: " .. caonot, whatever ~\:s i~~; s use of modal language in his special 
must always he dem·ed h te gn by a, both he true together" and " , w a ver a ma he" So I • ••• 
despite the modal aspect of F , ~ . • et s keep that in mind. But 
that when he says that the twrege s e~~cation, we don't find it difficult to see 
· 0 propositions " both 
mcompatibility we are dealing "with is th ':3°°0 t he true together", the 
~f the material implication of tw e one ~V:olved in Frege's own definition 
mcompatibility of A and oot-B S ~ ~1tions A and B: namely the 
principle that the falsity of the ~nt:• ~n pr(X).~ Frege simply relies on the 
under G", respectively - is suffi ~ ent - here a falls under F" and "a falls 
implications CJent ground for the truth of the material 

(l) r Fa :J 3x(Gx & <l>(a,x)) 

and 

(2) r Ga :J 3x(Fx & <l>(x,a)) 16 
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Turning now to the pr(X)f of the second lemma: Frege there relies on the 
truth of the proposition: "If there exists no object falling under F, then neither 
will there he such ao object which stands to a in any relation whatsoever." Now, if 
we transcribe the latter part of this sentence into fonnula-language, it would seem 

to constitute the judginent 

(3) r Vx(Fx :J - f(x,a)) 

And this, if the concept indicated by capital F in this fonnula is empty, is indeed a 
trivial second-order truth. However, Frege insists on interpreting italic letter a in 
this proof in a way which is consistent with the proposition "a falls under G" 
corning out true when the concept G is non-empty. And there is really only one 
way to make sense of this: we must assume that, in the proof of the second 
lemma, Frege reads italic letter a as, in effect, a schematic letter. Frege does, in 
fact, signal that particular reading when, in the first sentence of the proof, he 
writes: "If, on the other hand, an object falls under G, for example a ••• ". 

This interpretation of italic letter a would seem, on the face of it, to go 
against Frege's own stipulation regarding their use when he introduced them in 
par.I I of Begriffsscbrift. There, to repeat, they were introduced as mere 
"abbreviations" for variables tacitly bound by an initial universal quantifier. There 
is then something very curious about Frege's use of italic letters in the 
pr(X)f-sketch of par.75 and io the stipulations of par.71, on which the proof is 
based. Fortunately for us, we can find the very same use of italic object-letters in 
the remarkable theorem no59 of Begriffsscbrift. That theorem is obtained by 
simple contraposition from a substitution-instance of axiom 58, which is Frege's 
version of the old Dictum de Omni. It is interesting to note that theorem 59 plays 
no part io the further development of Begri[fsscbrift: it is never cited in the 
deduction of any subsequent theorems. Nevertheless, Frege devotes half a page to 
an explanation of it by way of a curious example, in which he asks us to read italic 
letter b as standing . for a single member of the family of ostriches. And indeed, 
we caonot read italic b as standing in for a bound variable, for in that case 
theorem 59 would clearly he invalid. Instead, Frege presents the theorem as his 
version of Felapton or Fesapo, two syllogistic moods which - as Frege was 
undoubtedly aware - are only valid on the assumption that universal propositions 
have existential import, and that is precisely what universal propositions in Frege's 
rendering of them do not have. So in theorem 59 of Begriffsscbrift we are, again, 

forced to read italic object-letters as schematic letters. 

Now, the point of this reading of italics becomes clearer if we )(X)k at 
Frege's reasoning in par.75 in the round. It appears to he essentially meta-logical. 
It bas often been asserted that it is characteristic of Frege's conception of logic (as 
of Russell's) that it lacks - and in fact explicitly excludes the possibility of - a 
meta-logical perspective. While this is undoubtedly true of Frege's later logic, it is 
certainly not the case for the early work. Because, strictly considered, neither 
~emm~ in par. 75 is, in the present-day sense, a valid fonnula; what Frege brings 
mto his argument as "assumptions" regarding the emptiness or otherwise of the 
concepts F and G , we would nowadays present in terms of a model. And, in the 
context of a meta-logical argument, Frege's wish to read italic letter a as a 
schematic letter is, of course, perfectly understandable. Now, as is well-known, 
model-theory was anticipated by Bolzano in his Wissenscbaftslebre of 1837 17; 

wh~t we now call 'simultaneously satisfiable', Bolzano called 'compatible', the very 
notion that Frege employs in the presentation of his second proof. I cannot prove 
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this, because Frege never referred to Bolzano's work, but it is my guess that Frege 
was familiar with at least the relevant part of the Wissenschafts/ebre. 
Unfortunately, he then went on to mishandle the information he found there. 
Bolzano's notion of 'compatibility' applies to a class of propositions, defined by 
what we would now call two propositional schemas. The peculiarity of Frege's 
reasoning in par.75 is that he uses second-order quantification ("stands to a in any 
relation whatsoever") to express the meta-logical proposition that there is a model 
under which all the members of such a class are true. 

Such a procedure is bound to come to grief. I believe it likely that Frege 
discovered that something was seriously amiss in the early summer of 1887. It was 
then that Kerry's long critical review of Grondlagen appeared 18. We know, of 
course, that Frege read it at some point, because he wrote Begriff und 
Gegenstand 19 to rebut some of the criticisms contained in it. But we may assume 
that he read it the moment it came out. Now, in a footnote to p.289 of that 
article, Kerry inexplicably renders Frege's crucial sentence ''There is no F which 
stands to a in any relation whatsoever" as "There is no F which is related to any 
a" 20. The significance of this - probably freakish - mistake on Kerry's part must 
have been immediately obvious to Frege. For it amounts in fact to a reading of 
formula (3) as a .irst-order proposition, in which in effect the roles of italic f and 
italic a have been reversed: italic f is, in Kerry's version, a schematic letter and 
italic a has become a tacitly bound variable. Frege must at once have realized 
that he had no way to block Kerry's version. But if it cannot be blocked, then it is 
remarkably easy to derive a contradiction. For it then becomes possible to apply 
Frege's own reasoning in the first proof: if italic a in (3) is read as a tacitly bound 
variable, then the truth of the content expressed in that formula, on its own, will 
be sufficient ground for the truth of 

(4) ~ Ga :) [Vx(Fx:) -f(x,a)) .. 

irrespective of whether the concept G is empty or not; because, if we follow 
Frege's reasoning in the first lemma, the truth of Kerry's version of (3) will 
guarantee the truth of any material implication in which it is the consequent; so 
that, if both F and G are empty, we can - according to the rules of Begriffsschrift 
- prove that ''No F stands to G's in a relation", from which it follows that empty 
concepts are not equal, directly contradicting the outcome of the first proof. 

One's first reaction to this is one of shock and disbelief: how could Frege, 
of all people, have got caught in such a terrible muddle ? how could he have been 
so blind to the possibility of Kerry's 'version' of (3) ? or, what amounts to the 
same thing, how could he have overlooked the important difference in kind 
between the troth-functional notion of incompatibility employed in the proof of 
the first lemma and the modal notion of compatibility in the second lemma ? 
For his mistake, to put it at its briefest, is that he treats them as contradictories. If 
we want to understand how Frege came to make this mistake, we should, I think, 
start with the recognition that the problem arises at a peculiar intersection of 
three distinctions which we now routinely make: 1) between first- and 
second-order logic; 2) between logic and meta-logic; and 3) between one- and 
two-place predicates. There is no space here to go into this in any detail, but there 
are features in Begriffsschrift regarding all three distinctions, which - when 
combined - make it possible to make at least some sense of the muddle Frege got 
himself into. 
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First of all, Begriffsscbrift doesn't have a proper second-order logic, in 
that it doesn't have a second-order quantifier; in fact, axiom 58 governs ~th the 
first- and second-order fragments of the formula-language, so Frege s early 
qqantification-theory is a many-sorted one, where the 'sorts' range across 
type-levels. Secondly, Frege appears to hav~ used the s~pulatio~ in par 11 of 
Be "ffsscbrift that "if an italic letter occurs m an express10n that 1s not preceded 

gn · • • l" t • I that an by a judgment-stroke, then that expression 1s . nonsens1ca o . s1gna . 
expression containing italics is asserted on suffiaent grounds, which may explam 
his use of modal ("apodeictic") language in connection with italic letters 21 - ~d 
thirdly, in Begriffsschrift Frege regards a fun~on such. as 'x killed, x' as a functio~ 
of two arguments; this gives rise to a cunous not10n of ~ argument-pla~ 
( entirely different from the one employed in Grondgesetze ), which he then uses m 
the formulation of the introduction and elimination rules for italics 22• • By ~aying 
particular attention to these features of Begriffsschrift it is, I believe, possible to 
make at least some sense of what Frege is trying to do in par. 75 of Grondlagen. 

One would, of course, expect Frege to devise his new system in such a 
way that the contradiction I have unearthed is bl~ked. The most important _part 
of his remedy is the introduction of the quantJ~ers as se_cond-le~el functions, 
which then _ and I believe that is the whole pomt of so mtr~uang ~em for 
Frege _ become possible arguments to his se".°nd-or~er quantifier (third-level 
function). For consider the constructional history m Grundgesetze ?f ~he 
problematic formula (3), the formula that proved open_ to _the d1ff~nng 
interpretations of Frege and Kerry. In Grondgesetze, we begm with the bmary 
quantifier - or second-level relation -

(5) Vx(q,(x):) -lJl(x)] 23 ; 

we then construct what Frege calls a 'composite' (zusammengesetzte) nam~ of a 
second-level function of one argument, by filling its first argument-place with the 

name of a concept, 'F~)': : 

(6) Vx[F(x) :) -lJl(x)] 24; 

next we construct the name for the value of the second-order quan~fi~r -
third-level function - for the function named by (6) as argument (where italic f 

functions as a bound predicate-variable): 

(7) Vx[F(x) :) -f(x)] ; 

and, finally, we apply rule 9 of Grondgesetze 25, and obtain by substitution from 

(7) our formula: 

(8) Vx[F(x) :) -f(x,a)] . 

It should be clear from this constructional history of (3) in the system of 
Grundgesetze, that Frege's interpretation of_ it in. par.75 of Grund/agen_ and 
Kerry's alternative reading have both become unposs1ble: the last step, san~oned 
by rule 9, makes it clear that italic f and italic a in (8)/(3) ca~ot _be _cons1d~red 
'separately', as it were; and the separate t~eatment of these two italics 1s preasely 
what made the two differing readings possible. 
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. Finally, two things should be noted here. First, the choice of italic a in (8) 
is, of course, entirely arbitrary (we could have used b or c); and so, even if we 
:,ive~e to _construct a formula such as (4), there is no correspondence at all between 
itahc a ID the antecedent and italic a in the consequent: the interpetation "No F's 
are rel~ted to G's" thereby becomes, syntactically, impossible 26_ Secondly, Frege 
makes 11_ clear in his explication of rule 9 that "a change of argument-sign is no 
c~a~ge. m the function-sign"; this, in fact, necessitates the sense-reference 
distm~on for proper names and predicates; for if, by instantiation, we draw 
conclusmns from (8) by inferring to, say, "No Martians are wiser than Solomon" 
and "~o Martian~ are wiser than Socrates", then Frege is, in Grundgesetze, 
COIDrnJtted to saymg that these particular inferences/judgments are identical· 
Fre~e's repeated insistence that "the argument does not belong to the function" 27 
(which, on the face of it, seems so baffling because seemingly vacuous) really 
~ea~s that the two 'composite' function-names " - is wiser than Solomon" and " -
,s_ wiser than . Socrates" name the same function; and, since they clearly are 
different predicates, the sense-reference distinction is, I believe, necessary for 
purely formal reasons, to do with Frege's attempt in Grundgesetze to avoid the 
problem he came up against in the early summer of 1887. 
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Fr~ge thought of t~e old 'categorical propositions' in terms of his primary 
logic of truth-functions; he even calls it a "reduction": see Frege 1969, 
p.19. 
Balzano 1837 
Kerry 1887 
contained in Frege 1966 
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20. 

21. 

22. 

23. 
24. 
25. 
26. 

27. 

lo Grundlagen, par.75, Frege had written: "Wean _es namlich keine~ unter 
F fallenden Gegenstand giebt, so giebt es auch kemen solchen, der m 
irgendeiner Beziehung zu a stande." Kerry renders_this as follows: " ••• 
bricht sicb spater (S.89, §75) die richtige Erkenntms Bahn, wonacb: wean 
es gar keinen F-Gegenstand gebe, es auch keinen solchen, der zu ugend 
einem a in Beziebung steht, geben konne." . 
cf. Begriffsschrift, par.3. In Grundgesetze, that stipulation is_ absent; ID 

fact, Frege there freely uses italics in formulas that are not Judgments: 
see, for example, par.8. . . . 
for Frege's treatment of 'x killed x', see the 1tahC1Zed ~ntence on p.l;-18 
of Frege 1988; for his explication of the notion ~f an argu_me~t-p_lace , see 
the last sentence on p.16; for his use of that not100 regardmg italics, see 
p.21-22, and in particular his explanation of axiom 58 on p.51. 
cf. Frege 1962, p.39 
00 'composite' names of functions, see Frege 1962, par.30 
Frege 1962, p.62-3 
the only reading of (4) that Grundgesetze allows is the e~tir:ly harmless 
one: "If everything is G, then no F's are related to anythmg • 
first expressed in Funktion und Begriff, p.6 (in Frege 1966). 
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Only Updates 

On the Dynamics of the Focus Particle only 

Ger hard Jager 
Centrum fiir Informations- und Sprachverarbeitung 

University of Munich 

1 Introduction 

The Montagovian paradigm of natural language semantics relies on 
the two crucial assumptions that (a) the meaning of a sentence can 
exhaustively be described by means of its truth conditions, and (b) this 
meaning can be built up compositionally from its parts. Unfortunately, 
empirical observations force us to the conclusion that the mentioned 
assumptions cannot be true at the same time, as soon we shift our 
attention to discourse phenomena. This is exemplified by the discourses 
in (1): 

(1) a. Peter came in. He wore a hat. 
b. John came in. He wore a hat . 

The second sentence in (la) is true just in case that Peter wore 
a hat, while the corresponding sentence in (lb) is equivalent to John 
wore a hat. These two sentences are syntactically identical, at least as 
far as their surface is concerned. Hence they have the same parts, and, 
ceteris paribus, they should have the same meaning. Nevertheless their 
truth conditions differ. 

This and related problems led several authors to the conclusion 
that we have to give up the principle of compositionality in the strict 
Montagovian sense. Most influentally, Kamp 1981 and Heim 1982 pro-­
pose that there is an additional level of representation relating syntac­
tic structure and semantic interpretation. In their systems, syntactic 
structure has to undergo a process of "DRS-construction" (Kamp) or 
"LF-construal" (Heim), and it is the output of this process that is in­
terpreted compositionally in terms of truth conditions. 

Groenendijk and Stokhof 1991a and Groenendijk and Stokhof 
1991b choose the other direction. They point out that the principle 
of compositionality can be maintained as soon as we do without the 
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assumption that sentence meanings coincide with truth conditions. In­
stead they propose that sentences (and discourses) denote transition 
function over information states. These transition functions are con­
nected to truth conditions, but in an indirect way. The advantage of 
this strategy is a methodological rather than an empirical one, since 
compositional and non-representational semantic theories are generally 
more restrictive in their predictive power. 

It is the aim of this paper to extend the coverage of the dy­
namic paradigm to phenomena involving the focus sensitive operator 
only. Constructions involving this item show a dependency on linguistic 
context reminiscent to the behavior of anaphora. Existing approaches 
address this phenomei:ion by weakening the compositionality of inter­
pretation in several respects. Instead we will try to outline a dynamic 
theory of the semantics of this constructions that preserves composi­
tionality both on the sentence and on the text level. 

2 The Problem 

Consider the following contrast: 

(2) Who is wise? Only [+F SOCRATES] is wise. 

(3) Which Athenians are wise? Only [+F SOCRATES] is wise. 

Although the answers in (2) and (3) are identical at the surface, 
they show up different truth conditions. The answer in (2) forms a 
blasphemy since it entails that Zeus is unwise, while the corresponding 
sentence in (3) is much weaker in the sense that only the wisdom of 
all Athenians except Socrates is denied. Nothing is said about other 
individuals like, say, gods. More generally, the respective answers are 
truthconditionally equivalent to the first order formulae in ( 4a) and (b) 
respectively. 

(4) a. Vx(wise(x)--> x = s) 
b. \lx(athenian(x) I\ wise(x)--> x = s) 

In both cases, the universal quantification is restricted by the non­
focused part ( the "background") of the sentence ( is wise). Besides this, 
there is an additional restrictor in (4b) , corresponding to the argument 
of the wh-word in the question (Athenian). Hence it is quite obvious 
that the truth conditions of a sentence involving only somehow depend 
on the question the sentence is an answer to. 

388 

We will proceed as follows. In the subsequent section, the proposal 
made in Rooth 1992 - which can be seen as a kind of paradigmatic 
approach in a static setting - is briefly presented and ~iscussed. _ In 
section 4 we develop a dynamic system that covers both mterrogat1ve 
and declarative sentences. Finally, in section 5 it is shown that this 
system is able to account for the kind of dependency between questions 

and answers illustrated above. 

3 Rooth 1992 
In the sense of the discussion above, Rooth's proposal can be seen 
on a par with Heim 1982. As the feature that matters most fo~ our 
purposes, he assumes that it is not_surface structure that serves as mput 
for semantic interpretation, but that there is an intermediate level of 
"Logical Form" . The proposed LF for the sentence under discussion is 

roughly as in (5): 

(5) 

s 

~ 
NP VP 

~ 
is wise 

only NP 

~ 
NP[+F] ~ r 

Socrates 

This is not the proper place to discuss the details and merits of 
Rooth's semantics of focus in general. It is only important that the LF 
contains - besides the overt material - an additional item 'T" that is 

f h t " ,, adjoined to the sister constituent of only by means o t e opera or ": • 
r is interpreted as a restriction of the domain of the universal quantifi­
cation induced by only, such that we end up with an interpretation as 

it is given in (6) . 

(6) Vx(C(x) I\ wise(x)--> x = s) 

389 



'T" is considered to be a kind of anaphor that is interpreted as 
the free variable C above. The value of this variable is - according 
to Rooth 1992 - determined by a variety of factors that are external 
to the compositional interpretative machinery. Although he does not 
address comparable examples directly, it is very much in his spirit to 
assume that r should be coindexed with the wh-phrase of the preceding 
question in (2) and (3) by means of some pragmatic mechanism. 

More generally, to achieve the appropriate truth conditions for 
constructions involving only in a static setup, we are forced to assume 
that (a) there is at least one level of representation distinct from sur­
face structure that serves as input for the compositional interpretation, 
and (b) truth conditions, i.e. meaning is not completely determined by 
lexicon and syntax but relies on pragmatic processes. In view of this 
fact it strikes me a fruitful enterprise to develop a semantical analysis 
that avoids these stipulations, even if we have to give up the equation 
meaning = truthconditions. More in detail, our aim is 

• to get rid of any kind of syntactic placeholders like the anaphor 
r in Rooth's proposal 

• to derive the meaning of constructions involving only fully com­
positionally, i.e. without making reference to pragmatics. 

4 Update Logic for Questions and Answers 

4.1 A Static Approach to the Semantics of Questions: 
Groenendijk and Stokhof 1989 

It is quite obvious that the different domain restrictions in the answers 
in (2) and (3) depend on the preceding question. Since we aim at an 
approach that is purely semantical, we have to assume that it is the 
semantics of the respective questions that trigger this effect. As basis for 
further argumentation, I adopt the framework laid down in Groenendijk 
and Stokhof 1984 without further argumentation. 1 It relies on the 
assumption that each question determines a unique proposition that 
constitutes the exhaustive true answer to the question. 2 This is best 
illustrates by an example. Take some simple yes-no question like 

(7) Is it raining? 

1. In Groenendijk and Stokhof 1989 it is shown that the propositional accounts to 
question semantics given in Hamblin 1976, Karttunen 1977, and Groenendijk and 
Stokhof 1984 are fundamentally equivalent, such that the choice does nor matter 
too much. 
2. Counterexamples to this claim like free-choice questions are ignored throughout 
this paper. 
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If it is raining, the unique exhaustive true answer is the proposi­
tion It is raining, and in case it is not raining, this answer is constituted 
by It is not raining. This can easily be expressed in a two-sorted exten­
sional type theory: 

(8) >.w.(raint(w) ...... raint(w0)) 

This expression denotes a proposition in every possible world, al­
though it is not necessarily the same proposi~ion in different worlds. 
To get a fixed semantic object, we have to >.-abstract over the world of 
evaluation w0 . According to Groenendijk and Stokhof 1984, the mean­
ing of a question is just this new object - the "concept of the true 
answer". 

(9) Is it rainig?"-' >.v>.w(raint(v) ...... raint(w)) 

It is obvious that this denotes an equivalence relation on the set 
of possible worlds. Hence a question defines an exhaustive partition on 
this set into a set mutually exclusive proposition. In the example above, 
these are just the propositions It is raining and It is not raining. Gener­
ally, the elements of the partition are those propositions that constitute 
exhaustive - but not necessarily true - answers to the question. 

4.2 Information States and Updates 

The common strategy for dynamisizing a certain static semantics runs 
roughly as follows: If sentences statically denote objects from some 
domain a, the corresponding dynamic formulae denote functions F : 
a -> a. Since we want to deal with question-answer sequences in a 
single dynamic system, we are faced with a serious problem. Declara­
tive sentences statically denote propositions, i.e. sets of possible worlds, 
while interrogatives denote relations on possible worlds or - equiva­
lently - sets of propositions. Hence there are two candidates for update­
denotations: functions from propositions to propositions or functions 
from relations to relations. By "generalizing to the worst case", we 
adopt the latter option. Formulae of the dynamic logic to be defined 
below denote functions over information states ( or simply "states") , 
where states are equivalence relations on possible worlds. 

Let a nonempty set W of possible be given. We define: 

Definition 1 (Information States) 
rJ is an information state iff rJ <:;;; W x W and rJ is an equivalence relation. 
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This immediately gives us a partial order on the set of states, 
corresponding to the intuitive notion of informativity. The minimal and 
the maximal elements of this order are called 1 ( state of ignorance) and 
0 (absurd state) respectively. 

Definition 2 (Informativity) 

er1 '.S er2 ¢=;,def er1 ;;::i er2 

1 =def WxW 

0 =def 0 

Note that these relations may be partial, i.e. their domains may 
be proper subsets of W . Hence each state nontrivially determines a 
certain proposition, which can be thought of as the factual knowledge 
shared by the conversants. 

Definition 3 (Domain of a state) 

Since each equivalence relation uniquely defines a partition on its 
domain, it is worth considering the structure of the space of partitions 
determined by the space of states. 

Definition 4 (Partitions) 
Let er, T be information states. 

Pu =def {{vlverw}lwEW}\{0} 

Pu Gd PT {=;,def, Pu ;;::i PT 

Pu Gi PT {=;,def LJPu = LJPT I\ 1::/x E Pu3Y E Pr: X ;;::i Y 

Equivalence classes of possible worlds can be thought of as epis­
temic alternatives in a certain stage of conversation. Information growth 
can affect these alternatives in two ways. Either some of them are elim, 
inated - this is covered by ~d - or they are made more finegrained 
without changing the domain of the equivalence relation itself (G;). The 
latter corresponds to the effect of asking a question, while the former 
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is the purpose of declarative utterances. 3 The notion of informativity 
given above covers both ways of information growth. 

Fact 1 
For all states er and T, it holds that: 

Pu !;;;d PT -> er '.S T 

Pu G; PT -> er '.S T 

Furthermore, the notion of informativity is exhausted by Gd and 

Fact 2 
For all states er and T, it holds that: 

The intended interpretations of se~tences/formulae are updates, 
i.e. transition functions over states that increase information. 

Definition 5 (Updates) 
Let :E be the set of information states. 

Updates may be classified according to the way how they increase 

information. 

Definition 6 (Interrogative and Declarative Updates) 

• An update u is called declarative iff 

• An update u is called interrogative iff 

3. This is reminiscent to Dekker's EDPL (cf. Dekker 1993) , where information 
growth either introduces new variables into the state or eliminates possible values 
of familiar variables. 
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There are only two updates that are both declarative and inter­
rogative, namely the identity function and the constant function that 
always gives O as output. On the other hand, there are many updates 
that are neither declarative nor interrogative. Nevertheless, according 
to Fact 2, every update can be decomposed into an interrogative and a 
declarative one (in this order). 

Since interrogative and declarative sentences denote different kinds 
of objects statically, there are two pairs of operators that switch between 
static and dynamic meanings. 

Definition 7 (Up-Arrow and Down-Arrow) 
Let rJ be an information state, p a proposition, q a static question 
denotation, and u an update. 

ld u =def {wlu({(w,w)}) = {(w,w)}} 
(jdp)(rJ) = def rJnpxp 

Lu =def u(l) 
(i; q)(rJ) =def {J n q 

Fact 3 For all propositions p and static question denotations q, it holds 
that: 

ld i d p = p 

Li; q = q 

Please note that the converse neither holds for i dld nor for i; l ;­
The i roperator is of particular interest since it enables us to add 
factual knowledge to a state without destroying the structure of the 
partition ( of course, this holds only to the extend that the alternatives 
are compatible with this factual knowledge). 

Fact 4 For all states rJ and propositions p, it holds that: 

D(idP(rJ)) D(rJ) np 

\/x(xEPa/\xnpf.0---+ xnpEP;dp(a)) 

4.3 The Semantics of ULQA 

(1) 
(2) 

Having developed the necessary ontological background, we can start 
define a simple language that serves to reason about the described kind 
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of updates. The syntax of ULQA is just the syntax of first order logic 
without functions symbols and with identity, with the single extension 
that there is a oneplace propositional operator "?" that makes formulae 
out of formulae. For convenience, we take /\, . , ---+, and \/ as logical 
constants and the other connectives as abbreviations in the usual way. 

A model for ULQA consists of an individual domain and a col­
lection of classical interpretation functions ( = possible worlds). 

Definition 8 (Model) 
A model M for ULQA is a triple (E, W, F), where Eis a denumerable 
infinite set, W is non-empty, and F is a function that assigns a first­
order interpretation function based on E to every member of W . 

In the definition of the semantics of ULQA, we follow common 
practise in writing rJ[¢]9 instead of ll 4>ll 9 (rJ) in case¢ denotes an update. 
By =Cl=Clg[e/x] we mean the assignment function gt that is exactly 
like g except that it maps x to e. 

Definition 9 (The Semantics of ULQA) 

ll cll w,g =def F( w) ( c) iff c is an individual constant 

ll vllw,g = def g ( v) iff v is a variable 

rJ[P(t1 , ... , tn)]9 = def rJ n { (v, w) I \/wt(vrJwf---+ (llt1llw,,g, ... , lltnllw,,9 ) E F(wt)(P))} 

rJ[t1 = t2]g =def rJ n { (v, w) I \/wt(vrJwf---+ llt1llwi,g = IIMw,,g)} 

rJ[<P I\ '/P]g = def rJ[</>]g['l/']g 

rJ[,</>]g = def {J \ rJ [<P]g 

rJ[?</>]g = def rJ n { (v, w)I { (v, v) }[¢]9 = 0 +--> { (w, w) }[4>]9 = 0} 
rJ[\/x.</>]g =def n rJ[</>]g[e/x] 

eEE 
rJ [<P ---+ 'll' ]g =def rJ n { (v, w) I vrJ[¢]9w---+ vrJ[<P I\ 7P] 9w} 

The interpretation of atomic formulae is based on the correspond­
ing classical interpretation. Updating a certain state rJ with a classical 
formula ¢ amounts saying that only those alternatives in Pa survive 
that are completely included in the set of possible worlds where ¢ is 
true under its classical interpretation. If you consider rJ as an accesibil­
ity relation in a Kripke model, the domain of the output is restricted 
to those worlds where ¢ is necessarily true in its static interpretation. 

The clauses for dynamic conjunction, dynamic negation, and dy­
namic implication are familiar from other dynamic systems like Velt­
man's Update Semantics (cf. Veltman 1990) and do not need much 

395 



explanation. The semantics of universal quantification is a straightfor­
ward extrapolation from its classical counterpart. 

The key feature of ULQA is the ?-operator. To explain its impact 
on a rather intuitive level, each proposition in Pa is splitted into those 
worlds where the formula in the scope of "?" is true and those where it 
is false. To put it another way, "?¢" defines an equivalence relation by 
its own, and the output of the update is the intersection of a with this 
relation. 

It does not come as a surprise that atomic formulae denote declar­
ative updates and formulae prefixed with "?" interrogative ones. Both 
properties are preserved under conjunction and universal quantification. 
Being a declarative update is also preserved under negation. Negating 
an interrogative update , on the other hand, returns you in all non­
trivial cases a relation as output that is reflexive and symmetric but 
not transitive. Hence the negation of an interrogative update isn't an 
update at all in the general case. 

The definitions of truth and entailment in ULQA are fairly stan­
dard from related dynamic calculi. A formula is called true in a state 
if updating the state with the formula does not · add information. By 
abstracting over particular contexts, we get the notion of truth in a 
model, and by abstracting over models, we can define logical truth. 

Definition 10 (Truth) 
Let M be a model, a be an information state and ¢ be a formula. 

M, a F ¢ ¢=?def Vg : a[¢]M,g = a 

M p= ¢ ¢=?def Va : M, a F ¢ 

p=<p ¢=?def VM:Mp=<p 

The definition of the consequence relation between formulae is 
straightforwardly derived from this truth definitions. 7/; is said to be a 
consequence of ¢ iff the output of ¢ is always a state where 7/; is true. 

Definition 11 (Entailment) 
Let M be a model, a an information state, and ¢, 7/; formulae. 

¢ FM,a 7/; ¢=?def Vg: a[¢]M,g =a[¢/\ 7/;]M,g 

¢ FM 7P ¢=?def Va:¢ FM,a 7P 
</Jp='lj; ¢=?def VM, ¢p=M7P 
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4.4 The Relation of ULQA to First-order Logic 

Syntactically speaking, ULQA is a simple extension of first-order logic, 
and also semantically, there is a close connection between the classical 
fragment of ULQA and PLl. Recall that the individual domain E of 
and ULQA-model M together with any possible world w from W forms 
a first-order model. A ULQA-formula is called ?-free iff it does not con­
tain any occurrence of "?". Trivially, the ?-free formulae are just the 
formulae of PLl. 

Definition 12 =80 
Let ¢ be a ?-free ULQA formula. 

• By 11</Jll~LQA we refer to the ULQA-interpretation of ¢ in the 
ULQA-model M. 

• By 11¢11ff1 we refer to the set of worlds w from W such that 11 ¢ 11 
is true in (E, F(w)) under classical first-order interpretation. 

Fact 5 
Let ¢ be a ?-free ULQA-formula. It holds in any model M that: 

ld 11</Jll~LQA = ll¢ilfF1 

Proof : By induction on the complexity of¢. 

In a sense, . the. classical interpretation of some ?-free formula ¢, 
i.e. ld 11¢lluLQA, cari be seen as the "context-free" truth-conditional 
or factual impact of that formula. Hence by updating a state a with 
Tdld 11 ¢ 11 , we add the factual content of¢ to a without affecting the 
structure of Pa. 

Fact 6 
Let ¢ be ?-free. 

idld 11 ¢fLQA(a) = an 11</JIIPLl x 11</JIIPLi 

Proof : Immediately from the definition of id· 

Following common practise, we call i dld 11¢11 the static closure of 
¢. Fortunately, the operation of static closure can be expressed in the 
object language, as far as ?-free formulae are concerned. 

Fact 7 
Let ¢ be ?-free. 

II?¢/\ ¢11 
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Proof: By Fact 5 and induction on the complexity of¢. 

For convenience, we will henceforth abbreviate "?¢ A ¢" with 
"j l ¢" and we will also refer to it as the "static closure of ¢". Context 
will make clear whether we use the term in its syntactic or its semantic 
sense. 

Remember that the union of the propositions in Pu ( the epistemic 
alternatives) represents the knowledge that is shared by the conver­
sants. Static closure enables us to make statements about this state of 
factual knowledge in the object language. 

Fact 8 
Let ¢ be ?-free. 

D(CJ) ~ 11¢11PLl 

',/(J : D( CJ[7P]) ~ ll¢11PL1 

5 Restricted Quantification in ULQA 

5.1 English==} ULQA 

(1) 

(2) 

Since ULQA is a first-order language, there cannot be an immediate 
compositional translation function from English into ULQA. But it 
is obvious from the definition of the semantics of ULQA that every 
semantic object that is the interpretation of some ULQA-formula is at 
the same time the interpretation of some Tyrformula. Hence ULQA 
can be seen as a convenient notation of a fragment of Ty2 . On the 
other hand, if the translation of a couple of English sentences into 
Ty2 are given, it is a technical exercise to develop a Montague-style 
compositional translation from this fragment of English into Ty2 . This 
in mind, I will content myself with stipulating the ULQA-translations 
of the English sentences under debate since the described procedure 
would take a lot of space without illuminating anything of particular 
interest. 

The translation of simple clauses with names in the argument 
positions are straightforward and do not need much explanation. 

(10) Socrates is wise"" wise(s) 

Prima facie, the ?-operator only enables us to form yes-no ques­
tions. Nevertheless it is possible to deal with constituent questions ap­
propriately. We start with the observation that a which-question is 
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equivalent to a yes-no-question in the scope of a restricted universal 
quantifier. 

(11) a. Which Athenians are wise? 
b. For all Athenians: Is he or she wise? 

In contrast to other approaches to the semantics of questions, 
the interpretations of interrogative and declarative sentences belong to 
the same logical type, namely updates. Hence there is no problem in 
quantifying into a question. Hence I assume: _ 

(12) Which Athenians are wise? ""Vx(athenian(x) ----+ ?wise(x)) 

Who-questions can be handled in a similar manner. The only 
difference lies in the absence of a restriction to the quantifier. 

(13) Who is wise"" Vx.?wise(x) 

One of the crucial features of ULQA is the fact that universal 
quantification is - so to speak - automatically contextually restricted. 
This fact will be illustrated in some length in the subsequent para­
graphs. Therefore the translation of only-constructions can be kept 
pretty simple. 

(14) Only Socrates is wise'""" Vx(wise(x)----+ x = s) 

This strategy is of course an oversimplification in some respects, 
but Krifka 1992 shows convincingly that it is possible to derive corre­
sponding translations of more complex construction involving VP-focus 
and multiple focus fully compositionally. 

5.2 Some Properties of ULQA 

Let us start with a couple of negative results. First of all, the conse­
quence relation defined above is not reflexive. 

Fact 9 (Non-Identity) 
There are formulae ¢ such that 

As it will turn out , this is not an accident but even a quite desir­
able feature. An example will be given and discussed below. It is worth 
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noting that identity does hold as far as ?-free formulae are concerned. 

Fact 10 
Let ¢ be ?-free. Then it holds that 

¢ I= ¢ 

Sketch of proof: The semantics of ULQA can equivalently be redefined 
in such a way that formulae denote updates over partitions. Under this 
perspective, ?-free formulae denote updates that are both eliminative 
and distributive (cf. Groenendijk and Stokhof 1990). Hence there is a 
static interpretation to this fragment such that updating is just inter­
secting the state with the static meaning. The fact follows then from 
the idempotence of set intersection. ---l 

For the present discussion, it is more important that we are not 
enabled to infer from a certain update to its static closure, even if iden­
titiy holds for this update. 

Fact 11 
There are formulae ¢ such that 

(1) 

(2) 

Proof : Suppose¢= , 'lj;, let '!f; be a ?-free closed atomic formula 
such that ll '!f; IIPLl =/. 0, ll '!f; IIPLl C W. (1) follows immediately from 
Fact 10. For (2), observe that 1[,'!f;] = 1, l[il ,7p] = 11,'!f;IIPLi . Hence 
1[,'!f;] =/. 1[,'!f;l[j ! , '!f;] ---l 

This implies that the context-free meaning of a certain formula 
may be logically stronger than its context-dependent version. A quite 
realistic example is 

(15) a . Only Socrates is wise. 
b. Vx.(wiset---+ x = st) [;lj ! Vx.(wiset---+ x =st=) 

The static closure of Only Socrates is wise means that Socrates is 
literally the only wise individual, and this of course cannot be inferred 
from the utterance of the sentence in a particular context, as (3) shows. 
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Neither can we infer from a universally quantified formula to the 
static closure of some instance. 4 

Fact 12 
There are formulae ¢ and individual constants a such that 

Vx.¢ I= ¢(a) 

Vx.¢ [;l i ! ¢(a) 

Proo J : Let ¢ be as in the proof of Fact 1 l. Since ¢ is closed, the fact 
follows immediately from Fact 11. ---l 

This is again a desired result, since we don't want to draw the 
conclusion Zeus is not wise (-¢= If Zeus is wise, then he is Socrates) from 
Only Socrates is wise under all circumstances. Nevertheless there is a 
restricted version of the mentioned kind of universal instantiation. 

Fact 13 
For all ?-free formulae ¢, 'lj; and individual constants a, it holds that: 

If'!f; I= i!'!f; 

then ?¢(a) I\ "ix(¢---+ 'lj;) _ I= __ i ! (¢(a)---+ '!f;(a)) 

Sketch of proof: P.,-[?ef>(a)] contains only propositions that either 
entail 11¢(a)IIPLl or 11·¢(a)IIPL1 . Among those that make ¢(a) classi­
cally true, only those can survive in P.,-[?ef>(a)Av'x(ef>-,J,)] that survive under 
updating with 'lj;(a). The premise ensures that these propositions are 
contained in ll '!f;(a)IIPL1. Hence if a proposition in P.,-[?ef>(a)Av'x(ef>-,J,)] clas­
sically entails ¢(a) , it also entails '!j;( a). The conclusion follows by Fact 
8 (2).---l. 

Applied to the example, it follows that we may infer from the 
utterance of Only Socrates is wise to, say, Plato is unwise provided that 
Plato's wisdom is under debate in the present state of conversation. 

(16) ?wise(p) I\ Vx(wise(x)---+ x = s) l=i ! (wise(p)---+ p = s) 

To put it another way round, besides the syntactically present 
restrictor to a universal quantifier, we have the implicit restriction that 

4. By ¢(a) we refer to ¢[a/x], provided that there are no variables besides x frne 
in¢. 
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an individuals being an instance of the restrictor has to be under debate 
at the current state of conversation. Let me briefly explain why ULQA 
behaves in this way. A partition corresponding to a state is a collection 
of sets of worlds, i.e. total first-order interpretation functions. A set of 
interpretation functions can be identified with a partial function. If all 
total functions in the set agree about the value of a certain item x, 
the derived functions assigns this value to x, too. If x receives different 
Values under different functions in the set , its value under the corre­
sponding partial function is undefined. Hence an information state can 
be seen as a set of situations, i.e. partial first-order models. Asking a 
question in a certain state extends the domain of the situations in the 
state. The interpretation of ¢ is defined in any situation in a-[?¢], no 
lllatter whether it was defined in a . Hence a p==?cp just if¢ is completely 
defined in a . 

This in mind, it becomes clear why identity should not hold in 
DLQA. Suppose that an atomic formula ¢ is undefined in any situation 
in a state a. Then a[¢] = O and a[,¢] = a. But updating a with ?¢ 
brings us in a state where ¢ is defined. Now suppose that ¢ expresses 
a Proposition contingent in a . In this situation, a[?¢/\ ,¢] cf. a[?¢]. 
Bence,¢/\?¢ [I!=,¢/\?¢. 

A certain individual only falls in the domain of a restricted uni­
versal quantifier if it unequivocally either is an instance of the restrictor 
or it is not . Hence we have an implicit restriction of a quantifier domain 
given by definedness. 

Now let us return to the example. Only Socrates is wise makes a 
statement about those objects whose wisdom is under debate. Asking 
the question Which Athenians are wise? brings you in a state where 
the wisdom of all individuals that are known to be Athenians is under 
debate. Let us make this slightly more precise. Firstly, we have a re­
stricted version of Modus Ponens together with universal instantiation 
in DLQA. To give the restrictions precisely, we firstly need an auxiliary 
definition. 

Definition 13 (Persistence) 
A.. formula ¢ is said to be persistent iff for all states a, T: 

a p== ¢, a ~ T ⇒ T F ¢ 

Note that by the definitions , any formula prefixed with "?" 1s 
Persistent . 

Fact 14 =20 
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For all formulae ¢, 'If; and individual constants a, it holds that: 

If¢ F ¢, 'ljJ F 'ljJ and '!j;(a) is persistent, then 

¢(a)/\ Vx(¢ _, '1/J) F '1/J(a) 

Sketch of proof: Suppose that the premises hold for ¢ and 'lj;. By the 
semantics of V, we have a[¢(a) /\ (¢(a) ---, '1/J(a))] ~ a[¢(a) /\ Vx(¢---, '1/J)] . 
=46rom ¢ p ¢, we have ¢(a) F ¢(a), and together with the definition of 
dynamic implication, we then have a[¢(a) /\(¢(a)---> '1/J(a))] = a[¢(a) /\ 
'1/J(a)] . Hence we have a[¢(a) /\ '!j;(a)] ~ a[¢(a) /\ Vx(¢---> '1/J)] . =46rom 
'If; F '1/J, we infer '1/J(a) F '!j;(a). Hence we have a[¢(a) /\ '!j;(a)] F '1/J(a). 
By the persistence of '1/J(a), we have a[¢(a) /\ Vx(¢ _, '1/J)] F 'lf;(a) -I 

If we know that a person, say, Plato is an Athenian, after asking 
the question Which Athenians are wise? we are in a state where Plato's 
wisdom is under debate. 

(17) athenian(p) /\ Vx.( athenian(x) ---, ?wise(x)) F ?wise(p) 

Now from (17) and (16) we may conclude: 

(18) a. Which Athenians are wise? Only Socrates is wise. 
b. athenian(p) /\ Vx(athenian(x) --->?wise(x)) /\ Vx(wise(x) _, 
X = s) 

F i l (wise(p) ---> p = s) 

Now suppose that a person, for instance Zeus, is neither known 
to be an Athenian nor to be wise in any of the epistemic alternatives 
in a certain state a (formally: a p== ,athenian(z) , a p== ,wise(z)) In 
this case, there is nothing that can be inferred about Zeus' wisdom 
from the question-answer pair above. Hence the domain of the universal 
quantification introduced by only is in fact restricted to Athenians in 
this context. 

To analyse Who is wise?, please observe that Vx .?wise(x) is syn­
onymous to Vx(x = x -+?wise(x)). Hence after asking that question, 
anybody's wisdom is under debate, and therefore we do not have any 
domain restriction at all in the subsequent statement. 

(19) Vx .?wise(x ) p==?wise(a) (where a is an arbitrary individual con­
stant) 
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=46rom (19) and (16) , we may conclude: 

(20) a. Who is wise? Only Socrates is wise. 
b. v'x.?wise(x) I\ v'x(wise(x)----> x = s) p= i l (wise(z)-+ z = s) 

6 Summary 

The implicit universal quantification introduced by only-constructions 
is restricted by contextual information. This fact becomes most obvious 
in question-answer pairs. According to Rooth 1992, these constructions 
nevertheless involve classical universal quantification which is restricted 
by a syntactically present anaphor r. The interpretation of r is gov­
erned by some pragmatic mechanism. It was the aim of this paper to 
achieve the same result in a purely semantic manner. Firstly, to deal 
with context dependency semantically, we are forced to use a dynamic 
setup. Secondly, we changed the semantics of universal quantification 
in such a way that it is restricted implicitly by the context. Suppose a 
universal quantifier is syntactically restricted by some predicate P . In 
this case, the actual domain of quantification is not the entire universe 
but the set of individuals whose being Pis under debate in the current 
state of conversation, and it is the purpose of questions to bring issues 
into the debate. Hence the dependency between questions and focus is 
a rather indirect one under the present approach. 

There are plenty of questions left that require further investiga­
tions, concerning both the logic developed here and its linguistic appli­
cation. As I mentioned in the preceding section, the semantics of ULQA 
makes use of a kind of simulated partiality. It strikes me an interesting 
issue to see what happens if we replace sets of propositions by sets of 
situations. Besides this, it is worth investigating whether it is possible 
to incorporate ULQA in a static logic with program modalities in a 
similar manner as presented in van Eijck and de Fries 1993 and van Ei­
jck 1993 for Update Logic and Dynamic Predicate Logic. Linguistically, 
the coverage should be extended to other phenomena like the semantics 
of indirect questions of wh-pronouns. 
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Is Cornpositionality of Meaning possible? * 

Theo M. V. Janssen 
ILLC / Fae. WINS, Univerity of Amsterdam 

1 The principle of compositionality of meaning 

1.1 Introduction 

The principle of compositionality reads, in its best known formulation: 

The meaning of a compound expression is a function of the meanings of 
its parts 

The principle of compositionality of meaning has immediate appeal, but at the 
same time it arouses many emotions. Does the principle hold for natural languages? 
This question cannot be answered directly, because the formulation of the principle 
is sufficiently vague, that anyone can put his owh interpretation on the principle. 
One topic of investigation in this contribution is providing a more precise interpre­
tation of the principle, and developing a mathematical model for the principle. The 
second topic of investigation is to discuss challenges to the principle in the literature. 
Methods will be presented that help to obtain compositionality. It will be argued 
that the principle should not be considered an empirically verifiable restriction, but 
a methodological principle that describes how a system for syntax and semantics 
should be designed. 

1.2 Towards a formalization 

The principle of compositionality of meaning is not a formal statement. It contains 
several vague words which have to be made precise in order to give formal content 
to the principle. In this section the first steps in this direction are made. In later 
sections (viz. 3, 4) mathematical formalizations are given, making it possible to 
prove certain consequences of the compositional approach. 

Suppose that an expression E is constituted by the parts E 1 and E2 ( according 
to some syntactic rule) . Then compositionality says that the meaning M(E) of E 
can be found by finding the meanings M(E1 ) and M(E2) of respectively E 1 and 
E 2 , and combining them (according to some semantic rule). Suppose moreover 
that E 1 is constituted by E 1a and E 1b (according to some syntactic rule, maybe 
another that the one used for E). Then the meaning M(E1) is in turn obtained 
from the meanings M(E1a) and M(E1b) (maybe according to another rule than the 
one combining M(E1) and M(E2)). This situation is presented in figure l. 

1.3 Assumptions 

The interpretation in 1.2 is a rather straightforward explication of the principle, but 
there are several assumptions implicit in it . Most assumptions on compositionality 

*This is a shortened and adapted version of an article that will appear in J. van Benthem & 
A. ter Meulen (eds) Handbook of logic and linguistics 
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Figure 1: Compositionality: the compositional formation of expression E from its 
parts and the compositional formation of the meaning of E from the meanings its 
parts 

are widely accepted, others we will return later, when the principle is discussed 
further. The assumptions are: 

1. In a grammar the syntax and the semantics are distinguished components 
connected by the requirement of compositionality. This assumption excludes 
approaches, as in some variants of Transformational Grammar, with a series 
of intermediate levels between the syntax and the semantics. 

2. It is assumed that the output of the syntax is the input for meaning assign­
ment. This is for instance in contrast to the situation in Generative Semantics, 
where the syntactic form is projected from the meanings. 

3. The rules specify how to combine the parts, i.e. they are instructions for com­
bining expressions. So this gives a different perspective from the traditional 
view of a grammar as a rewriting system. 

4. The grammar determines what the parts of an expression are. It depends on 
the rules whether Mary does not cry has two parts Mary and does not cry, or 
three Mary, does not and cry. This illustrates that part is a technical notion. 

5. All expressions that arise as parts have meaning. This excludes systems in 
which only complete sentences can be assigned meaning (as in some variants 
of Transformational Grammar). Not only parts for which we have an intuitive 
meaning (as loves in John loves Mary), but also parts for which this is less 
intuitive (as only in Only John loves Mary). The choice what the meaning of 
a part is might depend on what we consider a suitable ingredient for building 
the meaning of the whole expression. 

6. The meaning of an expression is not only determined by the parts, but also 
by the rule which combines those parts. From the same collection of parts 408 

several sentences can be made with different meanings (e.g. John loves Mary 
vs. Mary loves John). Several authors make this explicit in their formulation 
of the principle, e.g. Partee, ter Meulen & Wall (1990, p.318) : 

The meaning of a compound expression is a function of the meanings 
of its parts and of the syntactic rule by which they are combined. 

7. For each syntactic rule there is a semantic rule that describes its effect. In 
order to obtain this correspondence, the syntactic rules should be designed 
appropriately. For instance, semantic considerations may influence the design 
of syntactic rules. This correspondence leaves open the possibility that the 
semantic rule is a meaning-preserving rule (no change of meanings), or that 
different syntactic rules have the same meaning. 

8. The meaning of an expression is determined by the way in which it is formed 
from its parts. The syntactic production process is, therefore, the only input 
to the process of determining its meaning. There is no other input, so no 
external factors can have an effect on the meaning of a sentence. If, for 
instance, discourse factors should contribute to meaning, the conception of 
meaning has to be enriched in order to capture this. 

9. The production process is the input for the meaning assignment. Ambiguous 
expressions must have different derivations: i.e. a derivation with different 
rules, and/ or with different basic expressions. 

1.4 Discussion 

In the above discussion no position is taken as to what the nature is of the syntactic 
units nor what meanings are (it is left unspecified what the contents is of the 
boxes in figure 1). Several options are available, and the discussion whether natural 
language is compositional has to do with these options. If one has a definite opinion 
on what parts, meanings and rules should be like, then it may be doubted whether 
compositionality holds. But if one leaves one or more of these choices open, then 
the issue becomes: in which way can compositionality be obtained? These two 
positions will return in discussions concerning the principle of compositionality. 

2 Counterexamples to compositionality 

2.1 Introduction 

In the present section we consider some examples from natural language that are 
used in the literature as arguments against compositionality. Several other exam­
ples could be given, see Partee (1984). The selection here suits to illustrate the 
methods available to obtain compositionality. The presentation of the examples 
follows closely the original argumentation; proposals for a compositional treatment 
are given afterwards. In the last section the methods to obtain compositional solu­
tions are considered from a general perspective. 

2.2 Counterexamples 

2.2.1 Would 

The need for the introduction of the NOW-operator was based upon the classical 
example (Kamp 1971): 

(1) A child was born that will become ruler of the world. 409 



The following more complex variants are discussed by Saarinen (1979), who argues 
for other new tense operators. 

(2) A child was born who would become ruler of the world. 

(3) Joseph said that a child had been born who would become ruler of the world. 

( 4) Balthazar mentioned that Joseph said that a child was born who would become 
ruler of the world. 

Sentence (2) is not ambiguous, the moment that the child becomes ruler of the 
world lies in the future of its birth. Sentence (3) is twofold ambiguous: the moment 
of becoming ruler can be in the future of the birth, but also in Joseph's future. And 
in (4) the child's becoming rules can even be in Balthazars future. So the number 
of ambiguities increases with the length of the sentence. Therefore Hintikka (1983, 
pp. 276-279) presents (2)-(4) as arguments against compositionality. 

2.2.2 Unless 

Higginbotham (1986) presents arguments against compositionality; we discuss vari­
ants of his examples (from Pelletier (1993)). In (5) and (6) unless has the meaning 
of a (non-exclusive) disjunction. 

(5) John will eat steak unless he eats lobster. 

(6) Every person will eat steak unless he eats lobster. 

However, in (7) the situation is different. 

(7) No person will eat steak unless he eats lobster. 

This sentence is to be represented as 

(8) [ No: person) (x eat steak /\, x eats lobster). 

These examples show that the meaning of unless depends on the context of the 
sentence in which it occurs. Therefore compositionality does not hold. 

2.2.3 Any 

Hintikka (1983, pp. 266-267) presents several interesting sentences with any as 
challenges to compositionality. Consider 

(9) Chris can win any match. 

In this sentence it is expressed that for all matches it holds that Chris can win them 
so any ~as the impact of a universal quantification. But in (10) it has the impac~ 
of an existential quantification. 

(10) Jean doesn't believe that Chris can win any match. 

Analogously for the pair (11) and (12), and for the pair (13) and (14): 

(11) Anyone can beat Chris. 

(12) I'd be greatly surprised if anyone can beat Chris. 

(13) Chris will beat any opponent 

(14) Chris will not beat any opponent. 
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All these examples show that the meaning of the English determiner any depends 
on its environment. 

The most exciting example is the one given below. As preparation, recall that 
Tarski required a theory of truth to result in T-schemes for all sentences: 

(15) '¢' is true if and only if¢ is the case. 

A classical example of this scheme is: 

(16) Snow is white is true if and only if snow is white 

The next sentence is a counterexample against one half of the Tarskian T-scheme. 

( 17) Anybody can become a millionaire is true if anybody can become a millionaire. 

This sentence happens to be false. 

2.3 Compositional solutions 

2.3.1 Would 

A compositional analysis of (18) is indeed problematic if we assume that it has to 
be based on (19), because (18) is ambiguous and (19) is not . 

(18) Joseph said that a child had been born who would become ruler of the world. 

(19) A child was born who would become ruler of.the world. 

However, another approach is possible: there may be two derivations for (18). In 
the reading that 'becoming ruler' lies in the future of Joseph's saying it may have 
(20) as part. 

(20) say that a child was born that will become ruler of the world 

The rule assigning past tense to the main clause should then deal with the 'sequence 
of tense' in the embedded clause, transforming will into would. The reading in which 
the time of becoming ruler lies in the future of the birth could then be obtained by 
building (18) from: 

(21) say that a child was born who would become ruler of the world. 

The strategy to obtain compositionality will now be clear: account for the ambi­
guities by using different derivations. In this way the parts of (18) are not necessarily 
identical to substrings of the sentences under consideration (the involved tenses may 
be different). Such an approach is followed for other scope phenomena with tenses 
in Janssen (1983). 

2.3.2 Unless 

Pelletier (1993) discusses the arguments of Higginbotham (1986) concerning unless, 
and presents two proposals for a compositional solution. 

The first solution is to consider the meaning of unless to be one out of a set of 
two meanings. If it is combined with a positive subject (as in every person will eat 
steak unless he eats lobster) then the meaning 'disjunction' is selected, and when 
combined with negative subject (as in no person eats steak unless he eats lobster) the 
other meaning is selected. For details of the solution, see Pelletier (1993). So unless 
is considered as a single word, with a single meaning, offering a choice between two 
alternatives. This can be defined by a function from contexts to values. 

The second solution is to consider unless a homonym. So there are two words 
written as unless. The first one is unless[- neg] , occurring only with subjects which 411 



beart_(as, is the case for every person) the syntactic feature [-neg], and having 'dis-
Junc IOU as meanmg. The second one is u l • 
Now unless is considered to be two words,ne::~+;:fh ~:::nhas the other meaning. 
determmes which combinations are possible. meanmg. The syntax 

2.3.3 Any 

~ntikka (1983, p.280) is explicit about the fact that his arguments . 
t e non-compositionality of any-sentences are based u on . . concernmg 
syntactic structure. In particular it is assumed that (p22) spec1,fic ideas about the!f 
(23) 1s a component part' of 

(22) Anyone can beat Chris 

(23) I'll be greatly surprised if anyone can beat Chris. 

H~ claims that this analysis is in accordance with common sense . d . 
with the best syntactic analysis. But as he admits th , a~ m agreement 
excluded a priori; for instance that (24), is a componen~ :f (;;/na yses cannot be 

(24) I'll be greatly surprised if _ can beat Chris. 

One might even be more radical in the syntax than Hintikka t d . 
a rule that produces (23) from sugges s, an mtroduce 

(25) Someone can beat Chris. 

Partee (1984) discusses the challenges of Sh h 

~ore c~~plicated than suggested by the exa:;r~s of e~n~~~-h~~~~:n::(~~)~! 
wo rea mgs, only one of which can come from (26) . 

(26) Anyone can solve that problem. 

(27) If anyone can solve that problem, I suppose John can. 

:ia1ee t!is~~sses the literature concerning the context-sensitivity of any, and con-
) es_ ha_ ere are strong ar~uments for two 'distinct' any's: an affective any and 

a ree c oice . any • . The two impose distinct (though overlapping) constraints 
the ;ntexts m which their semantic contributions 'make sense'. The con t • ~n 
~n a :c~ive any can be described in model-theoretic terms, whereas thos: ;:1~= 
s::e;a~1;: (~~t:ire less well understood. For references concerning this discussion 

We conclude that the any- I b . . 
by d' t· . h' . examp es can e dealt with m a compositional way 
comp1:t~:7::i:~gthamb1guousdany, with one or both readings eliminated when in­

e surroun mg context. 

2.4 General methods for compositionality 

In this section we have encountered three methods to obtain compositionality: 

1. New meanings. 

[he:e ar~ formed by the introduction of a new parameter, or alternatively a 
unc IOU rom such a parameter to old meanings. This was the first s I t·' 
~-~ ou= 

2. New basic parts 

Duplicate basic expressions, together with different meanings for the new ex­
press10ns, o~ even new categones. This was the solution for any and th 
second solution for unless. ' e 
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3. New constructions 
Use unorthodox parts, together with new syntactic rules forming those parts 
and rules operating on those parts. This approach may result in abstract 
parts, new categories, and new methods to form compound expressions. This 
was the solution for the would sentences. 

For most of counterexamples several of these methods are in principle possible, 
and a choice must be motivated. That is not an easy task because the methods 
are not just technical tools to obtain compositionality: they raise fundamental 
questions concerning the syntax and semantics interface. If meanings include a 
new parameter, then meanings have this parameter in the entire grammar, and it 
must be decided what role the parameter plays. If new basic parts are introduced, 
then each part should have meaning, and each part is available everywhere. If 
new constructions are introduced, they can be used everywhere. Other expressions 
may then be produced in new ways, and new ambiguities may arise. So adopting 
compositionality raises fundamental questions about what meanings are, what the 
basic building blocks are and what ways of construction are. 

The real question is not whether a certain phenomenon can be analyzed com­
positionally, as enough methods are available, but what makes the overall theory 
(un)attractive or (un)acceptable. 

3 A mathematical model of compositionality 

3.1 Introduction 

In this section a mathematical model is developed that describes the essential as­
pects of compositional meaning assignment. The assumptions leading to this model 
have been discussed in section 1.2. The model is closely related to the one pre­
sented in 'Universal Grammar' (Montague 1970). The mathematical tools used in 
this section are tools from Universal Algebra, a branch of mathematics that deals 
with general structures; a standard textbook is Graetzer (1979). For easy reference, 
the principle is repeated here: 

The meaning of a compound expression is a function of the meanings of 
its parts and of the syntactic rule by which they are combined. 

3.2 Algebra 

The first notion to be considered is parts. Since the information on how expressions 
are formed is given by the syntax of a language, the rules of the grammar determine 
what the parts of an expression are. The rules build new expressions from old 
expressions, so they are operators taking inputs and yielding an output. A syntax 
with this kind of rules is a specific example of what is called in mathematics an 
algebra. Informally stated, an algebra is a set with functions defined on that set. 
After the formal definitions some examples will be given. 

Definitions 3.1. An Algebra A, consists of a set A called the carrier of the 
algebra, and a set F of functions defined on that set. So A= (A, F). The elements 
of the carrier are called the elements of the algebra. Instead of the name function, 
often the name operator is used. If an operator is not defined on the whole carrier, 
it is called a partial operator. If F(E1,E2,--,En) = E, then E1 , E2 , ... , and 
En are called parts of E. If an operator takes n arguments, it is called an n-ary 
operator. 
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The notion set is a very general notion d . . 
a set as one of its basic ingredients Th· ban so is the not10n algebra which has 
models for compositionality becau~ ·t 1_8 abstractness that makes algebras suitable 
• I th ' e 1 is a stracted from th t· 1 ica eory. Three examples of a com I t I d""' e par icu ar grammat-

p e e y iuerent nature will be considered 
1. The _algebra (N, { +, x}) of natural numbers {l 2 3 } . • 

mult1plication as operators. ' ' , • • • , with addition and 

2. The set of trees ( constituent structures) d . 
tree from two old ones by g· . th an the operatwn of making a new 

ivmg em a common root. 

3. The carrier consists of the words bo irl . 
possible strings that can b , dyf, g ' apple, pear, likes, takes ,the and all 

e ,orme rom them Th 
operations. Rd 1 forms from • ere are two partial defined 

• e a common noun a n h b 
article the. Rs forms a sentence f t oun-p rase y adding the 
f rom wo noun-phrases d b o sentences are The boy lik th l an a ver . Examples 

es e app e and The pear takes the girl. 
In order to avoid the misconception that an h. . 

example. Take the second algebra (finite strin yt mg IS an algebra, finally a non­
add an operator that counts the Jen th f g~ of words with concatenation), and 
• h I g O a strmg This n t I b smce t e engths (natural numb ) • o an age ra any more 

ers are not elements of the algebra. ' 

3.3 Generators 

Next we will define a subclass of the al ebra . . 
To give an example, consider the subs!t {l }' ~~\hthe fimtely generated algebras. 
numbers. By application of the operator + t I e algebra (N' { +}) of natural 
calculating 1 + 1 one gets 2 Th 3 o e ements in this subset, that is by 
in this way the ;hole carrier. can :ne ;:n be produced (by 2 + 1, or 1 + 2), and 
_a generating set for this algebra. Sin:e t~li:e:j Therefore the_ subset {l} is called 
is called a finitely generated algebra If we h gebr_a has a fimte generating set, it 
{2}, then only the even numbers c • b £ ave m the same algebra the subset 
a generating subset of the alg b anf e armed. Therefore the subset {2} is not 

b e ra o natural numbers O th h 
even num ers form an algebra and {2} i . • n e ot er hand, the 
generally, any subset is generating set £ s a ge~eratmg set for that algebra. More 
If one starts with some set and dd o~I s~me a gebra. This can be seen as follows. 
given set and from already' prod a ds al e ements that can be produced from the 

d uce e ements then on t 
un er the given operators Henc ·t . I ' e ge s a set that is closed • e 1 1s an a gebra. 
Definitions 3.2. Let A == (A F) b l 
([HJ, F) denotes the smallest algebra e a~ a g.ebra, and H be a subset of A. Then 
ated subalgebra. If ([HJ, F) == (A ;) ~znzng H , and is called the by H gener­
The elements of H are called genera~or~ ~; H is called a generating set for A. 
generated algebra. • is finite, then A is called a finitely 

The first example in section 3.2 is a finitely generated algebra because 

(N, {+, x}) == ([{1}], {+, x}). 

The last example (with the set of strin s over a . . . 
lexicon is the generating set An I b g h . lexicon) is fimtely generated: the 
th • a ge ra t at is not finite! d e natural numbers with muJt· r t" (. . Y generate is (N, { x}) 
bers). Ip ica ion it is generated by the set of prime num~ 

A grammar that is suitable for a com . . . 
be a generated algebra Furthe pos1t1onal meamng assignment has to 

• rmore some ·t • • 
elements of the algebra as the t' d I en enon is needed to select certain 
th t genera e anguage For in t h 

a are output of certain rules or Cf th . • s ance t e expressions 
the elements with root labeled S. ' I e grammar generates tree like structures) 
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Definition 3.3. A compositional grammar is a pair (A, S), where A is a generated 
algebra (A, F), and S a selection predicate that selects a subset of A, so S(A) ~ A. 

3.4 Terms 

In section 1.2 it was argued that way of production is crucial for the purpose of 
meaning assignment. Therefore it is useful to have a representation for such a 
production process or derivational history. In section 1.2 we represented such a 
derivation by means of a tree. That is not the standard format. Let us first consider 
the linguistic example given in section 3.2. By application of the operator RDef to 
the noun apple, the noun phrase the apple is formed, and likewise the boy is formed 
by application of RDef to boy. Next the operator Rs is applied to the just formed 
noun phrases and the verb like, yielding the sentence the boy likes the apple. This 
process is described by the following expression (sequence of symbols): 

(1) Rs(RDet(boy), RDeJ(apple), like) 

Such expressions are called terms. There is a simple relation of the terms to 
the elements in the original algebra. For instance, with the term RDeJ(apple) 
corresponds an element which is found by evaluating the term (i.e. executing the 
operator on its arguments), viz. the string the apple. In principle, different terms 
may evaluate to the same element, and the evaluation of a term usually is very 
different from the term itself. Terms can be combined to form new terms: the term 
(1) above, is formed from the terms RDeJ(apple,), RDeJ(boy) and like. Thus the 
terms over an algebra form an algebra themselves. 

Definition 3.4. Let B = ([BJ, F) be an algebra. The set of terms over B 
([B],F), denoted as Ts,F, is defined as follows: 

1. for each element in B a new symbol b E Ts,F 

2. For every operator in F there is a new symbol f. If f corresponds with a n-ary 
operator and ti, t2, .. . tn E Ts,F, then f(t1, t2, ... tn) E Ts,F-

The terms over B == ([BJ, F) form an algebra with as operators combinations of 
terms according to the operators of B. This algebra is called the term algebra over 
([B], F). This term algebra is denoted Ts,F, or shortly T6 . 

In section 1.2 it was argued that, according to the principle of compositionality 
of meaning, the derivation of an expression determines its meaning. Hence the 
meaning assignment is a function defined on the term algebra. 

3.5 Homomorphisms 

The principle of compositionality does not only tell us on which objects the meaning 
is defined (terms), but also in which way this has to be done. Suppose we have an 
expression obtained by application of operation f to arguments a1, .. . , an. Then 
its translation in algebra B should be obtained from the translations of its parts, 
hence by application of an operator g ( corresponding with /) to the translations of 
a1, . .. , an. So, if we let Tr denote the translation function , we have 

Such a mapping is called a homomorphism. Intuitively speaking, a homomor­
phism h from an algebra A to algebra B is a mapping which respects the structure 
of A in the following way. If in A an element a is obtained by means of application 
of an operator f , then the image of a is obtained in B by application of an operator 415 



corresponding with f. The structural difference that may arise between A and B 
is that two distinct elements of A may be mapped to the same element of B, and 
that two distinct operators of A may correspond with the same operator in B. 

Definition 3.5. Let A== (A, F) and B == (B, G) be algebras. A mapping h: A--, B 
is called a homomorphism if there is a 1-1 mapping h': F--, G such that for all 
f E F and all a1, ••• , an EA holds h(J(a1 , ... , an))== h'(J)(h(ai), ... , h(an)) 

Now that the notions 'terms' and' homomorphisms' are introduces, all ingredi­
ents are present needed to formalize 'compositional meaning assignment' . 

A compositional meaning assignment for a language A in a model B is 
obtained by designing an algebra ([CJ, F) as syntax for A, an algebra 
([HJ, F) for B, and by letting the meaning assignment be a homomor­
phism from the term algebra TA to ([HJ, G). 

3.6 Polynomials 

Usually the meaning assignment is not direct, but indirectly via a translation into 
a logical language. The standard way to do this is by using polynomials. Here the 
algebraic background of this method will be investigated. 

First the definition. A polynomial is term with variables, so 

Definitions 3.6. Let B == ([BJ, F) be an algebra. The set Pol([Bl, F) - shortly Poln 
- of n-ary polynomial symbols, or n-ary polynomials, over the algebra ([BJ, F) is defined as follows: 

1. For every element in B there is a new symbol ( a constant) b E Poln. 

2. For every n, with 1 S:: i S:: n, the variable xi E Poln 

3. For every operator in F there is a new symbol. If f corresponds with a n-ary 
operator, and P1,P2, ••• ,Pn E Poln then also f(P1,P2, . . . ,Pn) E Poln. 

The set Pol([B) ,F) of polynomial symbols over algebra ([BJ, F) is defined as 
the union for all n of the n-ary polynomial symbols, shortly Pol == Un Poln. 

A polynomial symbol p E Poln defines an n-ary polynomial operator; its value for 
n given arguments is obtained by evaluating the term that is obtained by replacing 
x1 by the first argument X2 by the second, etc. 

Given an algebra ([BJ, F) and a set P of polynomial over A, we obtain a new al­
gebra ([BJ, P) by replacing the original set of operators by the polynomial operators. 
An algebra obtained in this way is a polynomially derived algebra. 

If an operation is added to a given logic, it should be an operation on meanings. 
In other words, whatever the interpretation of the logic is, the new operator should 
have a unique semantic interpretation. This is expressed in the definition below, 
where h is a compositional meaning assignment to the original algebra, and h' 
describes the interpretation of new operators. 

Definition 3. 7. Let ([AJ, F) be an algebra. A collection operators G is called safe 
if for all algebras B and all surjective homomorphisms h from A onto B holds that 
there is a unique algebra B' such that the restriction h' of h to the elements of 
([AJ, G) is a surjective homomorphism. 

This definition is illustrated in figure 2. 

Theorem 3.8 ((Montague 1970)). Polynomial operators are safe. 
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<!ALF> ······························ ) <[A],G> 

l h' 

h' ..", 
B ··············································) B 

• B' ch that h' ' the restriction of h, • 2· G is safe if for all B there is a umque su F~ure • . 
is a surjective homomorphism 

• ors in the homomorphic image. 
Proof (sketch) Mimic the po~~o~~a~~c::~perations on logic, but safeness is then 
There are of course other met o s 
not guaranteed. Examples are 

• Replaces all occurrences of x by. y £ this operator because some of the new 
There is no semantic interpretat10n or 1 b B' in the sense of the above 

b me bound. So there is no a ge ra y's may eco 
theorem. 

t"fi by universal ones :3 ) Replace all existential quan I ers f ula has v and the other ~ ~ 
• 1 ( where one orm For equivalent formu as e.g. . 

non-equivalent results are obtamed. 

• Recursion on the length of a formu( la tor) has no interpretation, hence the 
In the model for logic this not10n aper~ 1 

t 11 founded m the mo e . 
recursion is no we - . power as follows 

• t· on the expressive ' f I omials is not a restnc wn The use o po yn 

f om the next theorem. d G a 

r L t (A F) be an algebra W1,th infinitely many generators, an ll 
Theorem 3.9. e ' (A F) Then all elements of G are polynomia y collection of safe operators over ' . 

definable. . . b van Benthem (1979), and for many 
A roof for this theorem is given y 

Proof p b F w·edijk in Janssen (1986a). 
sorted algebras Y • 1 . . 

• • s since it justifies the restnct10n to 
Theorem 3.9 is important for apphcat10~ t duces a new operator, then either 

polynomially defined operators. S~ipose .~~: :o;~afe and consequently should nol 
it is safe, and polynomially defina e, o\1 f infinitely .many generators is not area 
be used. In applications the requiremen ~xed variables X1,x2,X3, ... Furthermore 
restriction, since the logic usually h)s t:~ the theorem holds for any algebra with 
it is claimed (Wiedijk pers. comm. a . . f 

at least two generatms. . b iving the formalization of the pnnc1ple o We may summarize the sect10n y g 

compositionality of meaning. . assianment to L is 
A compositional meanmg " A _ 

Let L be some language. . f L a compositional grammar -
obtained as follows. We des1.gn orl mar B = ( (B G)' SB) to rep-

d os1t10na gram ' . 
((AL , FL), SL), an a comp B has a homomorphic interpretation m some resent the meanmgs, where 



model M Th -• e meamng assignment for L . d 
on from TA to an algebra that is polyn is llefined_ by a homomorphism 

om1a y denved from B. 

3. 7 Developments of the model 

The algebraic framework presented h . 
Montague in Universal G ere is almost the same as the o d 

:~:~o~h;; tt:: :~~h;:;~~~1f::~;?~~;e~:a~ 9:ii~br::~~ 7!~~:r ::su::~IEEf 
notwns used m this section are the not· (Gt;etzer 1979) ongmates from 1968) Th 
some cases from the ones used b M wns at are standard nowadays and d"ffi e 
language', where we use a 'ter y ontague. For instance, he uses a 'disam . I er at 

!ff:: :: only by name. The ~g:~~:~~a~0~ 0e~i~::;:ic~, balthMough closely b:!~~:~~ 
. same as the model used · . pe Y ontague turned 

~csdca~ed initial algebra semanticsll(I~rfi;:)r science in the approach to sem:~: 
. m e oas (1981). Manta ue's fr . , as was noticed by Janssen & 
m Janssen (1986a) and J;nssen atework is redesigned using many sorted al e van 
dealing with flexibility in Hendri~ ~~~i~/hat framework is developed furt;erb;: 

4 

4.1 

The formal power f 
0 compositionality 

Introduction 

In the present section the o 
language and th . p wer of the framework with 

the one ha~d co;p:~~~:~~lir;;~t;:;tsri;:;~eb~ i~estigated. ~:s~~~t b~o s~::!e~:::t~~ 
a compos1t10nal analysis is impossible O nth e se~se that, in some cir1cumstances 
;~mpos1twnality does not restrict the ~last ft ot er hand it will be shown tha; 

e meanmgs that can be assi ne . o anguages that can be anal zed 
guarantees recursiveness g d. Fmally a restriction will be cons1·dy d' hnor 

• -t" 

4.2 Not every grammar can be used 
In the preceding sections exam I . 
is suitable for a compositionJ :e::i!1ven which illustrate that not every grammar 
formal underpinning of this A g assignment. The example be! . 
meanin £ . • grammar for a Jan . ow gives a 

. gs . or its expressions. It is proven th t ·t . guage IS given, together with the 
meanmgs m a compositional way to th . a I is not possible to assign the given 

e given grammar. 

Example 4.1. The basic expressions .. 

:~: ~;::;~;;t;;~1i(nd)t: ;lge:,;a. The ~~s~h;n~g::~e~01;;! !' !;g~/~ 7~u8m, 9b}. There 
• , "e second one k /: er name 

;on~~~~~~(;))a::~(;;t:g J1,e :::;t~n t/::to;;h;::;b!;:/::: ~:(:~) 2::~ 
l ;: expression is the natural number i/ d~nG: (6)) = G2(0, 6) = 06. The meaning 

• zs meaning Junction is denoted by M. o es, so 007 has the same meaning as 

Fact 4.2. There is n /: . 
o unction F such that M(G ( b)) 

Proof Suppose that th 2 a, = F(M(a) , M(b)). 
I ere was such a . 

wou d have n operat10n F Since M(7) M( 
• = 007), we 

M(27) = M(G2(2, 7)) = F(M(2) 
,M(7)) = F(M(2),M(007)) -

- M(G2(2 ,007)) = M(2007) 
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This is a contradiction. Hence no such operation F can exist. 
End of Proof 

This result is from Janssen (1986a); in Zadrozny (1994) a weaker result is proved, 
viz. that there does not exist a polynomial F with the required property. 

A compositional treatment can be obtained by changing rule G2. The digit 
should be written at the end of the already obtained number: G3 (d, n) = nd. 
Then there is a corresponding semantic operation F defined by F(d, n) = 10 x 
n + d, for instance M(07) = M(G3 (7,0) = F(M(7),M(0)) = 10 x M(0) + M(7). 
So a compositional assignment of the intended meaning is possible, but requires 
another syntax. This illustrates that compositionality becomes possible if semantic 
considerations influence the design of the syntactic rules. 

4.3 Power from syntax 

The next theme is the (generative) power of compositional grammars and of compo­
sitional meaning assignment. In this section we will consider the results of (Janssen 
1986a), and in the next section those of (Zadrozny 1994). 

In the theorem below it is proved that any recursively enumerable language can 
be generated by a compositional grammar. The recursively enumerable languages 
form the class of languages which can be generated by the most powerful kinds 
of grammars (unrestricted rewriting systems, transformational grammars, Turing 
machine languages etc.), or, more generally, by any kind of algorithm. Therefore, 
the theorem shows that if a language can be generated by any algorithm, it can be 
generated by a compositional grammar. The proof exploits the freedom of compo­
sitionality to choose some suitable grammar. The basic idea is that the rules of the 
grammar (operations of the algebra) can simulate a Turing Machine. 

Theorem 4.3. Any recursively enumerable language can be generated by a compo­
sitional grammar. 

Proof In order to prove the theorem, we will simulate a nondeterministic Turing 
machine of the following type. The machine operates on a tape that has a beginning 
but no end, and it starts on an empty tape with its read/write head placed on the 
initial blank. The machine acts on the basis of its memory state and of the symbol 
read by the head. It may move right (R), left (L) or print a symbol, together with 
a change of memory state. Two examples of instructions are 

Ii : q1 sq2R ( = if the Turing machine reads in state q1 an s, then its state changes 
in q2 and its head moves to the right) 

h : q1sq2t ( = if the Turing machine reads in state q1 an s, then its state changes 
in q2 and it writes an t) 

The machine halts when no instruction is applicable. Then the string of symbols on 
the tape ( neglecting the blanks) is the generated string. The set of all the strings 
the nondeterministic machine can generate is the generated language. 

A compositional grammar is of another nature than a Turing Machine. A gram­
mar does not work with infinite tapes, and it has no memory. These features can 
be encoded by a finite string in the following way. In any stage of the calculations, 
the head of the Turing machine has passed only a finite number of positions on 
the tape. That finite string determines the whole tape, since the remainder is filled 
with blanks. The current memory state is inserted as an extra symbol in the string 
on a position to the left of the symbol that is currently scanned by the head. Such 
strings are elements of the algebra. 
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Each instruction of the Turin . . 
algebra. This will be shown belo! ::chme will be mimicked by an operation of the 
tl~h some additional operations are ne!~:~~o examples mentioned before. Besides 
t~ the str~ng if the head stands on the last. tpe~at/°ns that add additional blanks 

e rig t , and operations that ym o on the right and has to m 
symb_ol and the blanks from the s:::ove at the end of the calculations the st~~= 
described in further detail. g. These additional operations w.ill not be 

I1 : The corresponding operator F1 is defin . 
W1 and W2 are arbitrary strings consis;d for strings of the form W1 qsw2 where 
blanks. The effect of F1 is defined b ;n(g of symbols from the alphabet and 

I y J W1q1sw2) = W1sq2w2. 
2 : The corresponding operator p. . 

W1q2tw2. 2 IS defined for strings of the form p. ( ) 
2 W1q1sw2 = 

Since the algebra imitates the Tu . . 
End of p f T rmg machme the g d 
says th t roo he_ above result can be extended t enerate language is the same. 

a any meamng can be assigned to I o meanmgs. The theorem below 
any anguage m a c . . 

Theorem 4_ 4_ (An l ompos1t10nal way. 
Let L b . y anguage, any meaning) 

e a recursively enumerable l 
of the expressions of L into D. The~~t:age, and M: L -, D a computable Junction 
operations such that M . h re are algebras for L and D th 

Proof In th f 
zs an omomorphism. wi computable 

e proo of theorem 4 3 th . 
for the source language L A • . e existence is proven of an algebra A 
rule d • variant A' of A • t k as syntax 
R s pro uce strings that end with a sin 1 # Is a en as grammar for L: the 
/ Rrem~ves that # . For the semantic alg!i -sign, and ~n- additional rule, say 

o # t ere Is a rule RM that performs ra a copy of A IS taken, but instead 
computable, so is R Th . the meanmg assignment M s· M . 
t M • e syntactic rules of A' • mce 1s 
o one correspondence with the· rules of A' extended with R# are in a one 

Eass1gnment is an homomorphism. extended with RM . Hence the meaning 
nd of Proof 

4.4 Power from semantics 
Zadrozny pro th H ves at any semantics b 

e takes a version of compositionalit can e_ dealt ':ith in a compositional wa 
concatenation of strings is used. On t{ t~~t I: most mtuitive: in the syntax on!; 
unorthodox meanings. Let us quote hise t~ er an( d, he exploits the freedom to use 

eorem Zadrozny 1994) . 
Theorem 4 5 L t M b • 
be b. • • e e an arbitrary set Let A b . 
b a znary operation, and let S be th t. l e an arbitrary alphabet. Let " " 
e an arbitrary Junction Then th e_se c osure of A under"." Let m. S M. 

µ . S ]\;/* • ere zs a set off t • • • -> 
• -, such that for alls, t ES unc zons M• and a unique map 

µ(s.t) = µ(s)(µ(t)) , andµ(s)(s) = m(s) 

The first equality says that o .. 
says that from µ( s) the originall:giv~:y:;:mpos1t1o~ality, and the second equality 
proceeds as follows . The requirement of mng can e retrieved. The proof rou hi 
set of equations concerning µ. Then a b::ros1t1onality is formulated by an infi~it~ 
IS evoked , the solution lemma It emma from non-wellfounded set th 
set f . • guarantees that th . eory 
. o equat10ns - in non-wellfounded set th e'.e IS a unique solution for this 
IS a recently developed model for set theor eory. _This non-wellfounded set theory 
not hold. Zadrozny claims that the resul/ ;n whh1t t_he axiom of foundation does 
restricted to computable ones. a so o ds If the involved functions are 
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On the syntactic side this result is very attractive. It formalizes the intuitive 
version of compositionality: in the syntax there is concatenation of visible parts. 
However it remains to be investigated for which class of languages this result holds; 
with a partially defined computable concatenation operation only recursive lan­
guages can be generated. 

Zadrozny claims that the result also holds if the language is not specified by 
a (partial) concatenation operation, but by a Turing Machine. However, then the 
attractiveness of the result disappears (the intuitive form of compositionality), and 
the same result is obtained as described in the previous section (older and with 
standard mathematics). 

On the semantic side some doubts can be raised. The given original meanings 
are encoded using non wellfounded sets. Since the original sentence is parts of this 
encoding, each sentence has its own, distinct meaning. It is strange, however, that 
synonymous sentences get different meanings. Furthermore it is unclear, given two 
meanings, how to define a useful entailment relation among them. 

In spite of these critical comments, the result is a valuable contribution to the 
discussion of compositionality. It shows that if we restrict the syntax considerably, 
but are very liberal in the semantics, a lot more is possible than expected. In this 
way the result is complementary to the results in the previous section. Together 
the results of Janssen and Zadrozny illustrate that without constraints on syntax 
and semantics, there are no counterexamples to compositionality. This gives the 
pleasant feeling that a compositional treatment is somehow always possible. 

It has been suggested that restrictions should be proposed because composi­
tionality is now a vacuous principle. That is not the opinion of this author. The 
challenge of compositional semantics is not to prove the existence of such a seman­
tics, but to obtain one. The formal results do no help in this respect because the 
proofs of the theorems assume that some meaning assigning function is already 
given, and then turn it into a compositional one. Compositionality is not vacuous, 
because we have no recipe to obtain one, and bec;use several proposals are ruled 
out by the principle. Restrictions should therefore have another motivation. The 
challenge of semantics is to design a function that assigns meanings , and the present 
paper argues that the best method is to do so in a compositional way. 

4.5 Restriction to recursiveness 

In this section a restriction will be discussed that reduces the generative capacity of 
compositional grammar to recursive sets. The idea is to use rules that are reversible. 
If a rule is used to generate an expression, the reverse rule can be used to parse 
that expression. Let us consider an example. 

Suppose that there is a rule specified by R 1(a,(3 ,1 ) = a (3s 1 . So: 

R1 ( every man, love, a woman) = every man loves a woman 

The idea is to introduce a rule R11 such that 

R 11(every man loves a woman)= (every man, love, a woman) 

In a next stage other reverse rules might investigate whether the first element of this 
tuple is a possible noun phrase, whether the second element is a transitive verb, and 
whether the third element is a noun phrase. A specification of R11 might be: find 
a word ending on an s, consider the expression before the verb as the first element, 
the verb ( without the s) as the second, and the expression after the verb as the 
third element. Using reverse rules, a parsing procedure can easily be designed. 

The following complications may arise with R11 or with another rule: 
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• Ill-formed input 

The input of the parsing process might be a string that is not a correct sen­
tence, e.g John runs Mary. Then the given specification of RI 1 is applicable. 
It is not attractive to make the rule so restrictive that it cannot be applied to 
ill-formed sentences, because then rule RI 1 would be as complicated as the 
whole grammar. 

• Applicable on several positions 

An application of RI 1 (with the given specification) to The man who seeks 
Mary loves Suzy can be applied both to seeks, and to loves. The information 
that the man who is not a noun-phrase can only be available when the rules 
for noun-phrase formation are considered. As in the previous case, it is not 
attractive to make the formulation of RI 1 that restrictive that is is only 
applicable to wellformed sentence. 

• Infinitely may sources 

A rule may remove information that is crucial for the reversion. Suppose that 
a rule deletes all words after the first word of the sentence. Then for a given 
output, there is an infinite collection of strings that have to be considered as 
possible inputs. 

The above points illustrate that the reverse rule cannot be an inverse function 
in the mathematical sense. In order to account for the first two points, it is allowed 
that the reverse rule yields a set of expressions. In order to avoid the last point, it 
is required that is a finite set. 

Requiring that there is a reverse rule, is not sufficient to obtain a parsing algo­
rithm. For instance, it may be the case they E RI 1(y), and a loop arises. In order 
to avoid this, it is required that all the rules form expressions which are more com­
plex (in some sense) than their inputs, and that the reverse rule yields expressions 
that are less complex than the -input. Now there is a guarantee that the process of 
reversion terminates. 

The above considerations lead to two restrictions on compositional grammars 
which together guarantee recursiveness of the generated language. The restrictions 
are a generalization of the ones in Landsbergen (1981) , and provide the basis of the 
parsing algorithm of the machine translation system 'Rosetta' (see Rosetta (1994)) 
and of the parsing algorithm in Janssen (1989). 

1. Reversibility 

For each rule R there is a reverse rule R- 1 such that 

(a) for ally the set R- 1(y) is finite 

(b) y=R(x1 ,x2, ••• , xn) ifandonlyif(x1,x2 , . .. ,xn) ER-1(y) 
2. Measure condition 

There is a computable functionµ hat assigns to an expression a natural num­
ber: its measure. Furthermore 

(a) If y = R(xi, X2, •• • xn), then µ(y) > max(µ(x 1), µ(x2, ), ... , µ(xn)) 

(b) If (x1,X2, ••• ,xn) E R- 1(y) then µ(y) > max(µ(xi),µ(x2 , ) ... µ(xn)) 

Assume a given grammar together with reverse rules and a computable measure 
condition. A parsing algorithm for M-grammars can be based upon the above two 
restrictions. Condition 1 makes it possible to find, given the output of a generative 
rule, potential inputs for the rule. Condition 2 guarantees termination of the re­
cursive application of this search process. So the languages generated by grammars 
satisfying the requirements are decidable languages. Note that the grammar in the 
proof of theorem 4.3 does not satisfy the requirements, since there is no sense in 
which the complexity increases, if the head moves to the right or the left . 422 

5 Conclusion . . 
• • • nin really means something. It is a restnc-

The principle of compos1t10naht~s:~s~~athe tterature, and is certainly ~ot vacuous. 
t • that rules out several prop h era! methods to obtam a compo-wn • h that t ere are sev I 
0 the other hand it was s own . . . sible task. For counterexamp es n • • t· so it is not an impos . 
·tional meanmg ass1gnmen ' d This practical expenence was sup-~~ compositionality sol~t10ns f:;~:t:~:~::t~nces of any language can be assi!ne_~ 
orted by mathemat1ca p_roo However' the formal results do not ma e l 

~ny meaning in a compos1t10~atl waly ~emantics so these results form no reason for • to obtain a compos1 10na , any easier 

restrictions. • • ormal restriction on what can be achieved, but. a 
Compositionahty is not a f C m ositionality requires a decision o~ what m 
thodology on how to proceed. . o P_ . "f e has to build meanmgs from 

me h b • mant1c umts are. l on .. 
a given approach t e as1c se h ·ts are It also requires a decision on 
them, it has to be de_cided what r: e::du~ow th~y are combined. If a proposal 
what the basic umts m syntax a ' . th t the fundamental question what the 

• • I it is an md1cat10n a • ·ct d the is not compos1t10na ' . f t ·1 If such an answer is prov1 e ' 
• t red sat1s ac on Y· JI th· basic units are, is no answe d t d So the main reason to fo ow is 
• • • better un ers oo · . 

1 situation under d1scuss1on is. . 1· . d search in the right direction. 
methodology, is that compos1t1ona ity gm es re 
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A Programme of Modal Unification 
of 

Dynamic Theories 

Jan Jaspars 1 Emiel Krahmer2 

1 Introduction 

Change is an important concept in such diverse research areas as computer science, artificial 
intelligence, cognitive science and linguistics. This has led to a great proliferation of so­
called logics of change ( a.k.a. dynamic logics) in these areas over the past twenty years. 
In all these theories different semantic parameters are 'dynamified'. For example, in many 
discourse logics the dynamics resides on the level of variable-assignments, while in the update 
logics it lives on the level of possible worlds3 . But even within the single groups there is 
no homogeneity. If we take the discourse logics as example, they are mutually divergent in 
the way the assignments are used in the interpretation. Since in different systems different 
aspects of the interpretation are dynamified, comparing and/or unifying the various logics is 
a non-trivial yet interesting task. [MvBV95] note that developing a single logic in which all 
relevant aspects of semantics are combined will surely lead to 'a disaster' and that it would 
be more useful to have 'one common general purpose logic', in which the various approaches 
can work 'in tandem'. 
In this paper we intend to come to a bird's-eye view. on the gamut of dynamic theories. To 
arrive at this point we will take the modal perspective. Given the modal character of Pratt's 
original dynamic logic, the contents of this paper can be characterized as a re-modaJ-ization 
of dynamic semantics. This remodalization is carried through in the style of the Dynamic 
Modal Logic (DML) of [Ben91] and [Rij92], which was developed to model general reasoning 
about expanding and reducing information states. The model-theory of DML is based on 
the possible world models, called information models here, which Kripke introduced for 
Heyting's intuitionistic logic in [Kri65] (according to this perspective, intuitionistic logic is 
a dynamic logic avant la lettre). An information-model M for a certain language [, looks 
as follows: M = (S, ~' [.] ), where S is a non-empty set of information-states, ~ a pre­
order over S and [.] an interpretation-function. The extension of[, ('the static language') 
with modal operators will be designated as [,• ('the dynamic language'). Figure 1 visualizes 
this perspective. The dashed region may be thought of as (part of) some well-known logic. 

r---------------------------•-••-, 
' ' ' ' 

Ii, rr n s C 

·-------------···················' 

Figure 1: Dynamification 

The non-dashed part allows us to dynamify the logic. For this purpose the semanticist has 
to implement his specific philosophy of the flow of information into the definition of ~-

1. CWI, Dept. of Interactive Systems, P.O. Box 94079, NL-1090 GB Amsterdam, The Netherlands, 
jasparsGcvi.nl, http://vvv . cvi.nl/,....,,jaspars. Jan Jaspars was supported by CEC-project LRE-62-051 
(FraCaS). 
2. Institute for Perception Research (IPO), P.O. Box 513, 5600 MB Eindhoven, The Netherlands, 
krahmerGnatlab. research .phil.ips . com, http : / /tkivvv. kub. n1: 2080/tki/Faces/Ek/ ek. html. 
3. Compare the distinction between Tarsk.ian and Kripkean dynamics as made in [BC94]. 
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To reason about it, modal operators, whose denotations are uniquely determined by this 
information order, are added to £, resulting in the extended C . 
The modal operators can bring us from the static to the dynamic part. I.e., we can 'dynamify' 
a proposition ¢ by modalizing it as the argument of a dynamic modal operator. For instance, 
[¢]+,p expresses that each expansion of the current state with¢ yields a ,J,-state, and (¢)-,p 
means that at least one reduction with ¢ brings us to a ,J,-state. In this sense, it is fair to 
say that the static part 'generates' the dynamic part. Often the focus is on the latter part of 
DML. For example, Van Benthem and De Rijke discuss only the case in which the static part 
is classical propositional logic, i.e., the information states amount to standard truth-value 
assignments. 
In this paper, we will show that many dynamic theories of change of information can formally 
be interpreted in a DML-style logic by specifying suitable static and dynamic languages, and 
giving suitable tunings of the three semantic parameters which together form the information 
models. In our setting a dynamic theory is characterized once the five parameters -£, £,*, 
S, ~ and [.]- are determined. In general, the static parts of these theories are somewhat 
richer, while the dynamic parts are only poor fragments of the complete modal part of the 
original DML . This fragment is the restriction to primitive expansions and reductions and 
their minimal brothers and sisters, which we shall call up- and downdates. 
In the end we hope to arrive at an abstract, modal unified view on dynamic semantics, which 
relates to cognitive science and linguistics in the same way as Pratt's original dynamic logic 
relates to computer science. The intention is that it will give us more than an entertaining 
stroll up and down the dynamic boulevard. The future aim of the enterprise started here 
is to come to a general and formal framework that captures the wide range of dynamic 
theories. Such a general minimal logic is certainly not meant to replace existing systems, 
but rather to comprehend them altogether by means of a simple language and underlying 
model-theory. Specific dynamic logics have been invented for treating specific dynamic 
phenomena of reasoning in a formal logical way. The specific formats of these logics have 
shown their use in practice (in the case of discourse logics the direct interpretation of natural 
language to logical form for example), and a meta-logic as we wish to present here is a priori 
not equipped for such specific utilities. 
But what is our project good for? First of all, the fram~work is meant to give us a single 
microscope of which we hope to make observations on general logical and computational 
properties of different systems. Since for some of these systems, in particular the construc­
tive ones (section 3), such meta-theoretical investigations have been going on for many 
decades, our hope and expectation is that this wisdom can be transferred to other parts of 
the spectrum in our framework . A second motivation is to connect to the current trend of 
congregating dynamic theories into more holistic systems covering as many dynamic phe­
nomena in general reasoning as possible. 4 Finally we would like to stress that the present 
unified perspective not only provides us with a method to characterize existing dynamic 
systems in terms of possible world semantics. It also enables us to create new dynamic 
systems. For that we only need to extend an existing semantic theory by supplementing it 
with a 'dynamic component' (see Figure 1). 5 

The first step of our project of unification, as is worked out in this paper, consists of a 
survey of DML-specifications of several key dynamic systems. This means that our claim 
in this paper is more an empirical than a theoretical one. Of course, we will present our 

4. A recent example of this tendency is the combination of dynamic predicate logic and update semantics in 
[GSV94]. Another combination which we find appealing is the one of first-order constructive and discourse 
logics. The former employs the dynamics of domains and interpretations, while the latter is concerned 
with the dynamics of variable assignments . Combining these two yields first-order dynamics for predicates, 
constants as well as for variables. This may bring us closer to the dynamics of natural language. For instance , 
see [BC94], [Bun90] and [MvBV95] for pleas for this kind of dynamics. In [JK96a] such dynamics is used for 
preferential reasoning over discourses. 
5. Of course, the combination, the renovation and the innovation of dynamic logic in this modal setting is 
not a deterministic process. There is a lot of freedom left to the designer himself. By combination of systems 
we mean the mutual exchange of the individual five parameters of Figure 1. 
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. . anner but there will be no central theorem_about e'.°s~i~g 
translations m a formally precise m , . will illustrate how certam peculiarities 

. f £ rmal observations, we . d • 
dynamic logics. By means o o . b t them can be described usmg the ynam1c 
of the translated systems, and differences e ween , 

modal framework. . . f 11 In the first part (section 2) we will discuss t~e 
T he rest of this paper is orgamzed as o ows. d t will show how various existing logics 

. d t il In the secon par we b 
information models m more e a • . t In section 3 we will re-survey a num er 
of change can be re-created in th~ resultn~g se -udp.l These provide the easiest examples of 

. • • t of mformation mo e s. · 2 I th 
of constructive logics m erms h d fi ·r ns and terminology of sect10n • n e 
dynamification and allow ~s to clarify t e ; ;1 {°gics in terms of information models and 

t . thereafter 4 we will reformulate up a e o 
sec 10n ' ' • l • . . 5 ill do the same for the discourse og1cs. 
m section w 

2 Basic definitions . . 
. dal lo ic very simple. The basis of its models is given 

The s~ma~tic se~:;g ::rtI:::t~:r intui~ionistic logic, e.g., [Fit69]. 
by Knpke s poss1 e 

[, • £ rmation model M is a triple (S, ~, [.]) 
Definition 2.1 Let [, be so~e lang~ag\~:es -~: pre-order over S, which is called ~he 
with S a non-empty set of mformat10n S [] '. -all d an £,-specification or -interpretation 

d fM d[]·l-->f? . . isc e information or er o an • • . . odels 
over S . Mc is the class ofall £-mformat1on ~ T .:__ {t ET\ Vs: s C: t & s ET ⇒ t ~ s} 
If M = (S, C::, [.]) E Mc and T <;;; S, then mmM }-6 -
and maxM T = {t ET\ Vs: t ~ s & s ET ⇒ s ~ t • 

h. h must be seen as the static 
The specification function interprets_ the _ languag~ £, w d l~ 

language that we start with, over a given mformat1on mo e • . 

_ C: [ ]) E Mc. The static meaning of <P is [¢], 
Definition 2.2 Let <P E [, and let M - \S, _, d. akes it possible to define the intended 

. [,1.] The informat10n or er m I t· and is also wr1tten as 'I' M· . "' • roposition <P E [, these re a ions are 
d d f ( ) relatwns ror a given P • f. expansion ( +) an re uc 10n - • . • f ,1. These dynamic meanmgs re er 
. d th gative dynamic meanmg O 'I' · f 

called the dynamic an e ne. . d d ti d as context sensitive interpreta wns 
to expansion with <P and reduction with <P an are e ne 

with respect to a state s. 

[</J]t-,. 

[¢]M,• 

{t ES\ s ~ t & t E [</J]M} 

{t ES \ t ~ s & t '{. [</J]M} 

(1) 

d t + nd -µ) are defined 
. d ductions (the up- and down a es, µ a 

The minimal expans10ns an re 

as follows: [</J]i/,, minM [¢]1,, (2) 

[¢]~, maxM[<P]M,• 

. re used and often preferred in dynamic 
Also relational variants of these in~rre:a::::;e dyna~ic action (e.g.,+,-,+µ or-µ), 
logics. They are defined as follows. e ac 

then · \ [,1.]act} (3) 
• [</J]';Jt {(s,t)ESxStE'l'M,, .. 

. . [,1. ,1. ]act for the relation compos1t10n 
I th we will also use the abbreviat10n 'l'l, ••• , 'l'n M - t & (s· 1 s·) E 
n e paper \ s E S • so = s, Sn - ,- , ' 

[ ,1. ]act [,1. ]act. That is, {(s, t) :lso, s1 , • • •, Sn-1, n • 
lf'l Mo .• . o 'f'n M 

[¢;] for all i}. 

--- - . 1 T - 0 For example, the set of positive rational numbers(> 0) 
6 N te that minM T = 0 does not imp Y - • (lfl\ < [ ]) 

• 0 • • 1 1 ment in models of the form \l.J'., _, • • 
does not have a nuruma e e 
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Having developed the dynamic relational interpretations of propositions, we can define 
modal operators to facilitate explicit reasoning over these relations. For example, the expres­
sion [¢,]+,;, refers to information states which necessarily turn into ,j; states when they are 
extended with¢,.(¢,)+,;, means that there is at least one way to extend an information state 
with ¢, in such a way that also ,j; holds. For negative dynamic meanings of ¢, we introduce 
the operators [¢,J- and(¢,)-. Minimal positive dynamic operators are[¢,]+µ and(¢,)+µ, and 
minimal negative dynamic operators are [¢,]-µ and (¢,)-µ . In other words, for every action 
act there are two corresponding modal operators, [.]•ct and (.)•ct which are interpreted over 
the relation given by [.]~t. They are defined as follows: 

Definition 2.3 Let M = (S, i;::;, [.]) E Me,. The dynamic modal operators obtain the fol­
lowing static interpretation once they have been supplemented with some propositional argument: 

[[¢,j•ct'P]M 

[(¢,)•ct'P]M = 
{s Es I [¢,m~. ~ MM} 

{s Es I [¢,m~. n MM =J 0} (4) 

Different dynamic systems employ different dynamic modalities. For example, in update 
semantics only update operators ( +µ) are used, while systems of belief revision also use downdates (-µ, see section 4) . 

In general, we speak of ,C as the static or local language of dynamic systems. The dynamic 
modal extensions such as have been described here, are called global or dynamic languages, which we will also denote by ,e•. 

The outline of our survey 

In the following sections we will present logics which can be interpreted over a given class 
of information models. For each logic we give a translation function to a dynamic modal 
language such that the meanings are preserved, that is, the original interpretation of the 
propositions of a logic in terms of information models is maintained when we interpret the 
translations in the way we described above. For proofs we refer to the full text [JK96b]. 

Definition 2.4 Let L be some logic with a language ,CL and an associated class of infor­
mation models ML. A DML-specification consists ot 

1. A pair of languages (C, ,C*) such that ,e• is some DML-enrichment of ,C and ML ~ Mc, and 

2. A DML-translation function: • : ,CL --+ ,e• such that • preserves meaning, that is to 
say, the original interpretation of an arbitrary ¢, E ,CL will be captured by one of the 
interpretations of¢,• as given in Definition 2.2. 

Definition 2.4 elucidates our intentions in a formal way. We are aiming at an unambiguous 
universal dynamic modal language, - as far as the modal (relational) part is concerned -
which can be used to compare dynamic logics. By comparison we mean that we can focus on 
the relational expressivity which is employed by different theories, as represented by the set 
of dynamic modal operators in the target global language, and specify individual constraints 
on information models by postulating corresponding axioms in the same target language. 
Before we start our survey of DML-specifications of existing systems, we introduce the fol­lowing conventional notations: 

• IP = {p, P1, ••• , q, r} is a set of propositional variables. 

• We use two notations, + and *, for different closure properties of languages. If C is 
a set of connectives and F a certain language, then 

F + C = the smallest superset of F closed under the connectives in C, 

F * C = the smallest superset of F closed under the connectives in C 
and the connectives which occur in F . 
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t ken to be binary connectives. An d • odal operators are a F {[¢,]+µ} In this definition the ynam1~ m d a unary connective. For example + . 
instantiated modal operator is treate a~µ [ ]+µ,;, with 1P E F. A single formula is 
• the set of all formulae of the for':11 [ ¢,] • •• h ¢,t F "' is the the smallest superset of 1s tive This means t a * 'I' 

taken to be a 0-ar~ co::ecall the connectives which appear in F. } 
FU{¢,} closed un er e . . I lo ic· IP+{/\, V, ->, ~, ..L . 
,. is used for the language of propos1tiona tg .• the target static language £, then 

• L,Q • f /\ are presen m . ["' V .,.] -• If disjunction V and conJu~c wn. tations of union and intersect10n: ."' '1'. -
onsistently use the ordmary mterpre ill mit them in the spec1ficat10ns 

[;] ~ [,f;] and [¢, /\ ,f;] = [¢,] n [,j;]. Therefore, we w O . 

below. ,e• of as ecification is closed under a given_ n-
• If the target dynamic modal la~guage et locJ language[, and whose interpreta~10n 

ary connective Cn which occurs m the targ n pS over information states, i.e., 
• d fined by an n-ary function Cn : [rSJ h-; E [, then in all cases we simply 
I[S (: ,1, )] = cn([¢i], ... , [¢,n]) for eac "'' , 

Cn '!'1,•·••'l'n . c· (¢, EC). 
extend this interpretat10_n for_ b ' of tables of the form 

• We will outline the spec1ficat1on y means 

,CL .. original language · · 
[, = .. target local language .. 

L_}_[,~•'._..=..._:·~· t~a~rg~e~t~g~l~ob~al~l;,a~n~gfu[ia~ge~.~-~t]·~~~~J 
~~~~~=·;;·a;s~s~o~c~ia~t~e~d~c~l~a~ss~o;fiin~£~o~r=m=a=t=1o=n=m::o:d:el:s: •• : ML I I • .. the DML-translation .. 

(5) 

t· L gics 
3 Construe 1ve o d . £ rmation structures are so-called 

• b • t rprete over m o h £ 
The best known logics which can _e m_ e constructivists to the debate on t e_ oun-
constructive logics, due to the con_tn~ut10n o~ the tur The information state sem~n:1c~ f~r 
dations of mathematics at t~e_b_egmnmg ofth~:,~e:od:i-theoretic treatment of int~1t10m~t1c 
th• kind of logics has been m1tiated by Kr ~ fl t· l logics among the constructive logics. 

is • • fth most m uen ia . fIL nd 
logic (IL) [Kri65], which is on~ o till e t ation of the information state semant]1cs o h '1 a . 
In this section we will give a _s or . us ~ the minimal logic (ML) of [Joh37 and~ e og1c 
h how different constructive logics, like all1 ·at1·ons of the 'local state seman-s ow [N 149] • from sm var . 

of constructible falsity (NL) ~f e anse lobal variations of constructive log1~s by me~ns 
tics ([.]). Furthermore, we will show mores;ructive logics are persistent over the mfo~mation 
of extending the dyna~ic part. All ~e:c:~o t E [¢]M for all t;;) s. Technically speakmg(,[;t: 
order, i.e., for every ¢,ifs E [~]Mt restricted use of dynamic modal operators . 
persistence of local specificat10ns. and the he information state analyses of progra~mmg 

I ) t blishes this overall persistence. In t finds different non-persistent on y es a • d t ral language one . h 
languages, common sense rea~onmg an n~ ; nee extensions of the local specificat10ns ;v; 
extensions of constructive logics. Non-~ers1s e ming An example is adding the so-ca e 

• th fi Id of logic program • • d by ex-• ned some interest m e e . [pwgo] Non-persistence cause 
ga1 k t·on to the underlying static language ll . . the 'possibility' variant of wea nega I f es down to a owmg . h 
tending the dynamic range +m~st t~ t~el~o:r non-monotonic reasoning such ext~~s10;s ::~ 
the expansion operator: (¢,j • [Tu \4] A linguistic theory which uses non-pers1s en mo 
been introduced by [Gab82 and r t·. f [Vel85] and [Lan86] . 
operators is the so-called data seman ics o 

3 1 Positive logics . . 1 . (PIL) This logic coincides 
• T "mpl1cat1ve og1c · . · 

Let us start with the simplest ca~e: ~o~:- J::s:ic logic. Its language only contam~ proi~:-
with the implicational frag_men~ o . m UI IOI £ rmation models for this logic consists o e • I • bles IP and an implication ->. n o tiona vana 
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monotonic subclass of MJP, i.e., JP-information • • • [.] such that:7 models with a static mterpretation function 

s E [p] & s ~ t ===> t E [p]. (6) 

The DML-specification does nothing more then ma • • • 
This settles our first simple translation table: ppmg the implication <f; ---> ,j, to [¢;]+,j, . 

• 

IP+{->} 
JP 
£+{[.]+} 
Monotonic subclass of MJP (6) 

p• p,(</J--->,J,)" [¢,J+,j, I 

Positive logic (PL) coincid "th th • • brief about this logic: es wi e positive fragment of intuitionistic 

LPL lP+{A,V,--->} 
t:, lP+{A,V} 

t:,• - £*{[.]+} 
MpL Monotonic subclass of M.c (6) 

• p• - p, ( <p I\ ,j, )· = ¢,• I\ ,j,", 
( ¢, V 1P )0 - ¢,• V ,j,0, ( ¢, ---, ,j, )" W J+,J,• 

3.2 Constructive logics with negation(s) 

(7) 

logic. Let us be 

(8) 

The clear syntactic difference of positive lo • • h • a negation. Negative reasoning has al gbics wit . classical propositional logic is the lack of 
d 

. ways een an issue of debate th •• 
an an important point of criticism g . t . . among e constructivists 

d
.,.. a ams constructivism (see e g [W 93] ,. 

on inerent constructivistic treatm t . f • • • an 1or a survey 
1 

en s o negat10n) The probl • th t 
re ate notions of truth and validit to the • . em is a constructivists 
truth of a negated sentence seems\o refer ~retshencebof rµathfe~atical constructions, while the 
1 

· al 
1 

• 0 e a sence o mformation d • • 
c assic ogic. The solution of the . t ·t· • t • , as oes negation m 

k 
m m ioms s is to use an absu d •t· .l 

ta e to be an 'unprovable' pr •t· F 11 . r propos1 10n which they · oposi wn. orma Y we arnve at IL • t d" 
m~ut language £, of positive logic with .l and takin [.l] - via e":'- en mg the static 
¢, 1s then defined by means of the d . f g .- 0. T_he negation of a proposition 

t b 
ynam1cs o constructive logic· th t ·t • 

no e extended with a proof of ¢, th t . [ ¢,] + .l . , . e curren s1 uation can 
intuitionistic (Brouwer-Heyting-K~lm: ~:~v BH m) .the DML-s~ecification. In terms of the 
definition means that the negation f ~ . , ~ mterpretat10n (see e.g. [TvD88]), this 
translate every hypothetical proof ofo" . tis pro(tvhe ) whenev:r ~ method has been found to 

Cn 
t:, 

C 
Mn 

• 

'I' m O a e contrad1ctwn. 

Co 
JP+{/\, V, .l} 
t:, *{[.]+} 
as in (8) with [.l] 0 
as m (8) with .l • - .l, (-,¢, )" [¢,"]+ .l I 

(9) 

Of course, the philosophical problems of • • 
presupposed existence of an unprovable cons\~uctive negat~ve information shift to the 
of intuitionistic logic where the absu d propo~:- wn: [Joh37] mtroduced a weaker version 
--- r propos1 wn is taken to be possibly provable. This 

! . In this paper i monotonicity should be dis tin • sh d f • 
mterp~etation of atom.ic formulae, while the latte~ e rom pers1st~nce. The former notion applies to the 
order in general. xpresses preservation of mformation over the information 
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relatively small variant comes down to allowing non-empty specifications of .l. This weak­
ening ofintuitionistic logic is known as minimal logic (ML). In short, LML = Co, MML 
is the same as Mn minus the .l-constraint, £ = JP U {p_L} + {/\, V}, C = C * {[.]+} 
and the translation is the same as in (8) plus .1° = Pl. and (-,¢,) 0 = [¢,']+Pl.· In fact, this 
DML-translation tells us that ML is equivalent to PL, and therefore cannot be considered 
as a constructive contribution to the discussion on negation in constructive logic. 
A more deviant position in constructive logic with respect to negation has been taken by 
[Nel49]. Nelson introduced an independent negative construction to the BHK interpretation. 
According to this view, proofs are needed to determine mathematical truth, just as in the 
BHK philosophy, but also, refutations are needed to determine mathematical falsity. Falsity 
should have a separate truth-functional interpretation, and not be defined on the basis of 
the absence of truth as in classical and intuitionistic logic. To implement the refutation-as­
falsity in information models, we have to distinguish between the interpretation of negated 
an non-negated formulae. The latter formulae are then interpreted in the same way as in the 
case of positive logic (8), while the former have to be assigned new interpretations. In fact, 
Nelson opts for the falsity conditions of the well-known strong-Kleene interpretation from 
partial logic ( e.g., see [Bla86]) where the notions of truth and falsity are detached in the 
same manner. Two additional structural constraints are needed to get a satisfactory class of 
information models: monotonicity of falsity (refutations persist!) and the mutual exclusion 
of proofs and refutations, that is, we do not accept a proposition to have a proof ( to be 

true) and a refutation (false) at the same time. 

JP+{/\, v, -,} 
£*{[.]+} 
as in(8) extended for formulae of the form -,¢, with 

[-,p] n [p] = 0 
[-,p] monotonic for all p E JP 

[-,-,¢,] = [¢,] 
[-,(¢,A,J,)] = [-,¢,]u[-,,J,] 
Hef> v ,J,)] = [-,¢,] n [-,,J,] 

(10) 

• as in (8) for non-negated formulae, 
and for -,¢,-formulae: 
(-,p)' = -,p, Hef> /\ ,f,))' = (-,¢,)' V (-,,t,)'' 
(-,-,¢, )' = ¢,', H ¢, V ,f, ))' = (-,¢, )" /\ (-,,t, )', 
Hef> ___, ,t,))' = ¢' /\ (-,,t,)' (!!). 

3.3 Non-persistent variants of constructive logic 
Standard constructive logics are too rigid to model the 'every day' dynamics of general 
reasoning. In the field of applied logics one finds different non-persistent extensions of the 

constructive logics of the previous two sections. 

3.3.l Non-persistent statics 
The most simple non-persistent variants are based on permitting non-monotonic specifica­
tion functions. Somewhat more structural non-persistent static extensions of constructive 
logic are realized by extending their languages with an associated non-persistent connec­
tive. The most obvious example in this respect is introducing a weak negation ~ in systems 
like IL and NL. This weak negation has the same denotation as the classical negation: 
[~¢,] = S \ [¢,]. In an extended BHK interpretation ~¢ would refer to a situation where 
no proof is present ·yet . It is immediately clear why such a connective should behave non-

persistent. 
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In the field of logic programming a weak negation extension of NL has been proposed as a 
meta-logic for deductive reasoning with a negation-as-failure and explicit negation [PW90] . 
The weak negation is then seen as the implicit negation-as-failure,8 while Nelson's strong 
negation is used for proper understanding of explicit negation as a true determination of 
falsity on the facts and rules in a given program. 

3.3.2 Non-persistent dynamics 

Illustrative examples of extensions of constructive logic by means of non-persistent dynamic 
supplies can be found in the fields of non-monotonic logic and conditional logic. Within the 
former area [Gab82] gives a straightforward non-persistent variant of IL, called GL here, by 
adding existential 'upward' expressivity ((.)+).The motivation for this addition is to capture 
the consistency-operator M of the original default logic of [MD80] in an explicit fashion. The 
statement M4> means that the current state can be extended with the information 4>. It can 
be defined in the dynamic modal setting by (¢)+¢. In terms of the BHK-interpretation, 
such a sentence means that at the current state it is not yet proved that 4> is unprovable. 9 

I • 

Co* M 
The same as for IL 
C * {[.]+,(.)+} 
Mu (9) 
The same as for IL with (M4>)' = (¢•)+¢• 

(11) 

In [Tur84] a similar modal approach to nonmonotonic reasoning on the basis of strong­
Kleene partial logic has been described. In strong-Kleene logic the implication <p -+ ,j; is 
defined as ~¢ V ,j;. In terms of the DML-specification, it disappears into the static local 
language. The language of Turner's logic is the same as LGL· The information models are 
the same as MNL, the target local language C is also the same as (10), while the target 
global language is C * {[T]+, (T )+} with T = [p]+p, and the translation is then the same 
as for Nelson's logic without implication, but with the following additional clauses for M: 

(12) 

In [Wan95] a similar logic over MNL is defined. The difference with Turner's setting is that 
Wansing follows the Nelson reading of the truth and falsity of implications. Hence the DML­
specification for Wansing's logic boils down to the extension of• in (10) with the translation 
of M and ~ M sentences as given in (12). 
A conditional logic which can be seen as a non-persistent extension of constructive logic 
is the so-called data-logic (DaL) of [Vel85] . The model-theoretic setting of this logic, also 
called data-semantics, is the same as for NL with an additional re.inability constraint for 
the binary specification: 

Vs ES :lt ES: s ~ t &\/p E JP : t E [p] U [~p].10 (13) 

In terms of Nelson's proof-theoretic terminology, this constraint means that there are no 
propositions which are neither provable nor refutable, a situation which Nelson does not 
exclude. Of course, this constraint does not affect persistence in any way. Non-persistence 
evolves from the falsification of implication in data-semantics. In this setting efJ -+ ,j; is false 
whenever the current information state can be extended with efJ A ~,J;. In the dynamic modal 
setting, we can define this as (¢)+~,j; . The truth-conditional decomposition of all other 

8. Of course 1 negation-as-failure is not the same as non-N L-derivability here. NL with weak negation is 
used by Pearce and Wagner as a m eta-logic for reasoning about logic programs. 
9. One can define M<J:, when the above-mentioned weak negation is available : (tp)+cf> means the same as 
,..._, [tp]+ l.. lntuitionistic logic with weak negation has higher expressive capacity than C, G L · 

10. It can easily be proven that this requirement induces refinability for the full language, i.e., replace p by 
arbitrary formulae from .C* . 
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d fi • f of truth of implication is 
t . es coincide with their treatment in NL . The e m ion 

connec iv 

also identical to Nelson's . 

[1£~Da~L::-~~4£,~o :-::=.~~=-=_=_=_=_=_=_= _= _= _= _= -1 
C = As in (10) 

C C*{[.J+,(.)+} ( ) 
The refinable (13) subclass of MNL lO 

MnaL 
As in (10) with the exception of 

(14) 

• 
~(¢-+ ,j;) : 
H</J _, ,J;))' - W)+(~,J;)' 

fi f the translations in the tables (7) - (14) are 
Observation 3.1 The soundness proo s _o b ii und in the relevant references.11 

d Th t dard interpretat10ns can e 0 

straightforwar • e s an .,, t ' can be illustrated when we 
. d t of such DML-specwca ions . . 

Observation 3.2 The a van age 'th three different negations; the differ-
IL N L d DaL Three systems wi . 

want to compare ' an • .,, t· From these specifications we can see 
• 'bl • th DML-specwca 10ns. • 

ences become clearly visi e m ~ . nt ofIL while DaL is not only an expressive 
that NL is in fact only an expressive ennchme NL '. all theorems of NL are theorems 
extension of NL, it is also logically st~onger than 1 ' ,.e., An additional axiom of DaL is 
of DaL when we reformula_te t~em m the DM:- :~gu~g\o the re.inability constraint, and 
([¢V~¢]+(,J;A~,f;)]+x. Thisaxiomcorrespon s ,rec Y 

is not valid in NL. . . . th ' t 'on there are also translations 
all th 1 gics discussed m 1s sec i 1 Observation 3.3 For e O 1 t the original languages. Unfortunate Y, 

definable from the dynamic modal targe~ angu~ge o 
this is not always the case in the followmg sect10ns. 

4 U _ and Downdate logics . 
p . . . cations of reasoning with minimal informati~nal 

In this section we will focus on log1c~l spec1fi . t e of dynamic logic are the logic of 
changes. Two influential representatives of ~his co_r~ers on d fined by [AGM85] and [Giir88] 

11 d th t dy of belief revmon, as e Ii 
theory change, also ca e e s ~ (US) f [V 191] We will describe these two forma sms 
(AGM) d th update semantics O e • . 

' an e . . • the following two subsect10ns. . 
in terms of the dynamic mo~al settmg m 1 b Ii f evision logic and update semantics 
Besides the minimal dynamics that AG~-styte te et rctural optimizations. Firstly, infor-

t th very 1mpor an s ru . • 
employ they both use wo O er Th' that these informational actions ' b fi f nal 1s means 
mational changes are taken to e ?nc 10 • t t t for every input. Another remarkable 
always succeed and uniquely determme an outp~ s a e_ 'nformation model into account 

Property of both theories is that they take on_ y a unt~qule l. This means that [ efJ] = S if 
. t t th nderlymg sta 1c og1c. 

which is maximal with respec o e u . t t· 1 . In this way we may say that the 
. h f th underlymg s a ic og1c. 

and only if <p 1s a t eorem O e d I for the underlying static logic. 
information states represent a full class _of mo e st t the constructive logics of the previous 
Yet another striking devian~ property "'.1th r:pe~eir ostatic information. In our terminology: 
section is that states are umquely descnbed y t 

(15) 
[WE C : s E [¢] {:} t E [¢]] ¢==? 5 = t. 

. . . that the information orders which are employed 
The simple reason for this equivalence is b . f t ucture or content of the states. 

. . d fi ed on the as1s o s r . 
by the logics of this sect10n are e n . . . t (6) • s used to direct the information 

. 1 • 1 onotomc1ty constram 1 • h d Of For constructive og1cs on y a m . . . ses when states are ennc e . 
th t 'h d' mformat10n mcrea . 

flow in order to guarantee a a~ . t th designer of a dynamic formalism to 
course, this is a minimal liberal ch01ce. It is up . ot \ational structure between static and 
postulate additional constraints to enforce more m erre 

~ example, for the persistent logics. see [Wan93). 
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dynamic information. An example of such an additional constraint in the previous section 
is the refinability constraint (13) for MnaL· In the initial settings of the logical formalisms 
of this section the complete fixation of the statics/dynamics interplay is enforced by the 
additional constraint which one obtains by coplementation of the monotonicity constraint 
(6) for atomic information: 

Vp: [s E [p] ⇒ t E [p]l ~ s ~ t (16) 

Both in AGM and US information states are meant as models or representations of the 
beliefs of some agent. The price of the dynamic rigidity of the monotonicity equivalence 
(16) is that there is no distinction made between the possible changes of this agent's beliefs 
and the changes which the agent himself believes to be possible. In both theories enrichments 
of the initial formalisms have been put forward to overcome this rigidity. In AG M the so­
called partial meet contraction has been defined as a more cautious form of its full meet 
counterpart. In this setting the agent is allowed to select certain states when he has to give 
up certain information. Using this definition, as will be clear from our DML-specification of 
the partial meet system in AGM (AGM-p) below, we end up with multiple information 
models. In richer systems of US than the one which we will discuss here, Veltman proposes 
to dress up the beliefs of an agent with private expectations about the possible enrichments 
of his current beliefs. In this way default implications are defined in [Vel91]. 

4.1 AGM belief revision 

In AG M's logical setting of theory change the information states, the set S, are sets of Lo­
formulae which represent the beliefs of an agent at a certain point in time. These belief sets 
coincide with the theories of classical propositional logic, i.e., sets of propositional formulae 
which are closed under classical deduction. The single information model is constructed by 
taking the set inclusion to be the information order, ~ = ~. and static interpretation is 
determined by membership. 
In the original AG M belief revision theory there is no explicit definition of a logical object 
language. The main purpose of the AGM setting is to postulate constraints for the output 
belief sets after a given input state has' been modified by a belief action: expansion ( + ), 
contraction (-) or revision ( * ). The kind of expressions which are used to describe these 
constraints, known as ACM-postulates, are of the form 1/; E s•c1¢, which means that 1/; is a 
member of the set (state) s if it has been modified according to the action act ( expansion, 
contraction or revision) with¢. We will use expressions of the form 0 [act¢] 1/; as to represent 
propositions about belief changes. The meaning of such an expression is that 1/; will be 
believed after a state containing 0 has been modified by act with ¢. The following simple 
observation justifies this implementation of logical form.12 

Observation 4.1 Note that 0 [act¢] 1/; is the same as 1/; E Cn(0)act'P (with Cn(0) denoting 
the classical closure of the forp:mla 0) as long as the following constraint holds: 

Vs, t E S: s ~ t ⇒ s•ct'P ~ t•ct'P for all act and¢. (17) 

This property holds indeed for all actions in the definitions as given by [Giir88]. Furthermore, 
ACM-theory presupposes that every belief set s can uniquely be determined by a single 
formula 0, in the sense thats= Cn(0,) .13 

In order to obtain an appropriate DML-specification of the ACM-setting we need the minimal 
versions of the expansion and reduction operators: the up- and downdate operators. The 

12. Compare [Rij94] and [Seg95] for such logical forms for AGM . These languages are in fact closer to the 
target dynamic modal language than the one which we use in (18). 
13. [G8.I'88] postulates a compactness criterion: i.e., every belief set can be uniquely determined by a finite 
set of formulae. By choosing classical propositional logic to be the logic under which belief sets are closed -
this assumption is not always made explicitly in AGM but frequently used in proofs about A GM-formalisms 
(see e .g. the appendix of [Gii.r88]) - such a finite set can then be replaced by the conjunction over this set. 
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(0[+ ¢]1/;)' 

(0[- ¢]1/;)' 

LAGM {0[act ¢]1/; \ 0, 'P, 1P E .Co, act E { +, '*}} 
B + {/\, V, -,, -+, _L} 

L * {[.]+I'' [.] I'} 
{(S, ~. [.])} } 

S = {s ~Lo\ Cn(s) = s 
C = C 

[B~ - {s ES\ 'PE s} . ) 
(The cl~ssical interpretations for the other connectives. 

B0-+ [E¢]+1' B'I/;; 

B0-+ (((Bip)-1' BT/\ [Bcj,J-1' B'I/;) 
v([B¢]-1' _L /\ B'I/;)) 
B0-+ (((B-,ip)-1' BT/\ [B-,ip]-l'[B¢]+1' B'l/;)V 

([B-,ip] ,, J_ /\ [B¢]+1' B'I/;)) 

(18) 

. t II We will use the ordinary set of 
target local language require~ some e~nch~enB as ;eE. Lo}, where Bip has the intended 
Boolean connectives over belief atoms. B h" { 'P . \ h ent is that during the translation we 
meaning that 'P is believed. The reason f~r ~ t en;::: do not mess up with the beliefs over 
have to take care that the Booleans over ed"et_sent"on should be made between Bip V B'I/; and 

. F le a clear is me 1 d fi ·t· Boolean express10ns. or examp ' d t for specifying the AGM e m ion 
B( 'P V 1P ). The resulting. target_ ~angua~;_:-r~ aF::;:e eother two forms of belief revision as 
of so-called full meet belief rev1s10n (A . . • GM- ) and maxi-choice revision (AGM­
defined by Giirdenfors, partial meet rev1S1on ~fiA t· pan be dressed up with an additional 

f the DML-speci ca ion c . • m) the target local language o . d d t . "tate the so-called select10n function 
' S h rator 1s nee e O imi • 

epistemic operator C. ~c an ope . . d maxichoice revision. In the former settm~ a 
as defined for both partial meet revision a an and state s a subset of the maximal subtheones 
Selection function selects for every formul ~ . pty 1· e ,;. is not a tautology) . For 

• ,;. ("f th" II ction 1s non-em , • ·, 'I' 
of s which do not contam 'I' 1 is co e dd"fonal expressive means. In our case we have 
reasoning about such states we need some Ca,;. i i a minimal positive attitude towards 

d • t • erator 'I' expresses 
chosen for this secon epis_ e~uc op t t • k his beliefs to be 'close to' 'P . 
the proposition ¢: the believmg agen s a es 

4 1 1 Full meet revision . . 
• • . ,. AGM' full meet defimt10ns. 

Table (18) settles the specification 1or s 

. t and0 a formula such thats= Cn(0,), and let s•ct'I/; 
Observation 4.2 Let 5 be a be~ef_:~ ' f [A.GMB5] and [GiirBB], then 
be defined as in the full meet deHill wns o 

'PE 5act1P ¢} s E [(0,[act1/;]¢)']M-
(19) 

H M . the only AGM-f-model as defined in (18). 
ere, 1s . "d t ·t 

. . . . d fined by the so-called Lev1-1 en J y: 
,. t [JK96b] Smee revis10n 1s e . . 11 f For the proof we re1er O • h "fication of rev1s10n fo ows rom 

s• 'P = ( s- -,ip )+ cp, it can be. easily seen that t e DML-speci 

the specification of contract10n. 

4.1.2 Partial meet revision . . (AGM p) we need an en-
• fi f f rtial meet rev1S1on - ' 

As said earlier, for DML-speci ca 10n ~ p:n additional operator C. The interpretati?n of 
richment of the local DML-language with t . traints to imitate the behavior of 

. f th ,. C,;. (C) has to meet cer am cons 
expressions o e rorm 'I' . M 
selection functions in the original settmg of AG -p. 
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C == 

(0[- ¢N)• 

All models (S, ~. [.]) with 
[.] the same as in (18) for B a d 
[C¢] ~ [B¢]; n 

[B¢] ~ [Bv,] ⇒ [C¢] C [Cv,]­
[B¢];/', n [C¢] == 0 <=> [B¢];t, == 0. (20) 

As we can see from the translation of co . 
r~nge over the sets which still verif C ntraction e~p_ressions, the downdate operators onl 
yields a similar restriction to C ,i. ty t ¢. The Lev1-1dentity for the definition of . . y 

•rs a es. revision 

Observation 4.3 Let s be a belief set and 0 
be defined as in the partial meet definitions ;f ;Jc;;;;Bu51~ such /h~t s == Cn(0,) and let s•ct1P 

~ and 1Gar88], then 

¢ E s•ct1P ~ s E [(0,[act 1/,]¢)']M for all ME M 
AGM-p· (21) 

Maxichoice revision (AGM ) -m can be • 
condition that [B¢rµ n [CA.] . . spec1fie~ by the same translations and dd. h 
maxichoic . M,, 'I' is a smgleton 1ff [B¢]-µ . a mg t e 

e select10n functions of AGM wh· h . . M,, =f. 0. This corresponds to the 
s .l ¢ =f. 0. ic pick a_ smgle element from s , ,1. h 

-L y, w enever 

4.2 Update semantics 

In the most plain system of update sem f ;;> ~nformation states are sets of world:n '.cs ofVelt~~n, the so-called might-system (US­
e m modal epistemic logics this set ofw~:i:·• propos1t1onal truth-value assignments. Just 

agent. As we said in the introduction of this s rtepreseUnts the set of uncertainties of a chosen 
respect · the I t sec 10n S-m m k . . • comp e e collection of sets of • ' a es a maximal choice in this 
S is the powerset of {0 l}IP At . . ,. possible worlds constitute the informat· 
( d ' • om1c m1ormation 10n space· 
mappe . t? 1) with respect to (by) all the wo Id ~ve\~uch a state s E S is true if it hold~ 

~;not~mc1ty constraint (16) yields s C t iff t ~ s l~n t is state s, and therefore, the strong 
-mis an extension ofpropositionallo ic wi- s. 

formula can be interpreted in the same w! th a ~u~plementary might-operator. The C -
such a formula ¢ E C iff ,i. • y as atomic mformation A set of Id o 

. . o y, 1s supported by all Id . • wor s supports 
propos1t1on of the form might¢ is supported b wor s m this set (in the classical sense) A 
support~ ¢ or this set is empty. In the latter :a a set of worlds if either one of the eleme~ts 
:nd_ all mformation is defined to be true B I s:hthe agent has reached the absurd state 

ep1cted. • e ow e complete DML-setting for th· I . . ' is og1c 1s 

14. The original definition in US b ·1 d 
o1 s own to this definit' f. 

Ion or atomic information [Vel91]. 
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£us-m 
£ 

C 
Mus-m 

• 

== Co + {might} 

== The single information model M = (S, ~.[.])with: 

S = p( { 0, 1 }IP) 
~ = ::) 

[¢] = {sESIVp¢15 forallVEs}and 
[might¢] = {s ES I [¢]ns =f. 0}u{0} for all¢ E £0 

¢' = ¢, for all¢, E £us-m (identity). 

(22) 

The definitions of updates as given in [Vel91] are identical with the minimal dynamic mean­
ings of the propositions of the input language £ (Observation 4.4). In the original setting 
of Veltman, every proposition ¢, corresponds to an update function up,i, : S ---> S which are 
defined in the following compositional manner: 

upp( s) 

UPmight,i,(s) 

{VE s I V(p) = l} 

{ 
s ifup,i,(s) =f. 0 
0 otherwise 

s\up,i,(s) 

up,i,(s) n up,i,(s) 
(23) 

Observation 4.4 For all¢, E £us-m and alls E S : [¢,]t/', = {up,(¢,)}, or equivalently, 

up</>= [¢,]t/' for all¢, E £us-m• • 

4.2.1 Divergence 

Differences with Veltman's functional decomposition would appear when we extend the 
language with Boolean combinations of might-sentences. 16 Extending the deterministic de­
composition of (23) over the 'problematic proposition' pi\ might ,p yields violation of idem­
potence for up: uppAmighhp o uppAmight,p =f. uppAmighhp• Suppose thats= {U, V} ES 
with U(p) = 1 and V(p) = 0, then 

{U} and UPpAmighhp( {U}) 0 (24) 

If the static decomposition, as given in (22), is extended over such Boolean combina­
tions, this problematic case only holds in the empty set and subsequently we obtain: 
[pi\ might •P]t/', = {0} for all s E S. Idempotence is restored, but we lose function­

ality; for example, [,( mightp i\ might ,p)]t/', = { {V}, {U}} if s is the same state as 
in example (24). By the functional decomp~sition of (23) we obtain up,i,(s) = {0} for 
¢ = ,(mightpi\ might.p). 

4.2.2 Texts and entailment 

Veltman's notion of truth of a proposition with respect to an information state, s p= ¢,, is 
defined as the non-informativeness of¢, with respect to s. This means that ¢, has no effect on 
s as an update: up,i,(s) = s. According to observation 4.4 this is the same as {s} = [¢]:ti'.,· 
In the DML-specification of US-m no dynamic modalities are used. We only need the +µ­
meaning to get a corresponding soundness for the functional definitions as given in US. So, 
why do we need modal operators of the [.]+µ in the target global language? 
Besides sentences, represented by the language £us-m, Veltman also defines texts and 
two different notions of entailment over texts.17 A text is of the form ¢,1 ; .. . ; ¢in where 

15. V }=</>means classical verification of <f, by the valuation V. 
16. See also the 1loose ends' discussion in [Vel91] et the end of section 2. 
17. Veltmen's third etiteilment relation is defined is en entailment over sentences. It coincides with the 
classical notion of entailment over update definitions. 
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all ¢; are sentences from Cus- and th d t .. 
the consecutive execution of th:'~ d t e up a e d':fimtion of such a text is the same as 

( . P a es correspondmg to ¢r throu h ¢ . 
u_p</>n "· (up</>1 (s))" .). This definition coincides with d fi . . g ,.. up</>i; ... ;¢n (s) = 
tion 2 2) Thi our e mt10n [¢ ,1. ]+µ (D . • • s means we need +µ-modal operat t I, ••• ' V'n M,, efim-
Veltman defines two types of tail . ors O reason about texts. 
abbreviated by F2, has a nice e;ML ::~t:r:~;;s over text. His second definition, which is 

[[ef>r]+µ'' · [¢,.]+µ1P]M = S {c} ,1. ,1. 1- .!, 
I h n, ... ,v,,. i-- 2 V' • (25) 
n ot er words, each state becomes a 1P state aft ·t 

¢1 through ¢,.: 'extending' the DML-s 'fi t· er i_ has been updated consecutively by 
( ,1, ,1, 1- peer ca 10n to mclude th· tail 
;I'·· ••'f'n r-- 21/i)' = [¢1]+µ . .. [¢,.]+µ1P Thus rs_ en ment we would get 

smgle c•-formula. This is different for the first' e:;~an express ~his entailment relation by a 
~1 says that 1P E C follows from a text ¢ . . ment relation of Veltman. The relation 
I.e. the smallest information state wh' h I,: •• !fn w~enever the minimal information state 
worlds {0, l}IF', transforms into a' 1/,-s:~tec:;:: es w~t~ the information state of all possibl~ 
to ¢,.. Formally, ever it Is updated consecutively with ¢r up 

. . {0, 1}.lP E [[¢1]+µ, ... , [¢,.]+µ1P]M , 
Unfortunately, this situation cannot be ex ress d b . (26) 
reason is not the shortage of dynam· X 1 e y _a _smgle c• expression. The underlying 
static expressivity: there is not an Ic mo_ a ex:,ress1v'.ty, but merely caused by the lack of 
If such a state were added to ,. elxpt ress10alln ": rch umquely describes the minimal state 18 
d fi ,., - e us c 1t O - th th' • • 

e ned by putting fo]+µ in front of th d 1 en rs entailment relation could be 
in (25).19 e mo a sequence on the left-hand side of the equation 

4 •2 •3 AGM and update semantics 
The information model of AGM f. 
• (22) Th' - Is very closely related to th £ 
m • 1s connection between world d . e one or US-m as given 
Grove relates belief revision to Lewis' p s a_~l theo;~es has been made by [Gro88] where 
[Lew73]. The simple corresponden . oss~ e b wor analysis of counterfactual sentences 
Each theory s is related to the clle its· . ma fe. y two mutually invertible 1-1 mappings 

co ec ion o its maximall • t • 
corre~ponding set of worlds is {v; E {O, 1 }.lP / V ~ for: cons1s ent extension S,. The 
of this correspondence is simply defined b the ¢. . 11 ¢ ~ t, t E S, }. The inverse 
members s >--+ {¢ E Co/ \IVE s: VF¢}. y propos1t10ns which are verified by all its 

Observation 4.5 Let us write this corres o d 
where s1 is a theory and s2 a set of w 1J ; ence between theories and worlds as s1 ~ s2 

the static part of the logics AGM-f o~ ~S y the DML-specifications we can easily relat~ 
case of AGM-f, but the following an . .,-m. In fact, we used a wider language in the 
AGM f t • 1 mapping ,rom the US m lo alt t 1 - s at1c anguage is surely 1-1: - c arge anguage and the 

Moreover, 
¢ >--+ B¢ & might¢,..... --.B--.¢ V B-1. for all¢ E Co , 

we get that if¢ >--+ ¢' and s1 ~ s2 then 

s2 E [ef>']M in (22) ¢==> s1 E [¢]Min {18). 

(27) 

(28) 
18. From a structural point of view this shorta c I 

~~~tJ~~sh~t:t({the maximal information_ stat~, 0~a:: ::::;::,7ctry in the logic. We have propositions 

h . Pl,••·,Pn}),thenthere1s asecondalt . . 
over t e might -sentences and as a emative. In this case we need to allow . . 

; 0nd a; the maximal information stact:~st~~u:::;;:t;:~~; 8~ pr~position which only holds at ~~~=::: 
ber:o!: ~h.; 'Pn where ¢i = Pi or ¢i = -,Pi for all i E {1' ... :}.h~:~~ntez:t:rus _over all ~o~unctions of the 

a ' 5 ca s propos1t1on ¢, then it can 

Th [(ef>]+"(ef>i]+" · · · [ef>n]+",t,]M - S <=> -'-
e structural reason for this I t' . h - 'f'l' ••• '¢n ~1 '1/). 

t' sou 10n 1st at 0 verifie all f, ul 
equa JOn only holds if {O, 1}P E [(¢,]+" ... [ef>n]+",t,]:.. . orm as, and therefore, the left-hand side of this 
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This correspondence between belief revision and dynamic epistemic formalisms has been 
used to check the belief revision postulates of [AGM85] on the one hand, and finding modal 
axiomatizations on the other. Examples of such approaches are [Bou94] and [Seg95]. 

4,2.4 Going down in update semantics 

Our procedure of dynamification as defined in section 2 also entails downdate meanings in 
update semantics, and in fact, we can completely transfer the revision/ contraction definition 
as given by the specification in (18) into the possible world setting of US-m by the Grove 
connection as explained in Observation 4.5. In this way the dramatic effect of full meet 
revision becomes visible. Downdating a set of ¢-worlds s with <p is the same as adding all 
counterworlds of¢. Transferring the full meet contracting to US-m by the Grove connection 
entails: 

{ 
s if[~¢]= S = {0, l}JP; 

8 - ¢ = s U {VE S / V ~ ¢} otherwise. (29) 

Contractions of ~B-sentences are not discussed in the AGM-setting. Downdating sentences 
of the form might¢ yields a similar separation into two cases as for might ¢-updates. If 
might¢ is currently absent, then all valuations in the corresponding information state reject 
¢, which means that --.¢ must hold in this state. If might¢ holds, then there exists a valu­
ation within the current state which verifies ¢. However, there is no possible reduction to 
remove this information, because going back along the information order 2 means that only 
valuations can be added, and hence might¢ remains true:--.¢ V [might¢]-µ -1. is a theorem 
in this system. 20 
In [Eij96] linguistic arguments have been given against this lack of dynamic meaning of 
contingency modals like 'might' and 'maybe'. Van Eijck proposes that the dynamic effect of 
such incoming sentences have to be treated by means of downdates of the negation of the 
subsentence which appears in the scope of the modality. Let us call this operation mix, then 

[¢]~.: 
[might¢]~.: 

[¢]tr,, 
[--.¢]Af'., for all ¢ E Co, 

(30) 

Another possibility which Van Eijck proposes in [Eij94] is that states can be defined as 
partial valuations rather then total ones, which also stipulates informative update effects 
for such sentences. The intuition is that the argument of a might-sentence is brought into 
the scope of the interpreter's awareness (after [FH88]) . 

5 Discourse logics 

In this section we will show how various discourse logics fit into the general perspective of 
this paper. The basic purpose of discourse logics is to offer an analysis of context sensitive 
phenomena of natural language discourse of which anaphoric relations forms probably the 
most thoroughly investigated subclass. Logical analysis of these phenomena has led to a 
deviation from the standard compositional Montagovian interpretation. In the logical study 
of anaphors the two central examples are texts, such as (31) and the donkey-sentences, of 
which (32) is a primary example. 

A farmer owns a donkey. He beats it. 

If a farmer owns a donkey, he beats it . 

(31) 

(32) 

The question is how to account for the link between the indefinite NPs a farmer and a 
donkey, represented as introductions of variables, and the pronouns he and it, represented as 
free occurrences of variables. It seems very difficult to enforce both an elegant compositional 

20. Note that this argument is not valid for the empty set, but nevertheless, this absurd state verifies -,<p , 
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mapping to the logical form of standard first-order logic and stick to the ordinary Tarskian 
interpretation as a logical semantics. 
A general answer to the model-theoretic analysis is the dynamification of variable assign­
ments as defined in the relational setting of [Bar87]. In this chapter we will restrict ourselves 
to discourse logics in which the information states are variable assignments. They differ in 
what kind of (sets of) assignments and how information growth over such assignments is 
defined. Most often, the languages which are employed to reason about the dynamics of 
assignments by different discourse logics are poor enough to be highly insensitive for such 
model-theoretic commitments. But when the expressiveness of such logics is extended , 
e.g., to extend the applicability of a given discourse logic, the S, ~-choice may enlarge the 
distinction between theories, both in their linguistic use and their logical consequences. 

5.1 Discourse representation theory 

Throughout this section we will use the logical language of first-order discourse representa­
tion theory (DRT) of [Kam81]. The difference with the language of first-order logic is that 
quantifiers are replaced by special variable registers, which are meant as a representation 
of the discourse referents that are introduced in a discourse. A register V is one of the two 
components of a so-called discourse representation structure (DRS) [V I Cl, of which the 
other component is a set of conditions C over which the variables of the register bind. The 
intended meaning is that the represented discourse both has introduced the variables V and 
imposed the conditions C on those variables. The attractiveness of this logical representa­
tion language is that an easy construction algorithm can be given from a natural language 
discourse to a DRS [KR93]. 
The primitive conditions are the same as the atomic sentences of first order logic. We will 
call this atomic language Lat• Let Con and Var be two non-empty, disjoint sets (for constants 
and variables respectively). The set of terms, Term, is the union of Con and Var. Let Predn 
be a set of n-ary predicates with = E Pred2. Then the set of atoms, Lat, is defined as the 
smallest set such that Pt1 ... tn E Lat, for all P E Predn and t 1 ... tn E Term. We write 
t1 = t2 instead of = t1t2, 
Complex conditions are constructed by connecting DRSs. Standard connectives of DRT are 
negation ~, disjunction V and implication --->, In oider to distinguish between DRSs and 
conditions we write capital Greek letters for the former expressions and small Greek letters 
for conditions. The language of conditiq,ns is called Lcond and the language of DRSs is 
written as LDRS · 
Our first choice of information states for DRT is the set of partial variable assignments 
over a given first-order model (D, I) where D is the domain of individuals and I the in­
terpretation of predicates and constants: Predn f-t p(Dn), Con f-t D . This system that we 
will discuss here, called DRT-p, is inspired by the semantics as given by [MvBV95] (see 
Observation 5.1). The associated collection of partial assignments is written as An, i.e., the 
set of partial maps from Var to D. The domain Dom(a) of a partial assignment a is the set 
of variables which are defined by a. The information order is defined in the following way: 

a~ b <=} (x E Dom(a) ⇒ b(x) = a(x)) . (33) 

This means that b gives the same values to variables as a as far as they are defined by a. 
An expansion of an assignment can be seen as the enrichment of this assignment when new 
referents are introduced in the discourse. 
Our target static languages £ consists of conjunctions and disjunctions over the atoms and 
the absurd proposition .l. Our choice for the £•-parameter of the DML-specification consists 
of an addition of the update modal operators [.]+µ and (.)+µ to this language£. The DML­
specification is displayed in table (34) . 21 

21. Here T abbreviates c = c, for some c E Con . The specification function • will look familiar to the reader 
who has seen embeddings of DRT into Pratt 1s quantificational dynamic logic , see [Mus94] for example. 
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.c 
C 

~MoRT-p 

Latu (£DRS+{~, V,--->! \ .Co_Rs) 
[V \ C] with V and C bemg fimte. 
subsets of Var and .Ccond> respectively. 

The models M(n,r) (S, C, [ . wi ' 
a given first-order model, and 

S = An 
a~ b <=} Vx E Dom(a) : a(x) = b(x) 

[pt t] = {aEAn\(ti'a, .. . ,t~a)EI(P)} 
1 • • • n I I a 

[ti= t 2] = {a E An \ t1"a = t2' }. 
with for each t E Term : 

{ 
J(t) iftECon 

tI,a = a(t) if t E Var (and t E Dom(a)). 

For cf, E .Cat : cp• - cf, . 
For complex conditions: • _ •]+µ(\J/•)+f'T (<I> V w)° = (<I>•)+µT v (\J/ 0 )+µT. 
(~<I>)•= [<I>°]+µJ_,(cI>--->"iJ!) -][<I> /I '/Ix x lie/ii/I .. . ¢~· 
For DRSs: [x1 . .. Xn \ <Pi ... <Pn • X1 x1 • • • n n (34) 

DRS •22 the +µ-mea-which only· contains proper s. 
Observation 5 .1 For the sublanguage DRS ,,_ . [<I>•]+µ is the same as the 

d I M - M ) of a "'• 1.e., M ' • ing with respect to a mo e - (n,I . . [,1,•] is the same as the meamng 
n . [th DRS <I> over (D J) and the static meanmg 'I' M 
meamng o e ' ' [ 5} 
of the condition <P, as given in e.g. MvBV9 • . 

nslation does not entail the same interpretatio~ as 
In the case of improper DRSs ~he tra oundness for proper DRSs is that if all 
defined by Muskens et al. -~he si~~le re;;~ [~t~e~] occur in V then [[V \ C]•]Ua is the 
free variables of the conditions m a 

same as (35) 
[ /\ x = x]Ua n [ /\ c/i 0 ]M· 

xEV q,EC • 

. . namic effect as such. This is exactly the readmg 
In other words, the conditions have no ~y t' l ·g ment semantics of Muskens et 

. . • th rdmary par 1a ass1 n d 
which is give~ to conditions m ho~d oif C contains free variables which are not in V '.__an 
al. The equation (35) does not l 'f A • the empty assignment (Dom(A) - 0), 
therefore also free in [V I C]. For exam(p )e, i r ) E I( P)} while the definition as given 
then [[0 I {Px }J·1tr A= { a E An \ Dom a = x, ah xt . 'DRSs do not occur after the 

? ld out ut for A Note t a improper 
by Muskens et _al. yie s_ no . p lied t~ meaningful discourses [KR93] . . 
ORT-construction algonthm is app li t' f this construction algonthm to the 
Th DRSs which can be obtained after app ca ion o 
sta:dard examples (31) and (32) look as follows: 

[{x , y} \ {Fx, Dy, Ox y, Bxy}] 

[0 \ [{ x, y} \ {Fx, Dy, Oxy}] -+ [0 \ {Bxy}]] 

The DML-translations respectively yield: 

x = x II y = y /I Fx /I Dy /I Oxy /I Bxy 

[x = x /I y = y /I Fx /I Dy /I Oxyi+µ (Bxy)+µT 

--- DRS DRSs with no free variables [KR93] (def.l.4.3,p.111 ) . 
22. Proper s are 

(36) 

(37) 

(38) 

(39) 
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Note that (39) is equivalent to [ x = x I\ y = y I\ Fx I\ Dy I\ Oxy] +µ Bxy. This reduction of an 
implication always holds for conclusions whose free variables are present .in the antecedent 
of the implication. 
The DRSs as given in (36) and (37) are not only proper, but there is no superfluous use of 
variables, i.e., the variables in the register are exactly those which are free in the conditions. 
For this type of DRSs the translation can be simplified, because: 

[(V I C]"]t/' = [ /\ 4>"]t/' . (40) 
c/>EC 

5.2 Alternatives 

In [GS91] ( def.26,p. 77) a relational semantics for DRT has been given in terms of total 
variable assignments. The difference with DRT-p comes with the interpretation of the 
DRSs. The dynamic meaning of such a DRS [VI CJ, according to Groenendijk and Stokhof's 
definition, is the set of assignment switches which change (only) the variables in Vin such 
a way that all the conditions in C will hold afterwards. This means that introduction of 
variables is no longer interpreted as the addition of information, but as the adjustment of 
values of variables. As one would expect, this causes the DML-specification to get much more 
complicated. In fact, downdate expressivity is needed to capture this 'reset' semantics for 
introducing variables. 
Besides the switch from partial to total assignments, the switch from single assignments to 
sets of assignments is also argued for. In the theory of file change semantics of [Hei82] sets 
of partial assignments AD are chosen as information states. The corresponding information 
order is the following: 

\/A, B <:;; Av : Ai;;; B ¢=} \/b E B 3a E Allx E Var: x E Dom(a) ⇒ a(x) = b(x). (41) 

In [Dek93] a similar semantics has been used to define an update semantics in the style of 
[Ve191] for Groenendijk and Stokhof's dynamic predicate logic [GS91], that is, conditions 
may eliminate possible assigments. In other.,words, conditions may have a dynamic effect. 
For precise DML-specifications of these alternatives we_ refer to [JK96b]. For more details on 
the relation between the three types of discourse semantics as discussed in this section, see 
e.g., [Kra95]. 

6 Conclusions and the future 

In this paper we have presented a survey of dynamic modal interpretations of existing 
systems as defined in 2.4. We have shown that such specifications give a clear picture of 
how dynamic theories can be defined as logics of information growth and reduction, and 
how such a dynamic modal language can be used to describe similarities and differences of 
dynamic logics. As we said in the introduction, dynamic modal logic as a meta-logic cannot 
and should not be used to replace specific dynamic theories. It is a single representation 
formalism to think about different systems at the same time. We think of this paper as a 
first step towards such general research on dynamic theories. 
By way of conclusion, let us make the following three comments about the potentials of the 
dynamic 'common general purpose logic' as we have introduced and 'empirically' examined 
above. First, it points in the direction of a 'core dynamic logic' . We can start character­
izing common actions found in given classes of 'logics of informational change' as well as 
distinguishing axioms which separate between them. This also makes it possible to reduce 
proliferation in the field, which is very useful in the light of the ever increasing divergence 
of dynamic logics. 
Second, it creates the possibility of transfer of logical knowledge between systems. For in­
stance, the constructive logics have been around for a long time and have been studied 
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h. t "butes to the meta-theoretical study of modern 
. I We may hope that t is con n . 

extensive y. . . · · c s stems 
dynaJUic logics. . . th a JUethod to characterize existing dyna~i y 

. 11 it not only provides us wi . us to create new dynaJUic systeJUs. 
Fina y, s of possible world seJUantics, it also enables t top of an existing static logic. 
·n terJU 'd ·c' componen on 
iFor that we only need to define a . y:aJUi ti·on order have been specified we get all sorts of 

. • t t · and an m1orJUa • ·t ' • th t 
0 e a static mterpre a ion h t f thi"s 'generatmg capaci y is a nc . f O f t e prospec s o d" 
d naJUic interpretations_ for ree. ne o . b dified when we follow the correspon mg 

Y_ . eJUantic theones can JUOie easily e mo 
existmg s · · I 
DML-specifications. . . o·ect ofJUodal unification is whether the mmima 
A last technical question concernmg ou~. p~ J nd to the complete ( or large) classes of 

teJU, s that is, the logical systems w ic corlrespo define nice axioJUatizations such 
sys , 11 F exaJUp e can we h 
inforJUation JUodels, behave we • :r iniJUal 'systems. In [Jas95] it was shown that t_ e 

Gentzen sequent systeJUs for sue m . . l s steJU for + and - has such a mce 
as! ti"onal part (JUodulo the static part) of the JUhmiJUa ylt can be extended to the case of 
re a • • hether sue a resu h 
Gentzen cal~ulus •. The question i:n~ - . Another question in this respect ~s. whether t _e 
the four basic actions +, -, +µ µ 1 • but the complete ongmal dynamic 

. . stern is decidable. The +, - system sure y _is, , . ? 
JUmiJUal s! . (Ri"93] What about our 'intermediate logic . 
JUodal logic 15 not J • 
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Preferences in Dynamic Semantics 

Jan J as pars* Megumi Kameyamat 

Abstract 
In order to enrich dynamic semantic theories with a 'pragmatic' capacity, we combine dy­
namic and nonmonotonic (preferential) logics in a modal logic setting. We extend a fragment 
of Van Benthem and De Rijke's dynamic modal logic with additional preferential operators 
in the underlying static logic, which enables us to define defeasible (pragmatic) entailments 
over a given piece of discourse. We will show how this setting can be used for a dynamic 
logical analysis of preferential resolutions of ambiguous pronouns in discourse. 

1 Introduction 

The goal of model-theoretic semantics is to establish an interpretation function from the 
expressions ofa given language to a class of well-understood mathematical structures (mod­
els). This enables a formal logical understanding of what an expression means and what its 
consequences are. For instance, natural language semantics has recently developed a rel­
atively simple model-theoretic understanding of the dynamic interplay between indefinite 
descriptions and anaphoric bindings. These dynamic semantic theories of natural language 
give model-theoretic explanations of possible anaphoric bindings, assuming that additional 
pragmatics will address the issues of anaphora resolution. A correct dynamic semantic anal­
ysis predicts each of the possible referents available in the context, just as a classical logical 
analysis 'lists' all possible scoping and lexical ambiguities. 
Consider the following simple discourses (1) and (2). 

(1) John met Bill at the station. He1 greeted him1. 
(2) Bill met John at the station. He1 greeted him1. 

The two discourses are semantically equivalent. A precise dynamic semantic analysis would 
treat he1 and him1 in both examples as variables that range over the semantic values of John 
and Bill, with the additional constraint that the referents of he1 and him 1 are different . This 
analysis predicts two sets of equally possible bindings. There is, however, a clear preferential 
difference between the two discourses. There is a preference for the bindings, he1 = John 
and him1 = Bill, in (1), and for the opposite bindings, he1 = Bill and him1 = John, in (2). 
Preferential effects on discourse interpretations and the entire issue of ambiguity resolution 
have traditionally been put outside the scope oflogical semantics, into the more or less dis­
joint subfield of "pragmatics." This academic focus sharply contrasts with the importance 
placed on disambiguation and resolution issues in natural language processing (or computa­
tional linguistics), where realistic accounts of naturally occurring discourses and dialogues 
are constantly demanded from application systems. Computational accounts, however, of­
ten fall short of logical or model-theoretic formalizations. In artificial intelligence (AI), in 
contrast, logical formalization of pragmatics, or defeasible reasoning, was brought into the 
central focus of research at an early stage [McCarthy and Hayes, 1969], and led to the 
development of nonmonotonic logics. 
More recently, there are proposals to incorporate defeasible reasoning within natural lan­
guage semantics in order to approximate the class of realistic conclusions of a given sentence 

CWI, Dept. of Interactive Systems 1 P.O. Box 94079, NL-1090 GB Amsterdam, The Netherlands, 
jo.spo.rsCcvi.nl. Jan Jaspars was supported by CEC-project LRE-62-051 (FraCaS). 
t SRI International, Artificial Intelligence Center, Ravenswood Ave. 333, CA 94025 Menlo Park, USA, 
megumi«h1.i. sri. com. Megum.i Kameyama's work was in part supported by the National Science Foundation 
and the Advanced ResCarch Projects Agency under Grant IRI-9314961 (Integrated Techniques for Genera­
tion and Interpretation). 
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or discourse, as exemplified by [Veltman, 1991] and [Lascarides and Asher, 1993]. In contrast 
with these specific proposals, i we will propose a general framework for preferential dynamic 
semantics, and illustrate how the basic properties of discourse pragmatics exhibited by am­
biguous pronouns can be encoded within the framework. 

The present framework combines a general model of nonmonotonic logic [Shoham, 1988] 
and a general model of dynamic logic [Van Benthem, 1991] [De Rijke, 1992]. In this logical 
set-up, we specify defeasible information and associated entailment relations over a given 
discourse, and classify the relative stability of conclusions made on the basis of this additional 
defeasible information. The paper is about a general framework of preferential dynamic 
semantics that abstracts away from numerous specific possibilities for how to represent 
utterance logical forms and discourse contexts, and how to actually compute preferences. 
Since logical formalization of discourse pragmatics is in an early stage of development, we 
believe that it benefits immensely from an attempt, such as here to sort out general meta­
theoretical issues from specific accounts. 

The paper is organized as follows. Section 2 summarizes the preferential effects on ambiguous 
discourse anaphoric pronouns. Section 3 presents our basic logical framework. Section 4 
illustrates formalisms at work in pronoun interpretation in a first-order discourse logic. 

2 Preferences in Ambiguous Pronouns 

In this section, we summarize the basic properties of preferential effects on discourse seman­
tics. We focus on ambiguous pronouns in simple discourses, and illustrate the properties of 
dynamicity, defeasibility, indeterminacy, and preference classes. 

2.1 Discourse Pragmatics as Preferential Reasoning 

Most present-day linguistic theorists assume the trichotomy of syntax, semantics, and prag­
matics, but there is no single agreed-upon definition of exactly what linguistic pragmatics 
is. Some equate it with "indexicality", some with "context dependence", and others with 
"language use" ( cf. [Levinson, 1983], introduction). There is also a common pipeline view 
of the trichotomy, in that, pragmatics adds interpretations to the output of semantics that 
interprets the output of syntax. In this pipeline view, the direct link between syntax and 
pragmatics is lost. 

We take a logic- inspired definition of pragmatics as the nonmonotonic subsystem char­
acterized by defeasible rules. We also view all defeasible rules to be preferences, so the 
pragmatics subsystem corresponds to a subspace of preferential reasoning, which controls 
the subspace of possible interpretations carved out by the indefeasible linguistic rules in 
the "grammar" subsystem. 2 From this perspective, pragmatics is not an underdeveloped 
subcomponent of semantics alone, but a system that combines all the preferential aspects 
of phonology, morphology, syntax, semantics, and epistemics. There is evidence that these 
heterogeneous linguistic preferences interact with one another, and also with nonlinguistic 
preferences coming from the commonsense world knowledge. What we have then is a di­
chotomy of grammar and pragmatics subsystems rather than a trichotomy. Under this view, 
neither indexicality nor context dependence defines pragmatics since there are both indefea­
sible and defeasible indexical and context dependent rules. In fact, in a dynamic architecture 
for discourse semantics, where meaning is given to a sequence of sentences rather than to a 
sentence in isolation, context dependence is an inherent architectural property supporting 
the anaphoricity of natural language expressions. 

1. Veltman (1991] defines default reasoning in terms of his update semantics. Lascarides and Asher (1993] 
extend Discourse Representation Theory (DRT) with the definition of commonsense entailment given in 
[Asher and Morreau, 1991]. 

2. We assume1 following the theoretical linguistic tradition, that there is a linguistic rule system consisting 
of indefeasible rules of morphosyntax and semantics, and call it the 'grammar subsystem'. We also assume 
that most commonsense rules are defeasible, but leave the question open as to whether there are also 
indefeasible commonsense rules. 
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Grammatical Effects: 
A. John hit Bill. Mary told him to go home. 
B. Bill was hit by John. Mary told him to go home. 
C. John hit Bill. Mary hit him too. 
D. John hit Bill. He doesn't like him. 
E. John hit Bill. He hit him back. 
K. Bahar went to a bakery. He greeted the baker. 

He pointed at a blueberry pie. 
L. Bahar went to a bakery. The baker greeted him. 

He pointed at a blueberry pie. 
Commonsense Effects: 
F. John hit Bill. He was severely injured. 
G. John hit Arnold Schwarzenegger. He was severely injured. 
H. John hit the Terminator. He was severely injured. 
I. Tommy came into the classroom. He saw Billy at the door. 

He hit him on the chin. He was severely injured. 
J. Tommy came into the classroom. He saw a group of boys at the door. 

He hit one of them on the chin. He was severely injured. 

Table 1: Discourse Examples in the Survey 

2.2 Basic Properties of Linguistic Preferences 

We will now motivate four basic properties of linguistic preferences with examples of am­
biguous discourses with ambiguous pronouns. Kameyama [1996] analyzed a survey result ~f 
pronoun interpretation preferences from the per~pective ~f ~nter~cting preference . cl!sses_ m 
a dynamic discourse processing architecture. This analysis identified a set of basic design 
features" that characterize the preferential effects on discourse meanin~, and out~ned how 
they combine to settle on preferred discourse inter_prdations. These basic properties c~n be 
summarized as dynamicity, indeterminacy, defeasibility, and preference class interactions. 
Table 1 shows those examples discussed in [Kameyama, 1996]. In a surv_ey, speakers had 
to pick the preferred reference of pronouns in the last sentence of each discourse exa_mple 
(shown in italics). 3 Table 2 shows the survey results.4 These and similar examples will be 
used in this paper. 

2.2.1 Dynamicity 

We are interested in discourse pragmatics - discourse semantics enriche~ with pref~rences, 
so it is natural to start from where discourse semantics leaves off, not losmg what discourse 
semantics has accomplished with its dynamic architecture and the view of ~enten~e mean­
ing as its context change potential. We thus take dyn~micity to be a ~as~c architectural 
requirement in an integrated theory of discourse semantics and pragmatics. 
The discourse examples (1) and (2) repeated below demonstrate the fact that the preferred 
interpretation of an utterance depends on the preceding discourse context. 

(1) John met Bill at the station. Hei greeted himi . 
(2) Bill met John at the station. Hei greeted h1mi . 

3. The respondents were told to read the discourses with a "neutral" intonation, for the survey was intended 

to investigate only unstressed pronouns. nl di . d d b f the 
4. The X~ _ 1 significance for each example was computed by adding an ~ve Y v1 e

11 
num ~r O r 

"unclear" f~wers to each explicitly selected answer, reflecting the assumption that an unclear answe 

shows a genuine ambiguity. . . • di O · th tt -
5 Th re are two levels of dynarnicity that affect utterance 1nterpretation1n scour~e. nc 1s e u erance 
b~- utt:rancc dynamicity that affects the overall discourse meaning1 and the other 1~ th~ word-by-word ~r 
constituent-by-constit.uent dynamicity that affects the meaning of the utterance being interpreted. In this 
paper, we will focus on the former. 
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Answers 
A. John 42 Bill 0 Xd =l p 

Unclear 5 37.53 B. John 7 Bill 33 p < .001 
C. John 0 

Unclear 7 14.38 P < .001 Bill 47 
D. J. dislikes B. 42 

Unclear 0 47 p < .001 
E. John hit Bill 2 

B. dislikes J. 0 Unclear 5 37.53 p < .001 
K. Bahar 13 

Bill hit John 45 Unclear 0 39.34 P < .001 Baker 0 
L. Bahar 3 Unclear 0 13 P < .001 Baker 10 
F. John 0 

Unclear 0 3.77 .05 < p < .10 Bill 46 
G. John 24 

Unclear 1 45.02 p < .001 Arnold 13 
H. John 34 Terminator 6 

Unclear 10 2.57 .IO< p < .20 
I. Tommy 3 

Unclear 7 16.68 p < .001 
J . Tommy 10 

Billy 17 Unclear 1 9.33 .001 < p < .01 Boy 7 Unclear 3 0.45 .50 < p < .70 

Table 2: Survey Results 

The two discourses are semantical] e • al : 
them l • . . y qmv ent. Two male persons "John" and "Bill" 

se ves m a symmetnc action of meet in B th . . . , . , engage 
reference in the next sentence a d . thg. o md1v1duals are available for anaphoric 
d. . . . , n smce e two pronoun • "H . 

ISJ01nt m reference and each pronoun h t "bl s m e greeted him" must be 
d• as wo poss1 e value d • . 

pre ict two equally possible interpretations John _s, ynam~c semantic theories 
However, these discourses have different ,f, d grleeted Bill and Bill greeted John. 

. pre erre va ues for these I ( ) 
a grammatical parallelism pref,erence (exh"b"t d b d" . pronouns. n 1 , due to 
• t • . 1 1 e Y 1scourse D m T bl 1) th m erpretat10n 1s John greeted Bill I (2) th a e , e preferred 
reverse _interpretation of Bill greet~d ~om:. e same parallelism preference leads to the 

Dynamic semantics has been motivated by e l 
whistles., where an existential scope ext d bxamp es such as A man walks in the park. He 
pronouns. Analogously preferential d en ~ eyond the syntactic sentence boundary to bind 
such as (1) and (2) where di:ffierent ynat_m1t~ semantics would have to account for examples 
h . ' syn ac 1c configurati f th . 

ave different extended effects on th ,. d . o_ns O e same semantic content 
e preierre mterpretat10n of pronouns. 

2.2.2 Indeterminacy 

One notable feature of the survey results shown . . • • 
~ificance varies widely. We consider preference t ~ Tabfo 2 is t_hat the resulting XJ/=1 sig-
1f .05 < p < .10, and insignificant if IO < o e sig~ificant if p < .05, weakly significant 
tary statistics. It is reasonable to ass~me tlt~h: stra1~h~forw~rd_ application of elemen­
corresponds to how determinate th . ,. sta~1stical s1gmficance of a preference 

b. e given preierence is Signifi t £ unam 1guous and determinate and • . "fi • can pre erences are thus 
terminacies. The preferential r:ia h" ms1gtnh1 cant preferences indicate ambiguities and inde-

,. c mery en must allow both b" 
preierences to be concluded rathe th al unam 1guous and ambiguous 
conclusion. ' r an ways producing a single maximally preferred 

Pr~ferential reasoning is supposed to resolve amb. . . 
ential ambiguities make discourses . h t I iguities, however, and unresolved prefer-

. mco eren · t seems reasonabl t d" pragmatic meta-principle that says d. h e o assume a 1scourse 
• t , a iscourse s ould produce a • z • ll 
in erpretation. Such a meta-principle • k" t G . . sing e maxima y preferred 

th• IS a m O ncean maxims of t· no mg more is said about this con t · h conversa 10n, though 
• nee 10n ere It seems th t th· k" d f 
1s needed to assure that speakers try t "d : d . a is m o a meta-principle 
th d l . o avo1 m etermmate prefe • l b e un er ymg preferential logical h" d rences precise y ecause 
We thus identify a basic property :.ac I~ery t ·oel s not g~arantee determinate preferences. 

t . preieren 1a reasonmg _ Pr ,. t· 1 1 . 
some imes determinate with • 1 . eieren ia cone us10ns are 
• d a smg e maximally preferred • t t • 
in eterminate with multiple m • all £ . m erpre at10n, and other times 
genuine ambiguity, or incoheren:::iol \ .pre te;rebd I~terpretations. The latter results in a 

, a mg e as1c pragmatic felicity condition. 
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Let us turn to concrete examples. Both discourses (1) and (2), repeated below, have deter­
minate preferred interpretations due to the grammatical parallelism preference. In contrast, 
discourse (3) leads to no clear preference because no relevant preferences converge on a 
single determinate choice. Discourse (3) is thus infelicitous. 

( 1) John met Bill at the station. He greeted him. 
(2) Bill met John at the station. He greeted him. 
(3) John and Bill met at the station. He greeted him. 

2.2.3 Defeasibility 

A conclusion is defeasible if it may have to be retracted when some additional facts are 
introduced. This property is also called nonmonotonicity, and is the defining property of 
preferences. This property also defines pragmatic, as opposed to grammatical, conclusions 
under the present assumption that grammatical conclusions are indefeasible. 
The following continuation of (1) illustrates defeasibility. 

(4) John met Bill at the station. He greeted him. John greeted him back 
In ( 4), the third sentence, with its indefeasible semantics associated with the adverb back 
(as in discourse E in Table 1), forces a reversal of the preferred interpretation concluded 
after the second sentence. This on-line reversal produces a discourse-level garden path effect, 
analogous to the sentence-level phenomena as in "The horse passed the barn fell" or "The 
astronomer married a star." 
Garden path effects are cases of preference reversal, which should not be confused with 
explicit retractions or negations of indefeasible conclusions. The former can be triggered 
implicitly, whereas the latter must be explicitly asserted. The latter is illustrated by the 
following discourse-level repair example, where the explicit retraction signal "No" negates 
the immediately preceding assertion, and opens a way for a different fact to be asserted in 
the next sentence. 

(5) John met Bill at the station. No. He met Paul there. 

2.2.4 Preference Classes 

When multiple preferences simultaneously succeed, the combined effects are quite unlike 
the familiar patterns of grammatical rule interactions. When mutually contradictory inde­
feasible rules both succeed, the whole interpretation fails. For instance, "John met Mary 
at the station. He knows that she loves himself." leads to no interpretation. In contrast, 
preferences may override other preferences that contradict them. Ambiguities persist only 
when mutually contradictory preferences are equally strong. A logical model of preferential 
reasoning, therefore, must predict ambiguity resolutions due to overrides. 
One type of override is predicted by the so-called Penguin Principle, where the conclusion 
based on a more specific premise wins (see [Lascarides and Asher, 1993] for a linguistic appli­
cation). This principle does not explain all the override phenomena in pragmatic reasoning, 
however. We must posit the existence of preference classes in order to predict overrides 
among groups of preferences [Kameyama, 1996]. We thus distinguish between two kinds of 
conflict resolutions in pragmatics, one due to the Penguin Principle and the other due to 
preference class overrides.6 In this paper, we focus on the interaction between two major 
preference classes - the syntactic preferences based on the surface structure of utterances 7 

and the commonsense preferences based on the commonsense world knowledge . 
First consider two examples (A and B) in Table 1 repeated below. 

(6) John hit Bill. Mary told him to go home. 
(7) Bill was hit by John. Mary told him to go home. 

6. In contrast, the law of 'Lexical Impotence' in [Asher and Lascarides, 1995] (p.96), for instance, accounts 
for a class-overriding phenomena, where discourse inferences generally override default lexical inferences, in 
terms of a "meta-penguin principle" forced on rule classes. 
7. This includes both the parallelism and attentional preferences discussed in [Kameyama, 1996]. It was 
conjectured there that these preference classes may be independent subclasses of a larger 'entity- level1 
preference class, which is qualitatively different from the 'propositional-level' commonsense preference class. 

449 



Syntactic Pref. Commonsense Pref. Semantics A. John unclear Winner 
B. Bill unclear Syntactic Pref. 
C. John - Syntactic Pref. 
D. John-Bill 

unclear Bill Semantics unclear 
E. John-Bill - Syntactic Pref. unclear 
K. Bahar unclear 

Bill-John Semantics 
L. Baker - Syntactic Pref. unclear 
F. John Bill Syntactic Pref. 
G. John John/ Arnold Commonsense Pref. 
H. John - Commonsense Pref. John 
I. Tommy - Commonsense Pref. 
J. Tommy 

Billy -
Commonsense ( h.t difficult) Boy(/Tommy) 
?? 

Table 3: Preference Interactions 

Disc_ourses (6) and (7) illustrate a syntactic refer 
matical subject to be the antecede t ., p en:e - the preference for the main gram-

t t· n wr a pronoun m th t t syn ac le preference is called the b · t e nex u terance. Henceforth this 
the pronoun him is John. In (7) :~/hec a~t~ced~nt preference. In (6), the preferred va.l.ue of 

• • . , passiv1zation the pr £ d 1 . 
passiv1zat10n does not affect th th t· ' e erre va ue shifts to Bill Since 
ent 1 e ema le roles (such as A t Th • 

s, we cone ude that this preference sh"ft . d" 1 gen or eme) of these refer-
functions. I IS Irect Y caused by the shift in grammatical 
Next, consider the following.a 

(8) John hit Bill. He got injured. 
(9) The wall was hit by a cham a ne 1 . ' 

Discourses (8) and (9) ill t hp g g ass. It didn t break. 
b us rate t at the above sub ·e t t d 

y a stronger class of preferences having to do . i c an ece ent preference is overridden 
these cases, about hitting causing injuring or b WI:. - commonsense causal knowledge - in 
We thus assume that there are preference class::a mg. . 
the preferred interpretation of an tt ' or modules, that mdependently conclude 
a t • u erance, and that these 1 • t 

c m a certain general overriding pattern t c ass-m ernal conclusions inter-
survey result analyzed from thI"s p t· o prfoduce the final preference. Table 3 shows the 

1 . erspec Ive O pre£ 1 . 
ana ysis, we would like to model th £ 11 . erence c ass mteractions. Based on this 

e O owmg general patterns of £ . 
• Indefeasible syntax and t· . pre erence mteractions: 

seman Ics override all preferences. 
• Commonsense preferences override syntactic preferences 9 

• Syntactic preferences dominate the fi al . t . • 
commonsense preferences. n m erpretat10n only if there are no relevant 

The general overriding pattern we ident·f h 
r t , I Y ere is schematI·cally h epresen s a 'can override" relation: s own below, where 2: 

Indefeasible 
Syntax and Semantics 2: Commonsense > "Syntactic" 

Preferences Preferences 
T~ere are a number of questions about these r 
anse, how many classes are there and wh d p eference classes. For instance, how do they 

' Y O some classes override others?IO I th" --- • n 1s paper, 
B. (B)_ is a slight variation of Fin Table 1 ( ) . -
9_ This overriding can be diffi ult h h- 9 ls a variant of Len Schubert's (p ) I I · T c w en t e syntact· f, . .c. examp e 
fo~nT, able 1_ creates an utterance-internal garden-p::::~er:nce 1s extremely strong. For instance, example 

~~d~f ;;==·:~~;r ;::a:.:: 
0
t~:tn;~:::~:~s!~::~:J::::E;:~!~~~~ ;;:i:::::::::e=:~:;!:::~:~ 

ee a a structure components of the dynamic context ;~s at respectively concern preferred 
• ese three preference classes also seem 

450 

we simply assume the existence of multiple preference classes with predetermined override 
relationships, and propose a logical machinery that implements their interactions. 
We will now turn to the logical machinery that will be used to model pragmatic reasoning 
with the requisite properties of dynamicity, indeterminacy, defeasibility, and preference class 
interactions. 

3 Dynamic Preferential Reasoning 

We hav chosen to combine dynamics and preferences in a most general logical setting in order 
to achieve logical transparency and theoretical independence in the following sense. We hope 
that the logical simplicity facilitates future meta-logical investigations on the interaction 
of dynamics and preferential reasoning, and that it enables applications to a wider variety 
of preferential (defeasible) phenomena. We have thus chosen to combine the most general 
dynamic logical approach and the most general logical approach to defeasible reasoning we 
know. The dynamic (relational) setting consists of the core of the so-called dynamic modal 
logic of Van Benthem [1991) and De Rijke [1992). Our encoding of defeasibility follows 
Shoham's [1988) preferential modelling of nonmonotonic logics. 
Subsection 3.1 will outline dynamic modal logic, following Jaspars and Krahmer's [1996) 
fragment of the original logic. This part encodes the dynamicity property. Subsections 3.2 
and 3.3 will show how preferential reasoning can be accommodated within this fragment of 
dynamic modal logic. This addition encodes defeasibility, indeterminacy, and differentiation 
of preference classes. Finally, subsection 3.4 discusses possible pragmatic meta-constraints 
on preferential interpretation definable in this logical setting. 

3.1 Basic Dynamic Modal Logic 

Jaspars and Krahmer [1996) present specifications of current dynamic semantic theories in 
terms of dynamic modal logic (DML ), and show how DML can be used as a universal setting 
in which the differences and similarities among different dynamic semantic theories can be 
clarified. The underlying philosophy of this unified dynamics is that dynamic theories evolve 
from 'dynamifying' an ordinary logic by implementing an order of information growth over 
the models of this logic. 
To start with, one chooses a static language £ to reason about the content of information 
states S by means of an interpretation function: [.] : £ -, 25 . This setting most often 
consists of a (part of) well-known logic interpreted over a class of well-known models. 
These models are then taken to be the units of information, i.e., information states, within 
the dynamic modal framework. The second (new) step consists of a definition of an order 
of information growth, ~. over these information states. We writes~ t whenever the state 
t contains more information than s according to this definition. The conclusive step is the 
choice of the dynamic language t,•, which essentially comes down to selecting different 
dynamic modal operators for reasoning about the relation ~- The triple (S, ~. [.]) is also 
called an £-information model. 

Convention. If M = (S, ~. [.]) is an £-information model, then we write s C:: t whenever 
s ~ t and not t ~ s. The state t is called a proper extension of s. In this paper, we will 
assume that all the chains of proper extensions in S are countable in the order of their 
information size as indicated by the order ~. Formally, 

VT~ S: (Vs, t ET: s C:: tort c:: s) ⇒ 

3/: N-> T: f[N) = T and Vm,n EN: m ~ n ⇒ f(m) ~ f(n). 

to correspond with the three classes of discourse coherence relations independently proposed by [Kehler, 
1995] to account for the constraints on ellipsis and other cohesive forms. This indicates a potential integration 
of two apparently unrelated notions - dynamic context data structure components and coherence relations. 
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The set f:! denotes the set of the natural numbers, f[N] = T means that f is surjective. In 
other words, if all elements of T can be distinguished by the information .order ~. then we 
can rank them in a discrete fashion. Most often, dynamic semantic theories can be described 
on the basis of information models which satisfy this constraint. 

3,1.1 Static and Dynamic Meaning 

On the basis of these information models, one can distinguish between static and dynamic 
meanings of propositions. The static meaning of a proposition 'P E £ with respect to an 
£-information model M -= (S, ~. [.]), written as ['P]M, is the same as ['P]. The reason is 
that we want to define a dynamic modal extension £• on top of£, which requires static 
interpretation as well ([.]M : C --. zs). 

Given the relational structure, i.e., the pre-order of information growth ~. over the informa­
tion states S, we are able to define a dynamic meaning of a proposition. Roughly speaking, 
the dynamic meaning of a proposition is understood as its effect on a given information 
state s E S • 11 In other words, we wish to define the meaning( s) of a proposition 'P in the 
context of an information state s ES: ['P]M,,-

In general, different dynamic interpretations of a.., pr6position 'P are defined according to 
how 'P operates on an information state. ' For exa~l;!1e;.°·<p might be added to ,or retracted 
from an information state, or, in a somewhat more complicated case, <p may· describe the 
content of a revision to an information state. Given such an operation o, we will define the 
o-meaning of a proposition 'P with respect to an information state s E S (in M): ['P]M ,· 
The proposition 'P is the content of an operation and o specifies the type of operation. In 
DML, all these operations are defined in terms of the growth relation ~-
Jaspars and Krahmer [1996] postulate that in most well-known logics of mental action or 
change, we need only four basic operation types: extension ( +) and reduction (-), and their 
minimal counterparts, update ( +µ) and downdate (-µ) . Given an information order ~ for 
a given set of information states S, these actions are defined as follows : 

(11) 

Mt,, 
[cp]Af,4 = 
Mt:,, 
M:;t,, 

{t Es Is~ t, t E MM} 
{t Es It~ s, t ¢ MM} 

{t E Mt, J 1/~ ES: u E M_t., & u ~ t ⇒ t ~ u} 
{t E MM:, I 1/u ES: u EM,;;,:, & t ~ u ⇒ u ~ t} 

Furthermore, for every action type Owe use ['P]M,T as an abbreviation of the set u,ET['P]M,, 
( the o-meaning of 'P with respect to T) for all T ~ S. A special instance of particular 
importance is the o-meaning with respect to the minimal states in M: minM = {s E S J 

Vt E S : t ~ s ⇒ s ~ t}. We write ['P]M,min instead of ['P]M,minM, and refer to this set as 
the minimal o-meaning of 'Pin M. This is the meaning of a proposition with respect to an 
empty context. We will also use the notation minM T for a given subset T ~ S of information 
states. It refers to the set of minimal states in T: {s ET I Vt ET: t ~ s ⇒ s ~ t}. The 
presumption (10) for information models implies that mins T f= 0 whenever T f= 0, and 
therefore, ['P]t, f= 0 ⇒ ['P]!t, f= 0 (the same holds for - with respect to -µ) . 
Dynamic seman'tic theories m~st often describe relational meanings of propositions obtained 
from abstractions over the context. For every operation o, we will call the relational inter­
pretation the o-meaning of <p (in M). 

(12) 
MM == { (s, t) I t E MM,,} 

Finally, a dynamic modal extension t:,• of£ can be defined. It supplies unary dynamic modal 
operators of the form ['PJ° and ('P) 0

, whose static interpretations are as follows: 

(13) [[<p]o 1P]M 
[('P)o1P]M 

{s ES I MM,,~ [1/i]M} 
{s ES I MM,, n [1/i]M f= 0} 

11. Note that linguistic actions most often affect the mental state of some chosen agents or interpreters, 
sharply contrasting with physical actions that affect physical situations, as studied in AI for analysis of 
so-called frame problems, e.g., [Shoham, 1988]. 
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• • f the form [ ]+ 1P means that extending the current state with 
For examp_le, a propos1t10n o hi! ( 'P )-µ 1P means that it is possible to retract 'P from 
'P necessarily lead~ to a ?-.staalte, w e d'P d up with the information 1/,. In this paper, we , t state m a mm1m way an en . . 
the curren. h t • (+) and update (+µ) meanings of propos1t10ns. will only discuss t e ex ens1on 

• C be a set of connectives, then we write £ + C for the smallest 
Notational conventions. Let t' . C £ * C denotes the smallest superset of£ t f £ closed under the connec 1ves m • . . 
:::~:n~er the connectives appearing in £ and the connectives m C. 

Static and Dynamic Entailment 

3.1.2 • n se uences of formulae and single formulae. The 
Entailments are defined as re!at10ns b:~wet tterqis the conclusion of the entailment. In order 
former contai~s the a~s~mpt10ns ~d d ;n: the static and dynamic meaning of a sequence 
to make concise d:fimt10ns,_ w_e a do e . dal language C. Let M = (S, ~. [.]) E Mc, '" abbreviated as 'P, m a ynam1c mo <()1,·••,rn, 

then 
n 

(14) and 
i=l 

• • f - and the latter part defines the o-meaning 
The former part ~efines ~~e staticlmt:anmr o 'P~/output pairs of consecutively o-executing f _ The o-meamng of 'P 15 the re a 1On o mpu o 'P· h 
(expanding, updating, ••• ) _'PI thr:ug f:;·the set {t ES I (s,t) E [cp]M} and ['P]IM,T = 
We will subsequently wnte ['P]M,, ill ·t [ ;;'!lo , for the minimal o-meaning of U [ ;;'!lo for alls ES and T ~ S. We w wn e 'P]M,mm ,ET 'P]M,, _ 
the sequence 'P· 

1 f £-information models, and let 'PI,•··, 'Pn, 1P be propo-
Definition 1 Let M be some c ass o . t:,• f £ W define the following entailments for sitions of some dynamic modal extens10n o . e 
discourse 'Pl, . •., 'Pn (,p): 

- t t"cally entails 1P with respect to M if [cp]M ~ [1P]M-
• 'P s a 

1 
- tail ·'·) 'th espect - d • ally entails 1P according to the operation o ( or 'P o-en s 'I' w1 r • 'P ynam1c · M 

to M if [cp]M' ~ [1P]M for all ME M and s m . 

' M "f [ ;;'!lo C [1/i]M for all M E M. - • • ally o-entails 1/, with respect to I 'PJM,min -• 'P mm1m ail t 
_ - 1-o •1, d - 1-min o 1P as abbreviations for these three ent men We use <p FM 1P, 'P i--M 'I' an 'P i--M 

relations, respectively. 

0 t within the dynamic modal language t:,•, 
Note that if the modal op_erators. ['P]D i;;e.[.rese; boils down to the static entailment FM 
then the notion of o-entailment m e m wn 

[1P1]0 ••• ['PnJ° 1/, . • ·n the following sections, the minimal dynamic 
When we think of operations as up_dates as 1 d t· g the minimal states ( the initial 

• 'P is the same as up a m . 
meamng of a seq~ence 'P_I' ••• ' n This interpretation is the one we will use f~r 
context) consecutively with 'PI through 'Pn•f ill be the case for most pragmatic 

• f d" rse or text \0 0 course, as w 
the interpretation o a iscou . • . d I h uld not be states of complete • h • • 1 t tes of an mformat10n mo e s o . 
mferences, t e mm1ma s a £ "bl 1 . ns discussed in the previous sect10n, we I d t draw the de eas1 e cone us10 t f 
ignorance. n or er O 

• • • this ur ose we need the following no a ion. 
need to add some defeas1ble mformat10n. Fi\ ~ p d ls in M which supports all the 
If r C t:,•, then we write Mr for the su c ass}o mho et ii t -1-min+µ 1P covers the 

- • M I [ ] _ S for all -y Er . T e en a men 'Pt-Mr 
~ormulae •~ r: {fM d~ 'Y ,:i; the context or background knowledge of r. mterpretation o a iscourse r 

It' RR cs2,R,0R2={(,,t)E ~ operation o stands for relational composition. For two re a ions 1, 2 - . 

S 2 I 3u ES: R,(,,u) & R2(u,t)}. 
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3.2 Simple Preferential Extensions 

Shoham [1988] introduced preferential reasoning into nonmonotonic logics. The central idea 
is to add a preferential structure over the models of the logic chosen as the inference mech­
anism. This preferential structure is most often some partial or pre-order. A nonmonotonic 
inference, <p1, .. . , 'Pn f:,; 'I/;, then says that 'I/; holds in all the maximally preferred 0"-models. 
In many nonmonotonic formalisms such as Reiter's [1980] default logic, an additional pref­
erential structure of an assumption set \0 is specified by explicit default assumptions ti., 
which are defeasible."The central idea is to use as much information from ti. 13 as possible as 
long as it is consistent with the strict assumptions q,. We will also encode this maximality 
preference in our definition. In this paper, we use a preferential operator p to specify the 
additional defeasible information. A proposition of the form p <p refers to the maximally 
preferred <p-states. 

3.2.1 Single Preference Classes 

Preferential reasoning can be accommodated within the DML framework by assigning an 
additional preferential structure to the space of information states. There are essentially two 
ways to do this . In one method, the preferential structure is added to the static structure 
over information states ([.]), and in the other method, it is added to the dynamic structure 
on these states (!;;;). We take the first simpler option in this paper. 14 

As explained in 2.2.4, the preferential reasoning for anaphoric resolution needs to take 
different preference classes into account . In 3.3, we will give DML- style definitions for such 
structures, which will be a straightforward generalization of the following definition of a 
single preference class. 

Definition 2 A single preferential extension £p of the static language £ is the smallest 
superset of£ such that p <p E £p for all <p E £ . 
A preferential £-model is an information £p-model M = (S, !;;;, [.]), with [.] representing a 
pair of interpretation functions (0[.], 1[ .]) such that Mo= (S, !;;;, 0[.]) and M1 = (S, !;;;, 1[.]) 
are £ -information models, and [<p] = 0 [<p] and [p <p] = 1 [<p] for all <p E £. If M is a class 
of ·£-information models, then the class of all preferential £ models whose nonpreferential 
part (0) is a member of Mis called the single- preferential enrichment of M. 
If C = £ +(*) C, then c; refers to the language £p +(*) C. 

The interpretation function [.] consists of an indefeasible part 0 [.] and a defeasible part 1 [.]. 
Both functions are interpretation functions of the static language: 0 •1[.] : £ --+ 2s. The 
indefeasible part replaces the ordinary interpretation function, while the additional defeasi­
ble part is the 'pragmatic' strengthening of this standard reading. Note that a preferential 
extension gives us a set of preferred states, allowing both determinate and indeterminate 
interpretations. 

3.2.2 Dynamic Preferential Meaning and Preferential Entailment 

(15) below defines the static and dynamic preferential meaning of a sentence <p analogous 
to the nonpreferential definitions presented in 3.1.1. The static preferential meaning of a 
sentence <p (in a model M) is written as ((<p))M, and the 'dynamic' preferential meaning of 

13. In R eitcr 1s default logic 'as much information from .6. ' means 1as many (classical) lo gical conclusions 
from .6. 1 • 

14 . The latter, more complex, option would be a more balanced combination of dyn amic and preferential 
reasoning because the preferential structure is represented at the same level of information order over which 
dynamicity is defined. From this perspective , the preferential structuring of models of a given logic that 
supplies a nonmonotonic component is analogous to dynamifying a logic by informational structuring as 
described by Jaspars and Krah.mer [1996]. Such investigations are left for a future study. 
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'P with respect to a given information state (context) sin a model Mis written as ((<p))M,s• 

(15) 

[p<p](= l[<p]) 

{ 
[p <p]M,, if [P <p]M,, # 0 
['P]M,, otherwise. 

(('P))M 

((<p))M,s 

Ii With the definitions of3.1.l, we write ((<p))M for the relational abstraction~: (('P))M, ,· 
In ne . • f d" <p - <p 1s written 
Our definition of the preferential dynamic meanmg o a 1scourse <p1, • • • , ~ - . 
as 1.( :::\)o , and it deviates from the definition of ['Pllk, above because a simple r:lat10nal 

1 <p~sfti~n of the preferential dynamic readings of single sentences does not. give us a 
co;:ractory definition. The failure of normal composition in this respect can be 1ll~strated 
sa . . l S - - <p <p is a two-sentence discourse by the followmg simple abstract examp e. uppose <p - 1, 2 

with 
(16) [p <pi]ti'.o = {1, 2}, [<p2]tr,1 = {3}, [p <p2]tr,1 = 0 and [p <p2]ti'.2 = { 4}. 

We obtain both (0,3), (0,4) E ((<pi))M O ((<p2))M· The s:cond pair ((0,4)) is compo~ed of 
maximally preferred readings while the first pair ( (0, 3)) 1s not . Because th':'se two p_airs are 
both equal members of the composition, such a definition of the preferential meanmg of a 

discourse is not satisfactory. . . ) • th 
The two-sentence discourse in this example has four possible r_eadmgs: _(1 composmg e 
two defeasible/preferential readings, (2) composing the indefeasible readmg of one sente~ce 
nd the defeasible reading of the other sentence in two possible orders, and (3) composmg 

:he two indefeasible readings. As we said earlier, it is reasonable to use as much ~r::e~en':e 
"bl h" h ans that (1) should be the "best" composition, the two possibilities m 

as poss1 e, w 1c me . h" £ f 1 
(2) should be the next best, and (3) should be the "wors~". We will ~n.code t 1s pre eren 1a 
ordering based on the amount of preferences into the ent_ailment ~efimt10n. What about th~n 
the two possible ways of mixing indefeasible and defeas1ble read1~gs of :he two sentences m 
the case of (2)? A purely amount-based comparison would not differentiate them. Are they 

equally preferred? h th • that 
In addition to the sensitivity to the amount of overall prefere~ces, we . ypo esize . 
discourse's linear progression factor also gives rise to a preferenti~l orden~g. w_e thus dis­
tinguish between the two compositions of indefeasible and defeas1ble readmgs m (2), an~ 
assign a higher preference to the composition in _which t~e first sentence ~as t_he ~~feas'.­
ble/preferential reading rather than the indefeasible r:admg. The underl~mg mt~1t10n is 
that the defeasibility of information is inversely proport10nal t_o the flow of t~me. It 1s h_arder 
to defeat conclusions drawn earlier in the given discourse. This has to do w'.th th: fadm~ ~f 

t . y wi"th ti·me Earlier (semantic) conclusions tend to persist while explicit nonseman 1c memor • 
sentence forms fade away as discourse continues. . _ 
We thus take the preferential context-sensitive reading of a discourse <p = 'Pl, • • _-, 'Pn to be 
the interpretation that results from applying preferential rules as muc~ as po~s1ble ~nd as 
early as possible. This type of interpretation can be defined on the basis of an mduct1on on 

the length of discourses: 

and 
(17) with T = k[<p1, .. . , <pn - l]M,,15 • 

· · · • d fi ·t· O[ ] and 1[<p ]M are given by the Note that k < 2n-l m this mductive e m 10n. 'Pl M ,, 1 •.' _ . . 
r · r t · del M The set of states k[<p~ 0M is called the o-meanmg of <p of pnonty ,_,-m1orma 10n mo • V] ,, • d" Th 
k with respect to s in M. In this way, we obtain 2n readings of a given 1scourse. e 
preferential a-meaning of a discourse \0 (w.r.t . sin M) is then the sa~e as the nonempty 
interpretation of the highest priority larger than 0, and if all these_ readmg~ are em~ty: then 
the preferential a-meaning coincides with the completely indefeasible readmg of pnonty O. 

(18) k[~0 withk=max({ili['PliM,,"f0, 0<i<2n}u{O}) . ((so'))M,, 'Pm,, 
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Note that application of this definition to example (16) . Id +µ 
(18) leads to the following succinct d fi T f ,. yie_ s (('Pi, 'P2))M,o = {4}. Definition 

e m ion o pre1erent1al dynamic entailment: 

(19) 'Pl,· · ·, 'Pn f"M 'P ¢} (( )·lo [ 'Pl,·•·,'Pn/M,, <; 'P]M 
for all s in M, for all M EM. 

This definition says that for every input state of a d" ~ 
readings of the discourse always lead to .,. st t W '.sco~r~ 'P, the maximally preferred 
[,f;] £ ll 'I'- a es. e wnte rp rvmrno ,f; whenev (( "i))o 

M or a M E M ( minimal preferential dynamic entailmen0 . er rp M min <; 

3 •3 Multiple Preference Classes 

Now we turn to information models f If I 
preference interaction in pronoun res:1:::: Ip e pre£t~rencde ~lasses_ needed for formalizing the 

• . n, as mo 1vate m section 2 If w r 
pnonty order on these preference classes th ·t . • . e assume a mear 
a single preference class given in section 3 2 t\~ is ~ot hard to generalize Definition 2 of 
relations among preference classes h 16 • • • e w assume such determinate overriding ere. 

Definition 3 A multiple (m) preferential extension£. . 
such that p . rp E ,. ,- ll ,. P,m of£. IS the smallest superset of£. 

, Lp,m 1or a 'P E ,., _ 
A multiple (m) preferential £. d I • £. . 
[.] = (o[.], ... , m[.]) with M -:o (; ~s i[ ]) P;t~for;atiolln _model (S, ~. [.]) such that 
o[rp] and [P; rp] = i[rp] for all ~ E £. a~d~ E. {1, ... , ~}. or a z E {O, ••• , m}, and [rp] = 
The class of m-preferential enrichments of a class of£. . . 
of all preferential £. models whose indefeasible t (0) _mformat1bon models M is the class 

par is a mem er of M . 

Intuitively, P • 'P says that the curre t t t • 
erence class :nd the content We :s:: s~ is a preferre~ st_ate according to the i-th pref-
meaning given in the previo~-section for :;pl~ ge~eralizat10n of the ?referential dynamic 
course ,jJ - 'P d fi ( e smgu ar preference settmg. For a given dis-

- 1, • • ·, 'Pn we e ne m + l)n readings and d fi th • · 
in the same manner as in (l 7) L t k ( )n-l e ne en associated priority 
(m+r)k[;;'JJ • e • < m + 1 and T - k[ ] h 

<p~ = ['Pn]MT and (m+l)k+i[<pj) _ [ 0 _ . - 'Pl,···, 'Pn-1 , t en 
ential o-meaning or''{l with respect t -t ~; 'Pn~M,T f?r all z ~ {1, ••• , m}. The prefer-
cl fi d • h O a s a e s m an mformat10n model M I( :::l)o • 

e ne m t e same way as for the single preferential case (18)· r I 2 "th, I 'P1 M,,, is 
• ep ace w1 m + I. 

3•4 Pragmatic Meta-constraints 

For most applications, however, this definition is far to 
the interplay of indefeasible and de£ "bl . t . o general, and we need to regulate 
d . easi e m erpretat1ons with add"f I t • 

1scuss some candidates here. Let M = (S C (o[] 1[ ])) 1 IO~a cons ramts. We 
'-' • , • be a preferential £-model. 

Principle 1 (Realism) Every preferential <p-state, or p rp-state, is a rp-state itself: 17 

l[rp] <; O[rp] . 

This principle is perhaps too strict I t . 
assign preferential meanings to m~an~::i:: ::~_;!r:~;s.ible reaso~ing, we wo~ld like to 
robustness to recover from errors Su h b t mput, which would give us the 

• c ro us ness can be expre d • t f . . 
to nonempty indefeasible readings as follows: o[rp] 'P 0 (Robus/;e~:m)~ms o a restnction 

16. Kameyama (1996] points out that this is not alwa s th . 
enforced through cuniting' multiple r f, I y e case, but In most cases, strict linearity can be 
[p 'I'] U [p ' 'l'l p e erence c asses of an equal strength into a single one: [(p U p') 'I'] = 
17. Compare the 'realism' principle of [ Cohen and L 
agent should be epistemicallypossible Thi t . et:sq~e, 1990]: all intended or goal worlds of a rational 
and intentions. • s cons rain is o ten used to distinguish between an agent's desires 
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Principle 2 (Minimal Preference) In minimal information states, if a proposition has an 
indefeasible reading, it should also have a preferential reading: 

MM,min 'P 0 ⇒ [p 'P]M,min 'P 0. 

The intuition here is that in a minimal state there should be no obstacles that prevent the 
interpreter from using his preferential expectations or prejudices. In the next section, we will 
discuss some variants of this principle, which are required to account for certain anaphora 
resolution preferences. 

Principle 3 (Preservation of Equivalence) Two propositions with the same indefeasible con­
tent should also have the same defeasible content: 

This principle is not always desirable.18 For example, in discourses (1) and (2) above, John 
met Bill and Bill met John have the same semantic/indefeasible content, but different prag­
matic/defeasible readings. 

Principle 4 ( Complete Determinacy) Every preferential rp-extension of a given information 
state s has at most one maximal element. 

#( 1[rp]tf,,) :<::'. 1 for alls. 

This excludes indeterminacy described in 2.2.2, prohibiting Nixon Diamonds. Intuitively, 
it says that pragmatics always enforces certainty. In other words, in cases of semantic un­
certainty, pragmatics always enforces a single choice. For example, discourse (3) should 
always lead to a single pragmatic solution. Therefore, as argued earlier, this constraint is 
also unrealistic. 

4 Towards a Preferential Discourse Logic 

In this section, we will discuss two different instances of preferential extensions of the DML­
setting of the previous section. As we have seen, such an instantiation requires a specification 
of static and dynamic modal languages and a class of information models. In subsection 4.1, 
we will discuss a simple propositional logic, and explain how simple defeasible (preferential) 
propositional entailments can or cannot be drawn from a set of preferential rules . Our exam­
ples will illustrate the defeasible inference patterns commonly called the Penguin Principle 
and the Nixon Diamond. In subsection 4.2, we will define a much richer dynamic semantics 
that integrates the defeasible propositional inferences explained in 4.1 into anaphora reso­
lution preferences. Such a combination is needed to account for the preferential effects on 
anaphora resolution. In subsection 4.3, we define first-order variants of pragmatic meta­
constraints. In subsection 4.4, we will illustrate the first-order preferential discourse logic 
with discourse examples with ambiguous pronouns discussed in section 2. 

4.1 A Simple Propositional Preferential Dynamic Logic 

Table 4 gives a DML-specification of a simple dynamic propositional logic. The single prefer­
ential extension of this logic illustrates how preferential entailments are established according 
to the definitions given in the previous section. The information states of this model are 

18. In norunonotonic logics this principle is often used. It implies, for example, the dominance of the default 
conclusions from more specific information. If penguin/\ bird is equivalent to penguin, then Principle 3 makes 
all the preferential information based on penguin applicable while the preferential information based on bird 
may be invalid for penguin A bird. 
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Static Language (£): 
Dynamic Language (C): 
States (S): 
Order (i;:::): 
Interpretation ([.]): 

A set of literals: JP U { -.p / p E JP} 
£+{[.] µ,(.) µ} 

arbitrary non-empty set. 
arbitrary pre-order over S. 
A function £ 1----> p(S) such that 

( i) V,p E £, s, t ES: s i;::: t, s E [,p] ⇒ t E [,p]. 
(ii) Vp E JP: [p] n [-.p] = 0. 

( iii) V,p E £: [,p] n minM S = 0. 

Table 4: A Class of Propositional Information Models 

partial truth value _assignm~nts for t~e pro~ositional atoms: an atom is either true, false 
or undefi~ed. T~e mform~t1on orde~ rs arbitrary, while the interpretation function is ( i) 
monotonic, that 1s, expansions contarn more atomic information and ( ii) coherent that · 
ex_pansions_ c~ntain no contradictory information, and furthermore, there is a constr~irit th:~ 
( m) the mm1mal states have empty atomic content. 

Let _M be the class_ of_ all single-p~eferential enrichments of this class of information models 
subJ?ct to bo_th Prmc1ple 1 (Realism) and Principle 2 (Minimal Preference) defined in the 
previous sect10n. Let { bird, penguin, can-fly} C JP and let r be the £ ll • t f £• 
formulae: - , o owmg se o P-

(20) {[p bird J+" can-fly, [ p bird]+" -.penguin, [ p penguin]+" -.can- fly, [penguin]+" bird}'• 
then: 
(21) b ·d~min+µ . . 

Ir r--Mr can-fly and bird, penguin p:,~; +µ -.can-fly 

This entailment is validated by the following derivation for all models N E Mr: 

(( bird)} t~min 

((bird, penguin)} tmin 

[bird, p penguin]tmin 

l[bird]tmin and 

1 [bird,penguin]N+µ. = ,min 

[p penguin]tmin ~ [-.can-fly]N 

By definition of the entailment f"t;+µ, we obtain the results of(21 ). 
Next, suppose that {republican,pacifist,quaker} ~ JP, and 

(22) I:::.= {[ P quaker]+µ pacifist, [ p republican]+µ -.pacifist}. 

Here, the preferential readings of quaker and republican contradict each oth o 
t th t k • er. ne may 

expec _a we get qua er, republican f"~:+µ pacifist, because the preferences of the last 
sentence rs taken to be weaker in the definition (18) This is not the h b . . . • case, owever, ecause 
rt IS _possible that a republican cannot be a normal quaker ([republican]+µ [ p quaker]+µ _l_) 
or vice versa ([quaker]+µ [ p republican]+µ _l_). 
If such preferential blocks are removed, we obtain: 

(23) quaker, republican f"t:;µ pacifist and 

republican, quaker f"t:;µ -.pacifist , 

with I:::.' denoting the set: 

(24) I:::. U {[quaker]+µ ( p republican)+µ T, [republican]+µ ( p quaker)+µ T}.20 

19. The set r prescribes that "normal birds can fly", "normal birds are not penguins" " 1 • 
cannot fly" and that upenguins are birdsn. , norma pengwns 
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Let ./II be the class of double-preferential enrichments of the model given in Table 4 subject 
to the realism and the minimal preferential constraints on both classes. Let I:::." be the set 

{[ p1 quaker]+µ pacifist, [ p2 quaker]+µ quaker, [ p2 republican]+µ -.pacifist} U 
(25) {[ quaker]+µ ( P; republican)+µ T, [republican]+µ ( P; quaker)+µ T Ii = 1, 2} 

The second rule says that the p2-reading of quaker does not entail any information in 
addition to its indefeasible reading. In this setting, the two discourses in (23) yield the same 
conclusion as follows: 

(26) 
quaker, republican p:,~:~µ -.pacifist and 
republican, quaker f"Mmm +µ -.pacifist ,.,, 

4.2 A First-order Preferential Dynamic Semantics 

We will now come to an analysis of the discourses with ambiguous pronouns discussed in 
section 2. Typical dynamic semantic analyses of discourse, such as the relational semantics 
for dynamic predicate logic [Groenendijk and Stokhof, 1991] or first-order DRT such as 
presented, for example, in [Muskens et al., 1996], 21 do not yield a satisfactory preferential 
dynamic semantics when we integrate them with the preferential machinery of the previous 
section. In these types of semantic theories, dynamicity is restricted to the value assignment 
of variables for interpretation of possible anaphoric links, but we need a logic that supports 
a preferential interplay of variable assignments, predicates, names and propositions in order 
to account for anaphora resolution. In the terminology of Jaspars and Krahmer [1996], we 
need to 'dynamify' more parameters of first-order logic than just the variable assignments. 22 

In order to arrive at such extended dynamics over first-order models, we will establish a 
combination of the 'ordinary' dynamics-over-assignments semantics with the models of 
information growth used in possible world semantics for classes of constructive logics. 23 

Let us first present the class of our information models. The basic linguistic ingredients are 
the same as for first- order logic: Con a set of constants, Var a disjoint countably infinite 
set of variables, and for each natural number n a set of n-ary predicates Predn. The static 
language is the same as for first-order logic except for quantifiers and negation. The dynamic 
language supplies the formalism with dynamic modal operators [. ]+µ and (.) +µ : 

(27) 

Atoms 

£ 
£* 

{Pt1 ... tn /PE Predn, t; E Con U Var} 
U{t1 = t2 / t; E Con U Var} 
Atoms+ {i\, V, _l_} 
£ * {[.]+µ' (.)+µ} 

Table 5 presents the intended £-information models. The growth of the information order 
i;::: is subject to three constraints. The first one ( i) says that all the parameters of first-order 
logic, that is, the domains, interpretation of predicates and constants, and the variable 
assignments, grow with the information order. The other two constraints seem unorthodox. 
The second constraint ( ii) ensures the freedom of variables in this setting. It tells us that 
in each state the range of a 'fresh' variable is unlimited, that is, it may have the value of 
each current or 'future' individual. This means that for every individual d in an extension 
t every variable x which has not been assigned a value yet, may be assigned the value d 

20. Talce T = (p ]+" p. 
21. For a discussion of the DML-specification of this semantics for DRT, sec [Jaspars and Krahmer 1 1996]. 
On the basis of these specifications one can transfer the definitions of preferential dynamic entaihnent of 
this paper to a range of dynam.ic semantics. 
22. See also [Van Benthem and Cepparello, 1994] for discussion of such further dynami:fication. For an exist­
ing proposal for a semantic theory that combines 'propositional' and 1variable' dynamics, see [Groenendijk 
et al. 1 1994]. In this paper the authors introduce a dynamic semantics over assignment-world pairs. It may 
be possible to obtain a ~uitable preferential extension of this type of semantics for our purposes as well. 
23. E.g. 1 see [Troelstra and Van Dalen, 1988] or [Fitting, 1969] for the case of intuitionistic logic. 
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States (S): A collection of quadruples s = (D', r;, ri, r;) with D' a non­
empty set of individuals, r; : Predn --> r((D't) the local inter­
pretation of predicates, r; : Con "-+ D a partial local interpretation 
of constants, and r; : Var"-+ D a partial variable assignment. 

Order (i;;;): A pre-order over S such that 
(i) For alls, t ES ifs i;;; t then D' ~ D', r;(P) ~ r;(P) for 

all predicates P, r;(c) = I(c) for all c E Dom(In and 

r;(x) = I;(x) for all XE Dom(rn . 
(ii) For alls, t ES ifs i;;; t, d ED' and x E Var\ Dom(I;), 

then there exists u E S such that s i;;; u and D' = 
D'", r; = r;, I~= I;!', Dom(I;,') = Dom(I;) U {x} and 
I;,'(x) = d. 

( iii) For all s E minM S: r; (P) = 0 for all predicates P and 

Dom(In = Dom(In = 0. 
Interpretation([.]): [Pti ... tn] = {s ES I (If(ti), .. . ,If(tn)) E r;(P)}, 

[ti= t2] = {s ES I It(ti) = If(t2)}, 
[<p /\ vi] = [<p] n [vi], [<p V vi] = [<p] U [vi], [l_] = 0. 

Table 5: A Class of First-order Information Models 

in a state which contains the same information as t. This constraint differentiates the roles 
of constants and variables in this setting. The last constraint ( iii) says that the minimal 
information states do not contain atomic information. It was also used for propositional 
information models in 4.1. 
The interpretation function is more or less standard. Verification of an atomic sentence 
requires determination of all the present terms, also for identities. 
Quantification can be defined by means of the dynamic modal operators. For example, (28) 
means that the Meet-relation is symmetric and Greet-relation is irreflexive. 

(28) [ Meet xy j+I' Meet y; and [ Greet xy j+I' [ x = y j+I' j_ 

Ordinary universal quantification can be defined by using identity and update modality: 
Vx<p = [ x = x ]+I' <p. 24 Negation can also be defined by means of a dynamic modal operator: 
--,<p = [ <p ]+I' l_. 25 A typical (singular) preferential sentence would be: 

(29) (p Meet xy]+I' (p Greetuv ]+µ (u = x I\ v = y), 

which means that the concatenation of the preferential reading of a Meeting and a Greeting 
pair makes the variables match according to the grammatical parallelism preference. 26 

4.3 First-order Constraints for Preferential Dynamic Reasoning 

In order to model the preferential effects on ambiguous pronouns discussed in section 2, we 
need to postulate several first-order variants of the pragmatic meta-constraints discussed in 
subsection 3.4. The first-order expressivity of the languages £ and £* given in (27) and the 
fine-structure of the information models presented in Table 5 enable us to calibrate these 
meta-constraints for preferential interpretation on first-order discourse representations. 
We will adopt only Principle 1 (Realism) in its purely propositional form. Three other con­
straints that we will impose on preferential interpretation regulate some 'harmless' interplay 
of preferences and terms. Let M = (S, i;;;, [.]) be a preferential £-model with [.] = (0[.], i[.] ). 

24. Note that to get the proper universal reading here, we need to be sure that x is a fresh variable (e .g., in 
the minimal states). 
25. A proper definition of existential quantification seems not feasible, ( x = x )+µ r.p is not persistent. A 
better candidate is ,V:r!•<p which b ehaves persistent . 
26. A general implementation of the parallelism preference would require a second-order scheme. 
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. . have no content and therefore, we do not allow them to block 
To begin with, fresh variables d ' •t· n that contains only fresh variables . f I ther wor s a proposi 10 . 
Preferential mterpreta ion. no_ l d'. g whenever it has an indefeasible +µ-meamng. 

1 has a preferentia +µ-rea m 
as terms a_ w~ys . f p . . 1 2 the principle of minimal preference. 
In fact, this is a variant o rmcip e ' 

. . ce for Fresh Variables) Let s be an information. state in. an 
Principle 5 (Minimal Preferen .b d . T bl 5 If Dom(!') has an empty mtersect10n 

• d 1 f the type descri e m a e • • . h 
information mo e o . . . ·r n <p and no constants occur m <p, t en 
with the variables occurring m a given proposi 10 , 

MU, * 0 ⇒ [p <p]tr,, * 0. 

. rst-order discourses are obtained by weakening Princ~ple 3 
The two other constramts for fi h th· . iple itself is too strong, we would like to 
(Preservation of Equivalence). Althoug f ~hprm\ rential operator. We thus postulate the 
have some innocent logical transparency o e pre e 

following principles 6 and 7: 

. d R ming Fresh Variables.) Preferential readings should be 
Principle 6 ( Preservation ~nbler en:eplaced by other fresh variables: 
maintained when fresh varia es are 

Vx,y E Var\ Dom(I;): s E [p<p]M ¢ 8 E [pcp[x/yl]M· 

P . . 1 7 (Preservation of Identities.) Preferential readings should be insensitive to sub­
rmc1p e 

stitutions of equals: · 
\;/ti, t2 E Var U Con : s E [p cp I\ ti = t2]M ¢ s E [p cp[ti/t2]]M • 

,.. t· l Dynamic Disambiguation of Pronouns 
4 4 Pre•eren 1a d. d m • . 1 with ambiguous pronouns 1scusse 

. t for the discourse examp es . . 
We will now accoun £ f l discourse logic defined in this section. 
section 2 using the first-order pre eren ia 

4 1 s· 1 -preferential Structure ) 
4. • mg e . . f l tructure of the 'John met Bill' sentences (1 -
We will first examme the smgle~preferen ~a s M f the models presented in Table 5 subject 

h • 1 referential extensions O • r 
(4). Assume t e smg e-p . d 1 t th ith the background information con-

. . l 1 5 6 and 7 This mo e , age er w 11 
to Pnnc1p es , , , • . ld h . t d d defeasible conclusions as fo ows: 
taining (28) and (29) above, y1e s t e m en e 

~min+µ (u=j/\v=b) 
x=jl\y=b,Meetxy,Greetuv ~~+µ ( -b/\v=·) 

(30) x = b /\ y = j, Meet xy, Greet uv ~ Mr u - J 

. . lid·t f this kind of a determinate resolution for the 'John 
This class also entails the mva 1 Y 0 

and Bill met'-case (3): 
J..l,min+µ (u=j/\v=b) 

(3 l) x = j /\ y = b, Meet xy I\ Meet yx, Greet uv v-Mr 

. ferential meaning of Meet xy I\ Meet yx may be different 
The underlying reason is that the pre h h three sentences all have the same indefeasible 
form that of Meet xy or Meet yx thong t ese 

meaning in Mr- . h t J hn greeted back in ( 4), the defeasible con-
For discourse ( 1) extended with t e s:n en':e ~ . 
clusion of the first discourse in (30) will be mvalid over Mr. 

~t;+I' (u=j/\v=b) 
(32) x = j /\ y = b, Meet xy, Greet uv, Greet xu 

The reason is that for every model M E Mr: 
• G t ))+I' ⇒ [Greet xu]+µ = 0. 

l;/s E S : 8 E ((x = j /\ y = b, Meet xy, ree uv M,min M,, 
(33) 
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4 •4 •2 Double-preferential Structure 

We will now illustrate how the overridin effects of 
(8) and (9) come about in a double-p ,. g t· I co'.11monsense preferences illustrated in 
th re1eren 1a extenswn of th DM tt· . ese cases, we hypothesized that th e L-se mg m Table 5. In 
b k• e commonsense preference b t h . . 

rea mg override the syntactic pre" d 1 . s a ou 1ttmg / injuring / W 1erences un er ymg th , J h . , 
e postulate the following double-pref. f 1 b k e O n met Bill examples (1)-( 4). 

eren ia ac ground for the 'hitting' scene: 

(34) fp1H~ta:y]+µ[p 1 Injuredv]+µv=a: and 
[ P2 H1t a:y ]+µ [ Injured v ]+µ v = y 

Th~ Prclass is as~ociated with commonsense preferences wit . . 
while the P1 -class Is associated with 'sy t f , fi h a higher preferential rank 
Not: that. we take the commonsense imp:c~c :; t:er:,erence~ with a lower preferential rank. 
contmuat10n - not only the pref. d d" ord H1t so strong that every Injured v-

1 • erre rea mgs of this sent I d 
cone us10n that the hit-tee is the O h b . . ence - ea s to the defeasible 
Th b d ne w o must e mJured 

e a ove ouble-preferential account also enables a for • . . . 
(same as (8) involving Bill) G (. 1 . S h ma! distmctwn among discourses F 
• T bl , mvo vmg c warzenegger) and H (" I • h 
m a e 1, whose differences are exhib·t d . th ' mvo vmg t e Terminator) 
Let .N be the class of double pref. t1· el m . he survey results presented in Table 2. 
th . . eren Ia ennc ments of the d I f "' b . e same prmc1ples as M for both ,. 1 mo e s O .1a le 5 satisfying 
h pre1erence c asses Whe t;. 

t e two preferential update rules given in (34) .b . n repr:sents the set containing 
, we o tam a determmate preference for F: 

(35) 
a; = j /\ Y = b, Hit a:y, Injured v k__min +µ _ b 

r"./11,,. V- . 

Let t;.' be the extension of t;. enriched 
h _,_ with the following additional w ere :u, denotes Schwarzenegger: commonsense rules, 

(36) 
[ P2 Injured a;]+µ [ a; = !di]+µ _1_, 

This rule says that ·f th" . . . 1 some mg 1s mJured th ·t • Schwarzene W h . , en 1 1s not to 
gger. e t en obtam a case of indeterminacy for G: be expected that this is 

(37) a; = j /\ Y = !di, Hit a:y, Injured v hl,;;,in +µ v = _,_ d 
_. . V"'NA, ~, an 

a; - J /\ Y = !di, H1t a:y, Injured v ~'.v-'.:'. +µ v = j. 

Let t;. II be the union of t;. and the followin dd. . 
the Terminator: g a itwnal rules, where the constant tm denotes 

(38) [. ]+µ 
J == tm ..l and [ Injured tm ]+µ _J_ 

The second sentence says that the T • t 
f bli ermma or cannot be injured Th" b k ion esta shes the preferred meaning of H: • is ac ground informa-

(39) 
a;= j /\ Y = tm, Hit a:y, Injured v p:;min+µ _ • 

N'4.11 V -J. 
Substitution of 0 - t;.' u t;.11 fi t;. . (3 . - or m 5), for t;.' in (37) and fi A 11 • ( ) • 
same conclus10ns as above. In sum if 0 was O or u m 39 yields the 
F predicts that Bill is injured while G . ldur_ bdackgro~nd knowledge, then the discourse o· ' yie S m etermmacy • ·t r • 1scourse H preferentially entails th t J h . . . m 1 s pre1erential meaning. 

a o n 1s mJured. 

5 Conclusions and Future Prospects 

As a general logical basis for an integrated model o . . 
we have combined dynamics and p ,. t· I ~ d1s_course semantics and pragmatics 
Th. 1 . re1eren 1a reasonmg m a d • d 1 ' 

Is og1cal setting encodes th b • d. ynam1c mo a logic setting 
.bili. e as1c 1scourse pragmatic pr f f d • 

si ty, indeterminacy and preferenc 1 . . oper ies O ynamicity, defea-
, e c asses posited m an earlier linguistic analysis of the 
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preferential effects on ambiguous pronouns in discourse. It also provides a logical architec­
ture in which to implement possible meta-constraints that regulate the general interplay 
of defeasible and indefeasible static and dynamic interpretation. We have given a number 
of such candidate meta-constraints here, and further empirical (perhaps psycholinguistic) 
investigations are needed for choosing exactly what constraints are needed. 
We demonstrated how a general model theory of dynamic logic can be enriched with a pref­
erential structure to result in a relatively simple preferential model theory. We defined the 
preferential dynamic entailments over given pieces of discourse, which predict that prefer­
ential information is used as much as possible and as early as possible to conclude discourse 
interpretations. That is, earlier defeasible conclusions are harder to defeat than more re­
cent ones. We have also defined a logical machinery for predicting overriding relationships 
among preferences classes. Overriding takes place when later indefeasible information de­
feats earlier preferential conclusions, or when a reading corresponding to a preference class 
of a higher priority becomes empty and a lower preference class takes over. These preference 
class overrides give rise to conflict resolutions that are not predictable from straightforward 
applications of the Penguin Principle. 
Although our focus is on pronoun resolution preferences in this paper, we hope that our 
logical machinery is also adequate for characterizing the conflict resolution patterns among 
various preferences and preference classes relevant to a wider range of linguistic phenom­
ena. The present perspective of preference interactions assumes that preferences belong to 
different classes, or modules, and there are certain common conflict resolution patterns 
within each class and across different classes. Class-internal preference interactions yield 
either determinate or indeterminate preferences. Class-external preference interactions are 
dictated by certain pre-existing class-level overriding relations, according to which the con­
flicts among the respective conclusions coming from each preference class are either resolved 
(by class-level overrides), ending up with the preferential conclusions of the highest prefer­
ence class ( whether it is determinate or indeterminate), or unresolved, leading to mixed-class 
preferential ambiguities. We would like to investigate the applicability of this perspective to 
a wider range of discourse phenomena. 27 

We might also be able to extend the framework to cover on-line sentence processing pragmat­
ics, where the word-by-word or constituent-by-constituent dynamicity affects the meaning 
of the utterance being interpreted, producing utterance-internal garden path and repair 
phenomena analogous to discourse-level counterparts discussed in this paper. 
The present logical characterization of preferential dynamics may be extended and/ or revised 
in two major areas. One is the application of actions other updates, +µ . For example, 
discourse-level repairs as in (5) also require reductions, -, and/or downdates, -µ. The 
other is the relational definition of preferences on the basis of an additional structuring of 
the information order ~ instead of the static interpretation function [.].Suchan alternative 
definition would enable us to implement 'graded' preferences as in [Delgrande, 1988], that 
is, every state gets a certain preferential status with respect to a proposition. States were 
simply divided into preferential or non-preferential with respect to a proposition in the 
present paper. Graded preferences may be required for fine-tuning and coordinating the 
overall discourse pragmatics. A question which is related to this topic is whether the use of 
graded preferences would make the setting of multiple preference classes become superfluous. 
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STRONG COMPOSITIONALITY 
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0. Introduction 

This paper addresses the much-debated issue of the principle of compositionality, 
the exact content, the formulation and the validity of which have been questioned so 
often. In its weakest form, compositionality requires the interpretation of natural­
language utterances to assign meanings in a more or less systematic manner. In 
Montague's (1970) classical version, it stipulates a perfect parallelism between se­
mantic and syntactic structures. Its validity has been questioned on the basis of the 
interference of the (utterance-external and utterance-internal) context with inter­
pretation as well as on the basis of the possibility of assigning more or less arbitrary 
syntactic structures to utterances. Finally, it also has acquired an intuitive meaning, 
which roughly corresponds to minimizing idiomaticity. 

In this paper, I will argue that the principle of compositionality has several weak 
points, which make its actual content far weaker than its intuitive interpretation. As 
a matter of fact, the principle is almost vacuous in its usual formulations. Section 1 
introduces the principle and explains what its weak points are. I conclude that the 
compositionality principle must be strengthened if it is to act as a more powerful 
constraint on interpretation. 

Section 2 is the core of the paper. I propose two additional constraints on the 
interpretation of natural-language expressions: The principle of independence says 
that the meanings assigned to sub-expressions in an expression must not depend 
on each other's shapes (Section 2.1); and the principle of additivity prohibits op­
erations combining meanings from destructively modifying any previously assigned 
meanings (Section 2.2). 

Section 3 intends to draw some consequences of strong compositionality for 
the semantics of natural languages. In particular, in Section 3.1 I will propose 
to abandon the classical functor/operand view of composing meaning; I argue that 
the mathematical metaphor of 'incomplete' expressions seen as functors must be 
abandoned in terms of the principle of additivity. Instead, I will propose to aban­
don the concept of 'semantic incompleteness' altogether, so that the combination of 
meanings yields just more complete meanings from less complete ones. Section 3.2 
sketches a model-theoretic interpretation mechanism suitable for this purpose. Fi­
nally, in Section 3.3 I speculate about the nature of the expressiorl-internal inter­
actions of meanings. I argue that such interactions are not excluded by the principle 
of independence (which only bans interactions in terms of formal properties), nor 
by the principle of additivity (inasmuch as the interactions are not destructive). 
In particular, I argue that the 'systematic ambiguities' like that of the word coffee 
(meaning 'coffee seeds', 'coffee drink', 'the act of drinking coffee' etc.) are due to an 
operation which intervenes between lexical lookup and meaning combination, and 
is similar to discourse processes that establish 'missing links' between rhetorically 
related utterances. Inasmuch as this operation is non-destructive, it is compatible 
with a strong concept of compositionality. 
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1. Compositionality 

It _is impossible to imagine_ a language for which no compositional interpretation 
exists under the usual defimt10n of compositionality: 1 ,. 

( 1) Compositionality 

The meaning of a complex expression is a function of the meanings of its 
sub-expressions and of the way in which they are put together. 

It seems ~bvious that thi_s criterion can be satisfied by any complex expression what­
soe;er if the way 1~ which its constituents are put together' can be determined at 
all. That 1s, practically any interpretation may be compositional in the technical 
sense, even one that fails to satisfy the intuitive requirement of 'm,·n,· · · "d • · · , F mizmg 1 -
10mat1c1ty • or example, languages used for giving commands to computers such 
as _the c~mmand la~guage of the Unix operating system, can easily be given c~mpo­
s1t1onal mterp~eta~10ns,. a~though people have a hard time learning such languages 
because of the!f highly 1d10matic character. 

The definition i~ (1) _has at least three loose points that are jointly responsible 
for the the fact that 1t fails to capture the intuitive concept of compositionality:3 

(2) Weak points of compositionality 

(i) the function used for combining the meanings of the sub-expressions can 
be any function at all; 

(ii) h t_ ere is no a _ _ priori limitation on what objects meanings can be,· 
(iii) h d fi m t e e mti?n above, them are no constraints as to how the meanings 

should be assigned to the simplex sub-expressions. 

Let me now elaborate on each point in (2i-iii) above. 

Ad (2i):. Th~re are few things a function cannot do. In particular, we can define 
'.unc_t,_ons pomtw1se s~ that their behaviour cannot -be considered uniform in any 
mtmtive sense. That_ 1s, although the intuitive content of compositionality implies 
t~at, under normal Clfcumstances, the same constituent in the same syntactic role 
will play the same sem~tic role, this is not guaranteed by the definition in (1). 
For example, m the Umx command language, there is no constraint to the effect 
that the v~nous uses o,r_a parameter like -v should have anything in common. The 
command grep ( expr) 1s used to select those lines of a file that match the expression 
(expr), whereas 'grep -v (expr)' selects the lines that do not match the expression 
On the other hand, w_ith other commands (such as the tar archiver program) th~ 
parameter -v results m a 'verbose' output. This property is felt idiosyncratic by 
~sers, although _both the grep and the tar programs embody functions, which 
simply behave differently depending on whether they are given the parameter -v. 

, Simil:r!y, under the definition in (1), a word like yesterday could easily mean 
yesterday m some sentences and 'accidentally' in others. True, a word like yes­
terday could be polysemous in the sense that there would be two homonymous 
~ho~ophono~s) words of this shape, one of which means 'yesterday' and the other 
accidentally • In that case: we would consider them two different expressions ( the 

surface shapes of which mc1~entally coincide) , and the principle of compositionality 
would apply to both express10ns separately and independently. On the other hand, 

1 This was shown by Janssen (1983). For the variants of the definition below 
and theu history, see Partee (1984) and Szabo (1995). 

2 Cf. Partee (1984) . 
3 Partee (1984) raises the same problems. 
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were this to be the case, our hypothetical word yesterday would lead to ambiguities 
in most cases. That is, most sentences would be ambiguous if they contained it 
as a constituent. But the definition in (1) would even allow a situation in which 
yesterday could unambiguously refer to 'yesterday' in some cases, and 'accidentally' 
in all others, which is hard to imagine in any human language.4 

Ad (2ii): There are few things we could not do with artificial meanings.5 The 
simplest way of showing this is the following. Obviously, the intention of the prin­
ciple of compositionality as formulated in (1) is that the meanings of complex ex­
pressions depend on the meanings rather than the forms of their sub-expressions. 
However, if what a 'meaning' is was left unconstrained, then we could assign char­
acter strings to certain sub-expressions as their meanings (say, character strings 
corresponding to their orthographic form), and have the combination function be­
have differently depending on what those strings are, thereby getting around an 
essential aspect of what (1) intends to claim. (The example of the command grep 
above citn also be use here: the parameter -v does not have a meaning of its own; it 
is the form of the parameter that the grep program takes into account.) I will not 
have too much to say about arbitrary meanings in the following. Note, however, 
that a remedy for the weakness in (2i) could also help solving (2ii): For example, 
if the behaviour of combination functions (or a program like grep) simply cannot 
depend on character string parameters, then the above 'trick' is not feasible. 

Ad (2iii): There are few things we could not do if we did not constrain the 
assignment of meanings to simplex expressions. Although the principle of composi­
tionality intends to constrain the assignment of ll).eanings to complex expressions, 
we can still do almost anything if the-assignments of meanings to simple expres­
sions is left unconstrained. For example, if we could determine the meaning of a 
simple sub-expression depending on what other expressions occur in the complex 
expression (and 'the way in which they are put together'), then the meanings of 
complex expressions could depend on the shape of their constituents, which would 
be undesirable, as pointed out in (2ii) above. For example, even if the 'meaning' of 
the parameter -v was more than just a character string (that is, if its meaning was 
now 'print the non-matching lines', now 'produce a verbose output' ), we could still 
assign one or the other meaning to it depending on whether it occurs with grep or 
tar, and we still would not violate the principle of compositionality. 

My conclusion is that new principles, constraining the compositionality princi­
ple in (1), should be developed and adopted for the syntax/semantics interface of 
natural languages. They should constrain both the class of functions that can be 
used for combining the meanings of the sub-expressions of a complex expression and 
the way in which simple expressions are assigned meanings. The following section 
will be devoted to such constraints. 

2. Strong Compositionality 

In this section, I develop an alternative to the traditional concept of composition­
ality. The alternative will consist in adding two sub-principles to the traditional 
definition (1) in Section 1, called independence and additivity. The resulting, 

4 Seemingly similar cases include the 'systematic ambiguity' of indefinite deter­
miners (and the quantifier any) in English, which can have a universal meaning 
in certain syntactic contexts. But most linguists find it undesirable to attribute 
such facts to homonymy. 

5 Cf. Janssen (1983) and Partee (1984) . 
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more restrictive principle will be called strong compositionality. The following sub­
sect10ns mtroduce these principles. 

2.1. Independence 

I will start wi_th the problem of assigning meanings to the simplex sub-ex ression 
of an ex~rnssion. We have seen that the intuitive non-compositionalityp of Uni: 
comman s is partly du~ to the fact that the program invoked is free to inter ret 
;?e P;;am( eter(s,)~epend1~g on its idiosyncratic contents. The principle of com:Osi-
JOna I Y see 1. m Sect10n 1) leaves it open how the simplex sub-expressions of a 

c~mplex e~press10n a:e assigned meanings. It is easy to see that, if one constituent 
o a comp ex express10n (call 1t the 'functor') may determine what · • 
signed to an th t·t ( meanmg 1s as-o er cons I uent the 'operand') that is effective! th 
~h~ shape of t~e 'ope~and' to the 'functor'. Moreover, any ki~ oti:::~:;!~:!~! 

e ween meanmg assignments in a complex expression amounts to O eratin 
the sha~~s of_ its const_ituents. Allowing such operations weakens thep conce gt:~ 
compos1t10nahty to ~n mtolerable extent. Using the example of the Unix com!and 
language, the meanmgs assigned to the operands of a command (such as the a­
rameter -v) should not depend on what the command name is and what the tt 
parameters are. That is, meanings should not be assigned in a construction-s :ci;; 
manner. I propose the following principle to achieve this: p 

(3) Independence 

The meanings of the constituents of a complex expression are assigned inde­
pendent!~ of each ~ther, of the way in which they are put together, and of 
the function that yields the meaning of the complex expression. 

If ~ language obeys the principle of independence, then the meaning of an 
;xpression may not vary _depending on what it is a constituent of. Were we not 

0 1~pos: such a. constramt, very similar constructs (e.g., containg the same ex­
presswn m the same syntactic role) could be interpreted in heterogeneous ( or even 
u;:~ated) ~ays. Note that this principle implies that the meaning contributions 
0 e constituents of an expression are constant i e they do not fr 

t t t h ' • ·, vary om one 
cons rue O t e other. This means a certain context-independence which man 
: 0 ~!~. denr I conceive of this as a price to pay for a reasonable alte~native to th: 

a 1 10na concept of compositionality. 

unde!~:;:l:~! ~~ei exte;nal ~o~text in the interpretation of complex expressions is 
that of i d, d s no I a c a enge to either the principle of compositionality or 

f _n epen ence as ong as we can reduce it to an influence on the assignment 
o meanmgs to simple sub express· d th' 
(1984)) 0 h - wns, ~ is seems perfectly feasible (cf. Partee 
th • ~ t e other hand, the prmc1ple of independence also does not prevent 
t~se ;:iea~gs that the sub-expressions are assigned from interacting with each 

~h er o pro uce complex meanings (cf. Section 3.3). We only want to exclude 

(sia dp=~)endfetnhc~ of b-the mea~ings of complex expressions on the formal properties 
o e1r su express10ns. 

2.2. Additivity 

_The independence of meaning assignments eliminates one weak as ect of the 
trad1t10nal conce~t of compositionality, but it does not eliminate the arbifrariness of 

:::::gn:o:fn;1:~~\:::t~;,~~;~\~:~:~:o t~~n~~:~::~, ok:ec:i:t~:x a::~::s!~: 
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principle of independence, i.e., that the 'functor' has only access to the meaning, but 
not the form of the 'operand', the behaviour of the 'functor' may still vary arbitrarily 
depending on what the operand is. One of the simplest cases would be the difference 
between the presence and the absence of the operand. It is clearly impossible for a 
natural-language verb to mean completely unrelated things depending on whether it 
is given an argument or not, unless there is idiomaticity involved. For example, the 
Unix command sendmail (which is used, among other things, for submitting mail 
messages) creates a configuration file when used with the parameter -bz. There is no 
transparent relation between the different effects that running sendmail can have, 
which we can characterize as idiomatic, intuitively non-compositional behaviour. 

If we want to achieve a uniform behaviour of commands, we should stipulate 
that the meaning contribution of the command name cannot be radically altered 
by the presence or absence of parameters, and the other way round, the meaning 
contribution of a parameter or a type of argument must not be radically altered by 
the command that it is given to. To guarantee this in general, we have to stipulate 
that the meanings of constituents are combined in a non-destructive way: What­
ever each constituent contributes to the meaning of the entire complex expression 
must be constant from one expression to the other, without being distorted by the 
meanings of its co-constituents. This can be formulated as a separate principle: 

( 4) Additivity 
The function that combines the meanings of the sub-expressions of a complex 
expression must not destroy the information contained in those meanings. 

The name 'additivity' is motivated by the fact that, if a function obeys this principle, 
then the meaning of the complex expression is a simple 'sum' of the meanings of the 
sub-expressions. That is, the meaning or information content of each constituent is 
simply 'summed up' in some technical sense of the word. Obviously, the definition 
presupposes a concept of information content for meanings. Usually, this kind 
of concept is defined by attributing an algebraic structure to the domain(s) of 
meanings. The structure must contain an ordering in terms of informativity, and 
an operation of combining pieces of information, which should not lead out of the 
structure. Assuming such a concept, additivity means that the combination of two 
members of such a domain must yield a third member that is ordered higher than 
both operands in the informativity hierarchy. 

For example, additivity is satisfied if the domain of meanings is a powerset of 
some set, and the only operation that may combine meanings is intersection. Note 
that additivity presupposes that the meanings of the sub-expressions combined are 
comparable in terms of the informativity ordering. It is not easy to satisfy this 
requirement within the traditional models used in formal semantics. I will turn 
back to this problem in Section 3. 

Additivity makes it very cumbersome to deal with non-monotonicity, i.e., phe­
nomena in which so-called default values are involved. That is, additivity excludes 
those combinations of meanings in which one meaning destroys or blocks some de­
fault information associated with another. Apparent counterexamples can be found 
in artificial languages designed for man/computer communication, in which default 
mechanisms play an important role. But even in natural languages, we find cases 
reminiscent of destructive behaviour. For example, consider:6 

(5) a. Joe is eating. 
'Joe is eating food' 

b. Joe is eating sand. 

6 I owe this example to Anna Szabolcsi. 
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Cleflrly, it looks as if the 'default' direct object of eat was 'some food', and as if 
this 'default' could be 'overridden' by an explicit direct object that does not denote 
food. I believe there are at least to ways to deal with this type of phenomena: 
(a) it could be argued that using a transitive verb intransitively corresponds to a 
separate syntactic construction, which specifies how the implicit direct object is to 
be interpreted in such cases; (b) the domain of denotations can be enriched in such 
a way that each denotation consists of two components, namely, a parameterized 
object and a specification of how the default values of parameters can be produced; 
It is easy to order such a domain in terms of the information content of the elements, 
so that this solution can be made compatible with the principle of additivity. The 
latter treatment certainly seems more attractive. In particular, one could argue 
that the phenomenon in (5) may well be universal, so there is no justification for 
attributing it to a separate construction of English. I will touch upon this problem 
in a moment (in Section 3.3) . 

2.3. Strong Compositionality 

The definition of strong compositionality is the conjunction of compositionality, 
independence and additivity. I submit strong compositionality as an alternative to 
the principle of compositionality. 

(6) Strong Compositionality 
The meaning of a complex expression is strongly compositional if and only 
if it obeys 

(i) the principle of compositionality (cf. (1) in Section 1); 
(ii) the principle of independence (cf. (3) in Section 2.1); and 

(iii) the principle of additivity (cf. (4) in Section 2.2). 

It should be clear from the above that the three sub-principles are independent. 
Notice how the weaknesses of compositionality (cf. (2) in Section 1) are remedied 
by strong compositionality. Additivity is an answer to the arbitrary character of 
combination functions (cf. (2i)), and independence constrains the assignment of 
meanings to simple sub-expressions (cf. (2iii)). As I mentioned earlier, the third 
weakness of compositionality (i.e., the arbitrary character of meanings, cf. (2ii)) is 
probably harmless if the two other problems are discarded. 

3. Strong Compositionality in Natural Language 

This section deals with some consequences of strong compositionality for the se­
mantics of natural language. First, in Section 3.1, I will examine the effect of 
additivity (and strong compositionality in general) on common views of semantic 
combination and types, and I will conclude that the traditional (Fregeau) metaphor 
of 'incomplete' linguistic expressions as functors that apply to operands to become 
complete is to be abandoned. 

3.1. Abandoning the Functor Metaphor 

I have touched upon various consequences of strong compositionality on natural­
language semantics already. In this section, I will dwell on a very particular conse­
quence of strong compositionality, originating from the principle of additivity. If the 
combination of the meanings of constituents is to be additive in the technical sense 
explained in Section 2.2 , then the denotations of the immediate constituents of a 
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mplex expression must be comparable in terms of informativi:Y· Were they no~, 
::e could not perform intersection-like operations on them. I believe the ~nly sens~ 
ble way of implementing this constraint is to assume a type-free semantics, whic 
implies that the traditional (Fregeau) type system cannot be used for explanatory 

purposes. . . . . 
The question arises why we could not implement ad~1t1v1ty 1~ ~ typed seman-

t' For example we could order meanings in terms of mformat1v1ty ~y takmg a 
;;;~ositional cou~terpart (a sort of 'existential closure') of every intens10n: 

(7) Ordering intensions , . 
(a) If€ is an intension of type (s, e}, then£(€), the 'closure of€ is 

{(w,v) E W x 2:v = l}, 

i.e., £(€) is a constant function, which assi~s 'true' to_ every possible 
world (because :lx.a = x is true in every possible world), 

(b) If c is an intension of type ( s, t), then £ ( €) = €; 
~ ( ( (3)) h and (3 are intensional (c) If ( is an intension of type s, a, , w ere a 

types, then 

£(0 = {(w,v) E W x 2: v = 1 ¢c> V &(((w)(x))(w) = l}, 
xEV0: 

i.e., the 'closure' of€ assigns the value 'true' to a possible world _w if 
there is an intension X within the domain of the type a such that, if we 
apply the extension corresponding to € in w to X: the~ the,'~losure' of 
the resulting intension (which will be of type (3) y1el_ds true. m w. . 

Given this definition of£, an intension€ (of any type) 1s more mformatl~e 
than an intension X (of any type) if and only if the closure of€ entails t e 

closure of x: 

( ~ X ¢c>def {w E W: t:(O(w) = l} <;;; {w E W: t:(x)(w) = l}. 

Under this definition, the intension of Joe likes Mary is more informat~eh tha~d 
;_ likes Mary .>-x.Mary likes x or >-x>-y .x likes y (the closure ~f w 1c yte :~t~ w::never some~ne likes Mary, Mary likes someone, or someone hkes someone, 

respectively). 
It is easy to illustrate why this would not work with a simple example. Fo~ the 

ordering of denotations in terms of information content to be sound, a propos1t'.ona~ 
meaning (intension) q will contain more information than ano~her propos1~10na 
meaning p just in case q entails p. Now, assuming that propos1t1onal nega~;n 1: 

art of our language,7 and we have a sentence S which denotes p, ~p cou no 
~orrespond to the negation of S, because ~p does not entail P: _s? negat'.on could 
not exist in a language the interpretation of which obeys add1t1v1ty. This soun~s 
like very bad news indeed. To remedy the situation, we have to. assum~ tht dt . e 
meaning of s is not a proposition at all. What it should be will be c an e m 

7 This seems a reasonable assumption. Even if one denies the existence of _propo­
sitional negation in natural language (saying that only predicate negat10n_ e~­
ists), the same argument can be made with predicate negat10n. Also, it 1s 
easy to con.struct analogous examples with other operators, such as various 

generalized quantifiers. 
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Section 3,-2 below. For the time being, let us see what would happen if we took 
all express10ns to be of the same type instead of ordering expressions across types. 

So. assume that we implement additivity by considering the meanings of the 
express'.ons that we combine to be of one and the same type, even when their 
syntactic. type_s am co_nsidered different. In terms of this, the traditional idea that 
compos1t10nahty implies_ a perfect match of semantic and syntactic categories must 
be a~andoned._ In P_art1cul_ar, we cannot explain the syntactic incompleteness of 
certam express10ns with the1r semantic incompleteness, i.e., their being functors that 
are mcomplet~ ~n_less we provide them with the appropriate operands.8 Under this 
appro~ch, add1t1v1ty seems to exclude the perfect match of syntactic and .semantic 
types m general, and the functor/operand metaphor in particular. 

Abandoning the functor/operand metaphor raises two problems: 

( 8) Problems with additivity 

(i) syntactic incompleteness cannot be expressed in terms of semantic in-
completeness; and 

(ii) semanti_c incompleteness cannot be expressed in terms of functional types 
(expectmg arguments) . 

The problem in (Si_) does not seem too big a price to pay for additivity. In natural 
languages, syntactic mcompleteness is often idiosyncratic, so it has to be stated 
somehow, anyway. For example, there are equivalents of the English verb marry in 
Vanous n~tural langua~es that are obligatorily transitive or obligatorily intransitive 
( the English verb itself 1s opt10nally transitive), but they refer to the same concept. 9 

The problem in (Sii) looks more serious at first sight. How can we tell from 
the denotat10n of, say, a verb, if it is incomplete unless we combine it with the 
?eno~at10n of an argument? What is it in the denotation of a determiner that makes 
it so mcomplete that determiners seldom occur on their own in natural languages? 
The functor/argument metaphor explains this type of facts very straightforwardly, 
to the extent that 1t seems ~!most unquestionable. For example, if a verb expresses 
~ relatwn betwee~ two entities, then it is only natural that its occurrences are 
mcomplete unless it 1s complemented with two other expressions, denoting entities. 

. I propos: a radical solution to this problem. Maybe 'semantic completeness' 
1s not_ an md1spensable concept at all. If we are ready to accept a model in which 
meanmgs are mdered in terms of informativity, it is not clear at all whether we have 
to posit the eXJstence . of 'c~m?lete' meanings on formal, ontological or linguistic 
grou~ds. !n formal terms, 1t 1s certainly possible that the algebraic structure of 
meanmgs 1s not_ atom'.c, i.e., there need not be any meanings in the structure that 
can only be e?nched _m such a way that a contradiction arises. Although it is not 
ontologically 1mplaus1ble that certain entities in the model are 'complete' it is not 
at all clear whether any linguistic expression, even a large piece of disco~rse can 
successfully denote su~h an entity. In sum, I see no compelling reason wh; the 
Fregea~ theory,_ 1~. which sentences and individual names are 'complete' (whereas 
everythmg else 1s mcomplete'), should be adopted. 

In _terms_of this radical solution, a transitive verb with missing arguments or a 
determm~r without a noun are never semantically, but at most syntactically incom­
plete. This need not imply a 'mismatch' between semantic and syntactic structure, 

8 The_ idea that syntactically incomplete expressions are to be considered functors 
ongmates from Frege (1870). 

9 The di~erent options do not seem to correlate with the sociological differences 
that exist between the role of marriage across cultures. 
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however. Syntactic structures may be associated with types of state of affairs in 
a systematic way without relying on the concept of incompleteness. Uttering a 
transitive verb phrase may syntactically require the utterance of a transitive verb 
and a direct object, and denote a certain type of states of affairs. If there is any 
'mismatch' at all between syntactic and semantic structures (from this perspec­
tive), it is between the 'completeness' properties of certain syntactic constructs and 
their semantic counterparts: 'incompleteness' may make sense for some syntactic 
constructs, but not for the corresponding semantic objects. If a quantifier or a 
determiner is syntactically incomplete as a rule, that may be due to the fact that 
the relation that it denotes is too abstract to be relevant to humans as such. A 
transitive verb like love, on the other hand, denotes a concept that is relevant as 
such, therefore, most languages possess more 'complete' expressions (nominalized 
versions) that refer to the same concept. 

3.2. The Domain of Denotations 

Abandoning the functor/operand metaphor leaves us with the problem of how the 
model theoretic interpretation of natural-language expressions can be implemented 
in a type-free model, in which every expression denotes entities comparable in terms 
of informativity. As a matter of course, I will have to make gross simplifications to 
explain the basics of such a model. In particular, I will concentrate on the domain 
of denotations and ignore the treatment of mechanisms related to defaults and the 
dynamism of interpretation in this first approximation. 

The basic idea is the same as the one in Kalman and Radai (1995a,b), where 
we were mostly concerned with the compositional variants of computer command 
languages in the spirit of strong compositionality. In those papers, the domain of 
denotations for command languages are the powerset of all processes that can be 
run on a computer. The denotation of a command name is the set of processes that 
its invocations can initiate, and the denotation of a command parameter is the set of 
processes that can be run using the same parameter (in the same syntactic position 
or the same fui:tction). As a matter of course, the complexities of natural-language 
interpretation are enormous as compared to command languages. Let me say a few 
words about the most important differences. 

The semantic domains that underlie the interpretation of natural languages 
are much more complex than those in the Unix command language. While the 
latter consist of 'machine states', the models that we need for interpreting natural 
languages include various possible worlds (hypothetical or real, actual or past/ 
future) in which various individuals (and, eventually, groups of individuals, if they 
have properties that are not predictable from those of their members) exist, and 
various relations hold for them. These possible worlds are also dynamic in the sense 
that they may also change in time, which corresponds to the various eventualities 
that we can talk about in natural languages. (This type of dynamism is not to be 
confused with so-called 'dynamic interpretation', to be touched upon promptly.) 

In the modern paradigm of formal semantics ( called dynamic semantics), nat­
ural language meanings are seen as instructions for the hearer to update his/her 
information state about entities in the model. So we can think of denotations as sets 
of updates in the same way as Unix command lines denote sets of computations, 
which may change information states just like computations change machine states. 
But an information state is much more complex than a machine state, because it is 
not a complete description of a model, but some representation of what information 
is available about it . 

Owing to all these complexities, the deferred information content of a natural-
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language denotation (which is the specification of how default values are to be 
assigned to parameters if needed, if we have such a component, as I suggested in 
Section 2.2) is also much larger and much more complex than what we need for the 
interpretation of Unix commands. 10 It must encode a large body of linguistic and 
non-linguistic (scientific and cultural) knowledge that may influence the interactions 
of meanings (cf. Section 3.3). 

Taking all these limitations into account, and using a simplistic static view of 
sentence meaning (which is the common practice in standard approaches to natural­
language semantics), we will base the domain of denotations upon the powerset of 
all possible situations (I will give a precise definition of situations in a moment). For 
example, an individual name can be associated with the set of all the situations in 
which the given individual is somehow 'involved', and a relation can be associated 
with those situations in which some entities stand in the given relation. (This is 
analogous to the concept of 'closure' in (7) in Section 3.1.) In this way, we can 
deal with negation (see Section 3.1) in an additive way: negation is combined 
with polarity-less propositions, which correspond to situations in which the given 
proposition has any truth value at all. 

Situations can be modelled with partial models, which we have called model 
fragments in Kalman and Ra.dai (1995b): 

(9) Definition: Model fragments 

If M = (U,I) is a first-order model (where the universe U is a set of indi­
viduals, and the interpretation function I assigns a set of n-tuples in P(Un) 
to every n-ary predicate constant), then the set of the model fragments of 
M, written :FM is a set of first-order models f = (U1, Ii) such that 
(i) U1 <:;; U, and 

(ii) if P is an n-ary predicate constant, then 

I1(P) =I(P)nu;. 

That is, a model fragment has a small universe and an intrepretation function the 
values of which are restricted to that uni~erse. In general, we will talk about the 
set :F of all model fragments (of any model). So we will think of situations as model fragments. 11 

Although the powerset of :Fis itself partially ordered by the relation '<:;;', we 
will need a more complicated domain for denotations. We need the extra compli­
cation in order to combine meanings. For example, similarly to the view explained 
in connection with (7) in Section 3.1, 'loves Mary' (i.e., ..\x(loves(x, Mary))) is as­
sociated with the 'closure' set of situations in which someone loves Mary, and 'Joe' 
is associated with those situations in which Joe is present (..\x(x = Joe) is mapped 
to the 'closure' set of model fragments the universe of which contains 'Joe'). Obvi­
ously, we want the combination of these two meanings to yield the set of situations 
associated with 'Joe loves Mary'. But the simple intersection of the corresponding 
sets of situations does not yield that set: it yields those situations in which someone 
loves Mary and Joe is present, but Joe does not necessarily love Mary in all of them. 
The desired denotation is a subset of this set. In order to produce it, we need a 
different domain, namely, the domain of functions that map individuals to sets of 
situations. Then we can combine ..\x(Ioves(x, Mary)) with ..\x(x = Joe) using the 
operation called coalesced intersection: 

10 For the concept of deferred information see Kalman (1990). 
11 

It is easy to extend this concept to fragments of higher-order models if needed. 
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(10) ~~~~o; RC:~::c:!i::t::~t~i::main D and range R such that R is closed 
under n, then 

f $g =def {(d,r) ED x R:f(d) ng(d) = r}. 

• dividual to the set of situations in which that 
For example, if f maps every m . d. . dual to the set of situations in which 
individual loves M~ry, ~nd g maps ev:ry m ~v1 maps every individual to the set of 
that individual is identical to Joe,_ t en f d f Mary The basic equivalence for 
situations in which the indiv~dl~al '.s Joe an aves . 
coalesced intersection is the 10 owmg: 

B • w'valence for Coalesced Intersection (11) Fact: as1c eq 
..\x(cp) EB ..\y('lf;) = ..\z(cp[x/z] I\ 1/J[y/z]) 

• ·ther 'P or 1/; and the interpretation of /\ is n. 
whenever z does ~ot occu:n:: m :ith the free,occurrences of x replaced with z.) 
(As usual, cp[x/z] IS the sa cp, th d main defined in this way is as 

The partial order that we can define over e o 
follows: 

0 th Domain of Denotations (12) Definition: Partial Order ver e . . ) if and 
If f,g E Up(:F), then f ~ g (read: f is at least as mformat1ve as g 
only if f EB g = f · 

• rit that combining two elements of This definition satisfies the intuitive reqmremle t that is at least as informative 
1 d • t ectwn 1s an e emen 

the domain using coa esce . m ers 12 What function is assigned to a particular 
as either one of the combmed ones. . . £ tion For example, when love Mary 
expression must be driven by syntactic m o)r. mtha ·t .should be assigned the constant 

h (b ta non-fimte clause ' en I 
is not a verb p rase u r )) instead of ..\x(love(x, Mary)). 
function ..\z(:lx.love(x, Ma Y . . 1 d the undesirable consequences 

Notice how this kind of mterpretat10ntexdc_u( e;) in Section 1. If we assign 
• 1 f ositionality as sta e m . h d' 1 of the princ1p e o comp .k _ the set of processes wh1c 1sp ay 

a set of processes to a parameter h e hv, e.g., only combine this meaning with 
d • d) base output t en we can h 

(rather than 1scar ver . . the command grep can initiate in sue a way 
the set of processes ~hat mvokmg 'find the lines with (expr) and produce verbose that 'grep -v (expr) should mean . , 13 
output', but not 'find lines not matchmg (expr). 

3 3. Interaction of Meanings . 
• • • d t sub-express10ns from h'b't the meamngs ass1gne 0 

Although independence pro 1 1 s h the meanings of sub-expres-
h h th re are clear cases w en · . 

depending on eac ot er, e . . B example consider the followmg sions interact in the process of mterpretatlon. or , 
expressions: 

Id need higher-order model fragments to in-
12 As a matter of course, we wou 1· d uantifiers etc. in a similar way. 

T J onnectives genera 1ze q . fr 
terpret proposi wna c '. Id then be the set of funct10ns om Obviously, the domain of deno'.at10~s wou 

• • f type to sets of s1tuat10ns. b 
ent1t1es o any h' h bring the meanings to e £ ' d. t ent' processes w ic 

13 Even if we allow or a JUS m £ . their coalesced intersection, because 
combined into harmony before per ormmg II This will be the topic of the 
those processes must respect add1t1v1ty as we . 
next section. 
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(13) Uses of coffee 
a. some ground coffee 

'some ground coffee (seeds)' 
b. a hot coffee 

'a hot coffee (drink)' 
c. a quick coffee 

'a coffee prepared/consumed/ .. . quickly' 
d. after a coffee 

'after consuming a coffee' 

These expressions illustrate what we might call systematic ambiguity: 14 it is very 
common for names of plants (like coffee) to stand for their consumable parts (like 
coffee beans) as well as their derivatives in various stages of preparation (like the 
roasted seeds and the liquid in (13a-b)). On the other hand, nouns referring to 
food quite often take modifiers that refer to their preparation or consumption (as 
quick in (13c)), and the nouns themselves may stand for the consumption of the 
food in question (as coffee in (13c-d)). If, however, we were to assign the meanings 
'coffee seeds', 'coffee drink', 'preparation of a coffee' or 'consumption of a coffee' 
to coffee in (13a-d), we would violate independence. It is also clear that we would 
'miss generalizations' if we were to treat the ambiguities in (13) as accidental sur­
face coincidences (homonymy) . On the other hand, since the formal properties of 
the sub-expressions play no role in the interpretation of the above examples, it 
must be possible to explain 'systematic ambiguities' of this sort without violating 
independence. 

Quite obviously, such phenomena stem from the important role of implicitness 
in natural-language interpretation. The examples in (13) are compact expressions 
corresponding to more complex meanings, which no competent speaker would have 
any trouble to make explicit. On the other hand, there is some non-determinism 
in the interpretation of such compact expressions. For example, it is not absolutely 
excluded for hot coffee in (13b) to stand for 'hot coffee powder' or 'hot coffee seeds' in 
certain contexts. What the examples in (13) show, then, is that natural-language 
meanings can be combined in more than one way, and how exactly the hearer 
is supposed to proceed is often left implicit by the speaker. Both the fact that 
competent speakers can produce equivalent, more explicit paraphrases and the fact 
that the actual choice of the paraphrase is not entirely determined indicate that the 
processes involved are similar to other cases related to implicit information. For 
example, it is usually left implicit why two sentences are put one after the other in 
a piece of discourse (because they are part of the same story, they support the same 
argument , etc.). Similarly, definite descriptions are usually compact descriptions 
that can be made more explicit by attaching relative clauses to them. Establishing 
missing links is also essential to retrieve the antecedents of anaphoras,- In sum, the 
process of interpreting expressions like those in (13) involves something very similar 
to certain discourse processes in which the speaker expects the hearer to establish 
'missing links ' such as anaphoric and rhetorical relations. 

This suggests that combining the meanings of natural-language expressions 
may involve more than the simple 'intersection' operation that I have suggested 
in the preceding sections. In particular, we can assume an 'adjustment' operation 
which follows lexical lookup, but precedes the meaning combination proper, and is 
triggered by the syntactic relation in which the constituents involved stand with 
each other. The meanings assigned to the constituents of such expressions are 

14 For an overview of such cases and of their treatments see Pustejovsky (1991). 
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processed and 'brought into harmony' with each other before co_mbining them. We 
can think of this 'pre-processing' as analogous to those phonological processes (e.g., 
assimilation) which affect the lexical phonemes when they enter into contac_t through 
affixation. Most importantly, additivity requires the pre-processmg operations to be 
non-destructive. That is, using the phonological metaphor, phenomena analogous 
to genuine morphological (not phonologically driven) stem or affix alternation are 
excluded from semantics. 

According to the above, whatever the mechanisms that control t~e 'assimila­
tion' processes could be, their effect can only consist in increasing the mformat1on 
content of the constituents participating in these processes. That 1s, the effect of 
such processes is identical to that of ' regular ' meaning composition, except that 
some of the constituents being composed are only virtually present. For exam~le, 
the transition from 'coffee' to 'coffee drink' in (13b) is one of increasing information 
content. It is essentially identical to what happens when we combine the meaning 
of coffee with that of drink, although the latter does not occur in (1_3b) ov:rt(Y· So 
we can think of the ('assimilated') meaning of coffee in (13b) as an mstantiation of 
the more general meaning 'coffee'. 

Where do the extra pieces of information involved in harmonization pro~esses 
come from? As in most similar processes such as the discourse processes mentioned 
earlier they originate from the speakers' knowledge of the external world, i.e., en­
cyclop~dic and contextual knowledge. For example, in the case of (13b), both the 
hearer's encyclopedic (generic) knowledge about coffee m general (the fact that a 
drink that is usually drunk hot is prepared from coffee) and hrs/he_r context~al 
knowledge about the situation (i.e., whether an e_veryday coffee-drmkmg s'.tuat10n 
or a different, say, roasting situation might be mvolved) play a role m harmo­
nization'. Clearly, the process that provides the 'missing link' between hot and 
coffee (namely 'drink') has something in common with the process that provides 
the missing ar~ument 'food' in (Sa). Although the mechanisms involved in 'default ' 
direct object of an optionally transitive verb like eat are not exactly the same as 
the 'harmonizing' processes that we have seen in (13), they share the property that 
default knowledge concerning the external world gets activated (possibly b1ass~d by 
the actual context). The fact that the direct object of eating is usually food 1s the 
same kind of generic knowledge as we have seen in the case of_ coffee; and the _actual 
context may also play a role in interpreting (5a) (e.g., Joe is eating could m fact 
be interpreted as 'Joe is eating sand' in a strange situation when people take turns 
eating sand). Similarly, external context may play a role in interpreting express10ns 
similar to those in (13). For example, a quick window does not s~em to ~ake much 
sense unless maybe in the context of a carpenter's workshop, m the middle of a 
process affecting/ creating/ ... windows. 

These considerations indicate that, hopefully, we can deal with the effects of 
'harmonization' processes by complicating our meaning representation~ as was in­
dicated in Section 2.2 , i.e., by using parameterized meanings plus spec1ficat10ns of 
how the default values of the parameters can be produced: The information used 
for instantiating an abstract meaning can only originate from the knowledge about 
'd faults ' that is associated with it. But the overall properties of the calculat1on 
ofecomplex meanings, from lexical lookup through 'harmonization' to combination, 
are in perfect agreement with strong compositionality. 

477 



References 

Janssen, T.M.V.: 1983, Foundations and Applications of Montague Grammar 
Mathemat1sch Centrum, Amsterdam ' 

Kalma?, ~-: 1990, D;ferred Information: The Semantics of Commitment. in L 

LKalman and L. ~olos_ (eds.) , Papers from the Second Symposium on Logic and 
anguage, Akademia1, Budapest 125- 157 

Kain;:~;- and Radai , G.: _1995a, C~mpositional interpretation of computer com-
L' _ la~guages, Workmg Papers m Theoretical Linguistics 2/2, Theoretical 

mg~1st1<:s ~rogramme, Budapest University (ELTE), and Research In n t 
for Lmgu1st1cs, Budapest s I u e 

Kalman L d R "d • G , • _an a a_1, .:_ 1995b, Dynamic Update Predicate Logic, Workin 
:apers m The~ret1cal Lmguistics 2/6, Theoretical Linguistics Programme Bu~ 

M apest Umvers1ty (ELTE) , and Research Institute for Linguistics Budap~st 
ontague, R.: 1970, Universal Grammar Theoria 36 373- 398 R' · d · 

R Th ( d ) F: ' ' • eprmte m 
• m1_1ason e • , ormal Philosophy: Selected Papers of Richard Manta ue 

Yale Umvers1ty Press, New Haven, 1974 g • 
Partee,_ B.H.: 1984, Compositionality, in F. Landman and F . Veltman (eds) 

et1es of Formal Semantics, Foris, Dordrecht • ' Vari-

Pust:t~~:J{ J.: 1991, The generative lexicon, Computational Linguistics 17 /4, 

Szabo, Z. : 1995, Issues in Compositionality, Ph.D. thesis , MIT, Cambridge MA 

478 

A Type-Theoretic Semantics for >.-DRT1 

Michael Kohlhase, Susanna Kuschert and Manfred P inkal 
Universitiit des Saarlandes 

1 Introduction 

In the formulation of semantic representation formalisms for NLP applications two 
aims have substantially shaped research: firstly, to find a compositional algorithm 
for semantic construction and secondly, to be able to interpret discourse. Both 
Montague's idea in the early seventies of using the well-known typed .\-calculus to 
formulate a rule system for semantic construction, and Kamp 's Discourse Represen­
tation Theory (DRT) , first presented in 1981, even today play a kind of paradigm 
role in these two aims. In particular, because of the - originally intended - lack 
of compositionality of Discourse Representation Theory, a number of approaches 
defining compositional discourse semantics have been proposed, such as , e.g. Groe­
nendijk and Stockhof 1991 and Groenendijk and Stockhof 1990, Zeevat 1989, Eijck 
and Ka.mp 1995 and Muskens 1994. 

This paper presents .\-DRT, a formalism combining these two paradigms very 
straightforwardly. It has been used as the semantic representation formalism of the 
dialogue translation project Verbmobil (Bos et al. 1994) for several years. In par­
ticular, /3-reduction is used as a convenient tool for the semantic processing, just as 
in Montague semantics. Additionally, the formalism is able to work explicitely with 
the structural properties that DRT builds on, rather than eliminating its structure. 
In this way, .\-DRT expressions look very much like those of Muskens ' language 
(Muskens 1994) . 

Though .\-DRT has been used in several applications already, its seman­
tics and reduction system has not yet been formaHy described. As a result, the 
reduction rules , in particular the central /3-reduction, have not yet been proved to 
be semantically correct. It is the main aim of this paper to provide this theoretical 
background, and we hope to lay appropriate grounds for extensions like a deduction 
calculus based on .\-DRT. 

The definition of .\-DRT in this paper strongly builds on the view that it is 
like a marriage of .\-calculus and DRT; it may be thought of as the extension of either 
one of the two components by the other. The language is essentially constructed by 
two (parallel, i.e . equal-weighted) abstraction operators; these are the well-known 
.\-operator and a new 8-operator. While the first is used to construct functional , 
higher order expressions, the latter can be seen as declaring . a set of variables as 
discourse referents and thereby constructing a DRS. The two concepts are kept 
strictly separate by not defining one by means of the other2 . We hope through 
this to come to a better understanding of firstly, which of the discourse referents' 
properties enable the correct treatment of anaphora, and secondly, how the two 
binding mechanisms interact with each other. We believe that the second point is 
especially important to be able to define a unification algorithm for .\-DRT and 
thus an inference system. 

The .\-DRT expressions will be given a direct semantics in this paper , using 
standard type-theoretic methods. The .\-calculus type system is extended by two 

1. This paper developed from S. Kuschert's Diplomarbeit (Master 's T hesis, Kuschert 1995). T he 
work was partially supported by the SAMOS project -II A 2 - Pi 154/5 - 3 . 
2. There are at least two suggestions how to define dynamics by means of the .\-operator. Muskens 
1994, for example, defines dynamics by (>.-)abstracting over two states which represent the input.­
and output-state of DPL Groenendijk and Stockhof 1991. Ruhrberg 1995 introduces simultaneous 
.\-abstraction of several variables a t a time and is able to model most aspects of dynamic theory. 
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types. Firstly, we define a type for DRSes. The denotations for DRSes are very much 
alike those of Zeevat 1989, being pairs of sets of discourse referents and sets of par­
tial assignments. Secondly, we introduce a type for individual concepts (intensional 
correlates to expressions of type for individual objects); the use of an intensionalizer 
in large parts enables the compositional treatment of discourse referents, in a sim­
ilar way as in the Intensional Logic of Dynamic Montague Grammar (Groenendijk 
and Stockhof 1990). 

Most of the above-mentioned compositional discourse representation for­
malisms merge their dynamic objects by using an asymmetric merge operator ';' 
which corresponds to the dynamic conjunction of DPL. >.-DRT adds some expres­
sivity by allowing for a symmetric merge operator <81. Indeed, the asymmetric op­
erator will turn out to be a specialisation of the symmetric one. Motivation of 
the <SI-operator is in part linguistic ( considering Bach-Peters-sentences in which 
two phrases are connected by both an anaphor and a cataphor) , but mostly of 
methodological ( e.g. to allow for incremental processing) and technical (i.e. compu­
tational/implementational) nature. 

An important goal in the definition of the semantics was to achieve composi­
tionality on denotations, since having such a semantics means that the development 
of inference processes will be simplified. The goal was met, together with a simple 
definition of the interpretation of the <SI-operator, based on partial assignment func­
tions. 

2 A Syntax for >--DRT 

In this section we will define the syntax for a variant of >.-DRT (Bos et al. 1994) 
which will act as the basis for the whole of this paper. Let us start by fixing the 
type symbols of the language. 

Definition 2.1 (Type Symbols)The set of type symbols, or types for short, 
of >.-DRT, T, is defined inductively ·as follows: 

1. e is a type symbol (denoting the type of individuals). 
2. dis a type symbol (denoting the type of individual concepts). 
3. o is a type symbol (denoting the type of truth values). 
4. tis a type symbol (denoting the type of DRSes). 
5. If a and /3 are type symbols, then so is ( a, /3) ( denoting the type of functions 

with argument of type a and values of type f3 ). 

Definition 2.2 (Signature)For every type a ET we have a non-empty set Ea of 
constants of type a and call E = UaET Ea the signature. 

In particular, we include in the signature the identity relation =(a,a,o) for 
every type a. Furthermore, the signature must contain the following distinguished 
constants ( the logical constants): • 

V 

I\ 

of type 
of type 
of type 
of type 

(t ,o) 
(t, (t, o)) 
(t, (t, o)) 
(o, (o,o)) 

The signature should particularly contain the standard truth constants (T) 0 

and (F)o = J., as well as the equivalent constants of type t, (T)t and (F)t, which 
denote the universally valid and the unsatisfiable DRS respectively. 

Remark 2.3For every type a we have a countably infinite set Va of variables and 
call the set of all variables V = U aET Va. Within the set Ve we have a distinguished 
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infinite set of variables VD CV •. We usually denote variables of type e by X, Y, Z , 
variables of typed by U, V, W and variables of any other type by P, Q, R. 

Note that /\ does not appear in standard DRT. Here, we use it to join condi­
tions. We can thus write the body of a DRS as one single, possibly complex condition 
rather than as a set of conditions, as is common in standard DRT. 

The following defines the set of well-formed formulae. This definition is a 
simple extension of the syntax definition of the typed intensional >.-calculus used by 
Montague, extended only by clauses to construct and to merge DRSes. Note that 
it also is an extension of Muskens 1994 in that it allows for a symmetric merging 
operator, the <81, which corresponds to dynamic conjunction of DPL (Groenendijk 
and Stockhof 1991). With respect to the definition of >.-DRT in Bos et al. 1994, we 
suggest a syntactic extension by the asymmetric merging operator, ;, which is the 
merge operation used in Muskens 1994 and others; however, it is not more than a 
syntactic extension because ; can be found to be a special case of <SI. 

The set of well-formed formulae will be defined in two steps here. The set of 
raw formulae gives the basic format of the >.-DRT syntax, only to be supplemented 
with an additional constraint to give the set of well-formed formulae. 

Definition 2.4 (Raw Formulae)Given a distinguished set of variables of type e, 
VD. For every type a E T we inductively define the set of raw formulae of type 
a, rfa: 

1. A E Ea C rfa. (constants) 
2. A E Va C rfa. (variables) 
3. If X c VD and BE rf0 , then A= 6X.B E rft. (construction of a DRS) 
4. If D 1 and D 2 E rft, then A= D 1 <81 D2 E rft- (merge of two DRSes) 
5. If D 1 and D2 = 6X2.B2 E rft , where no XE X2 occurs in Di, 

then A= D 1; D2 E rft. (join of two DRSes) 
6. If XE V \ VD and BE rf13, then A= >.X.B E rf(a,/3)· (>.-abstraction) 
7. If B 2 E rfa and B 1 E rf(a,/3), then A = B1 (B2) E rf13. (application) 
8. If XE rf. , then A=" XE rfd. (Up-operator) 
9. If U E rfd, then A =v U E rf • . (Down-operator) 

Definition 2.5 (Sets of Discourse Referents of a Raw Formula A)The 
set of discourse referents of a raw formula A, 7JR(A) , is defined inductively in 
parallel to A's inductive definition. It collects all of A 's discourse referents on all 
levels. 

1. /2. For A E Ea U Va, then 7JR(A) = 0. 
3. If A= 6X.B, then 7JR(A) =Xu 7JR(B) . 

4./5. If A= D 1 <81 D2 or A= D1 ; D2 , then 7JR(A) = 1JR(D1) U 1JR(D2)-
6. If A= >.X.B , then 7JR(A) = 7JR(B). 
7. If A= B1(B2), then 1JR(A) = 1JR(B1) U 1JR(B2)-

8./9. If A=" X or A =v U, then 7JR(A) = 0. 

Definition 2.6 (Well-Formed Formulae (wff))A raw formula A is called a well­
formed formula, A E wffa, if for every sub-expression A1 <81 A2, A1;A2 and 
A 1(A2) we have that 1JR(A1) n 1JR(A2) = 0. 
The well-formed formulae of type t, wfft, are called discourse representation 
structures (DRSes). 

Just a few remarks concerning these definitions. 
Remark 2. 7The set of well-formed formulae will be the basis of the semantic defi­
nition below. Note that a wff obeys at least two syntactic restrictions, namely that 
its sets of>.- and 6-abstracted variables are disjoint (by 2.4) , and that no variable 
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name is used more than once for 8-abstraction (by 2.6). This follows the intention 
that discourse referents should describe unique name referents and, incidentially, is 
in agreement with DRT's syntax itself. 

Notation 2.8Using the associativity and commutativity of the merge-operator 0, 
we define the operator 0 on sets of DRSes: 

D10D20 ... 0 Dn =®{Di, ... ,Dn} 
For n = l we have @{D1} = Di, and for n = 0 we have@{}= (T)t-
Likewise we define /\ as an operator on a set of conditions, and (since ; is an 
associative thongh not commutative operator) n as an operator on a list of DRSes. 

We will use the convention that the group brackets ( and ) associate to the 
left, i.e. ABC= (AB)C 

For legibility we shall in later sections use the application operator @ : 

wff(o,/3) x wff" ___, wff,:3 with A@B := (AB) for functional application, which, 
too, associates to the left. 

Also, the successive A-abstractions in AX 1 .AX2 .... AXn .AE1 ... Em, which 
is an abbreviation of the full (AX1(AX2 ... (AXn.(AE1) ... Em) ... ), will be com-
bined to give AX1 ... xn .AE1 ... Em. Furthermore, A-abstraction binds more strong­
ly than the merging operators. 

Example 2.9To illustrate the proposed notation for readers who are accustomed 
to Kamp's DRT, compare (1) and its notation in A-DRT (2). 

(2) 

.\Q. 
X 

student(X) ®Q(X) 

AQ. 0 {8{X}. student(X),Q(X)} with TJR, = [X]. 

It will be useful to be able to focus on some syntactical properties for the 
remainder of this work. Among these are firstly, the notion of a hierarchical ordering 
of DRSes in a complex DRS, secondly, a set of top level discourse referents, TCDR(), 
defined to supplement the set of discourse referents by recursing also across the 
merging operators, and thirdly, the set of name contexts of E at A, NC(E, A). 
The latter is convenient in that it covers the accessibility relation: it is the set of 
discourse referents which are accessible at A in E. 

Definition 2.10 ((Direct) Sub-DRS)A DRS D 1 is called direct sub-DRS of 
D2, D1 <c: D2, if D2 = @{A;} or= n[A;], i 2'. 1, and one of the A; is of the form 

8X.~B1 I\ C, or 
8X.(B1 V B2) /\ C or 
8X.(B1 _, B2) /\ C, 

for some C, and if some i we have D 1 = B;. 

A DRS D1 is called sub-DRS of D 2, if D 1 :::; D 2, where the relation :::; is 
the transitive and reflexive closure of < . 

Remark 2.llThe arguments A;, D = @{A;} or D = n[A;], of a merging opera­
tor are not sub-DRSes; they shall be called (well-formed) sub-formulae of D. 

Definition 2.12 (Top Level Discourse Referents)The set of top level dis­
course referents of A , TCDR(A), is defined thus: 

TCDR(@{A;}) = LJX; for A;= 8X;.D; and i 2'. 1. 
i 

Likewise for n[A;]. 

AQ'J 

We take on DRT's accessibility relation for discourse referents which says 
that a variable can be bound by discourse referents defined on a higher level or in 
the antecedent DRS if the variable occurs in a consequent DRS of an implication. 
Negation and disjunction, however, are barriers for accessibility. This relation is 
covered by the following. 

Definition 2.13 (Name Contexts)Let the expression A; occur in a complex ex­
pression E. The set of all discourse referents of E which are accessible at the i-th 
occurrence of A, called A;, in E, is called the set of name contexts, NC(E, A;), 
defined by: 

• NC(E , A;) = TCDR(A;), if E = A;. 

• If A; occurs in B1 where for some Co 

E = 8X.~B1 I\ C 
= 8X.(B 1 -, D) I\ C 
= 8X.(B2 _, B1) /\ C 
= 8X.(B1 VD)/\ C 

then NC(E,A;) =Xu Tt:IJR(B2) uNC(B1,A;). 

Example 2.14Given E = 8{X, Y}.P(X) I\ (8{Z}.R(Z,X) _, A). Then we have 
NC(E, A)= {X, Y, Z}, independently of A . 

We are now ready to define free and bound variables. Note that the definition 
for dynamically bound variables is rather complex for two reasons; firstly, it has 
to reflect the structure of DRSes, in particular_ DRT's accessiblity relation; thus 
the use of NC. Secondly, we will find in section 3 that through /)-reduction free 
variables can be caught by the 8-abstraction operator. For this reason, dynamic 
boundedness which addresses the binding capacity of the 8 will be defined across 
function application (cf. the second clause). Functional boundedness, however, is 
defined in a standard way. 

Definition 2.15 (Bound Variables)An occurrence of the variable X in a .X-DRT­
expression A is called dyamically bound, if at least one of the following conditions 
is met: 

1. There exists an occurrence B; :::; A, the occurrence of X is in B; and X E 
NC(A,B;). 

2. A= (AP.E)B, and either of 

(a) X occurs in Band either Xis dynamically bound in B or XE NC(E , P). 

(b) X occurs in E and either X is dynamically bound in E or X occurs in 
a DRS B such that P 0 B or P-> B occurs in E and X E Tt:IJR(B). 

An occurrence of the variable X in a A-DRT-expression A is functionally bound, 
if A= AX.D and X occurs free in D. 

An occurrence of the variable X in a A-DRT-expression A is bound, if it is either 
functionally or dynamically bound. 

Definition 2.16 (Free Variables)An occurrence of the variable X in an expres­
sion of .X-DRT, A, is called free, if it is not bound. A variable X is free in an 
expression A , if at least one occurrence of X is free in A. 

The set FV(A) of free variables of A is defined by 

FV(A) = {X, IX occurs free in A} 

Example 2.171n the following, P is functionally bound. X is dynamically bounJ 
in A but free in C; likewise, Y is dynamically bound in A and free in B: 
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Since in classical A-calculus variable capture is something to be ruled out, it 
is not surprising that the fact that 8-abstractions are able to capture free variables 
during ,6-reduction results in properties seem very strange from the classical point 
of view. In .the due course of this paper, we will encounter a few more such unusual 
properties3 . We find one of these oddities here: variable capture may lead to am­
biguous boundedness classification of a single variable occurrence in the language 
defined thus far. Consider the following expression: 

X 

A(B) = AP. D -> p 

P VB 

During ,6-reduction the argument will be duplicated and the two occurrences 
of the variable Y will be of different status: in the consequence of the implication Y 
will be bound by the discourse referent in the antecedent in the implication, while 
in the disjunction, Y will be free. What then is the status of the occurrence of Y in 
the argument of the unreduced expression? 

We may leave the status of this occurrence of Y open, but we will eventually 
run into problems when we,are to define an interpretation function such that the 
,6-reduction is correct. In the unreduced expression the Y in the argument will be 
assigned only one value, whereas in the reduced expression we have two different 
Y s with two possibly different values. 

To avoid such problems we shall concentrate on those expressions which do 
not lead to such problematic situations through ,6-reduction (that is any number 
of reduction steps), calling them sensible expressions. Let us coin this notion in a 
more precise way: 

Definition 2.18 (Sensible Expressions)A well-formed formula A is called sen­
sible, if 

• either A is of base type and in any reduction step there is no boundedness 
ambiguity for any occurrence of any variable 

• or A(a,/3) is of functional type and A(B0) is sensible, if B is sensible. 

Intuitively, such situations - in which the same object is both free and 
bound - do not make sense both logically and linguistically. However, it turns out 
to be difficult to specify the syntactical restrictions which are implied by the above 
definition for sensible expressions. We look for the syntactical properties of the 
largest set of well-formed formulae such that each member is sensible or at least 
of a subset of this such that the set is expressive enough for linguistic purposes. 
One solution, proposed by Reinhard Muskens, is to restrict well formed formulae to 
linear terms. However, his representation of the generalised conjunction in Muskens 
1994 

3. Such as, for example, the need of restricting the denotation of the argument at functional 
application ( cf. definition 5. 7) and the need to access the name of a 6-abstracted variable in a 
denotation (cf. remark 5.13). 

may (in theory) lead to a problematic situation like the above, if we choose 
n = 2, m = 1 and apply (3) to AP.(8{Y}.T _, P) and AP.(8{Y}.TV P) for the two 
Rs and 8{}.Q(Y) for the single X. We note that for linguistic purposes (3) will not 
be used with arguments of this form, so either we use a different representation or 
we i~troduce a constraint on the arguments. 

The syntactical specification of sensible expression shall not be a matter of 
this paper. We shall be content with the conjecture, so far only based on intuition, 
that for linguistic purposes we can restrict ourselves to sensible expressions. 

3 Substitution and reduction 
As the basis for the syntactic reduction rules to be used for the semantic processing 
in A-DRT let us first define substitution. To avoid the ambiguities mentioned at the 
end of last section, we will only consider sensible expressions ( cf. end of last section) 
in this section. The definition of substitution presupposes that of substitutability. 

Definition 3.1 (Substitutability)A sensible expression B is substitutable for 
Y in a sensible expression A, if and only if: 

If XE FV(B), then Y is not free in the sub-expression of A which is 

of the form AX.C. 

This definition rules out variable capture for functionally bound variables, 
just as in standard A-calculus; however, as already mentioned, variable capture 
through the 8-abstraction operator shall be permitted. We will see that it is by 
variable capture that at semantic processing we will be able to establish anaphoric 
bindings within a sentence or phrase or between two sentences (cf. examples (4) 

and (6) in section 4). 
Definition 3.2 (Substitution)The substitution of Ba for free occurences of (vari­
able) Ya in A, written [B/Y]A, where B is substitutable for Y in A, is defined 

inductively on the structure of A . 
l. If a E I:,,, then [B/Y]a = a. 
2. If A E Ve,, then [B/Y]A = B, if A= Y and 

[B/Y]A = X, if A= X =f Y. 
3. If A= 8X.C, then [B/Y]A = 8X.([B/Y]C). 
4. If A= D 1 0 D 2, then [B/Y]A = [B/Y]D1 0 [B/Y]D2 
5. If A= D 1;D2, then [B/Y]A = [B/Y]D1;[B/Y]D2. 
6. If A= AX.D, then [B/Y]A = U.([B/Y])D 
7. If A= C(D), then [B/Y]A = [B/Y]C([B/Y]D). 
8. If A=" X, then [B/Y]A =" X. 
9. If A =v U, then [B/Y]A =v [B/Y]U. 

In short, this definition is quite conservative in that simply finds all variables 
recursively and replaces those variables that are a member of the domain of the 
substitution, except that the "-operator acts as a barrier for substitution here. 

We are now ready to give the syntactic reduction rules, the first three of which 
are just like in the A-calculus. Again, the expressions to be reduced are assumed to 
be sensible by way of the above definition. 
Definition 3.3 (a-Conversion)A A-DRT-expression B results from A in an a­
conversion, denoted (A -+a B), by substituting a sub-expression (AX.C) in A by 

(W.[Y/X]C) where Yr/. FV(C). 



Definition 3.4 (/J-Reduction)A .>--DRT-expression B results from A in a /)-reduction, 
denoted (A --->(3 B), by substituting a sub-expression (.>-X.D)C in A by [C/ X]D, 
if C is substitutable for X in D. 

Definition 3.5 (1J-Reduction)If X cf. FV(C), then the .>--DRT-expression B re­
sults from A in an 7)-reduction, denoted (A ---+11 B), by substituting a subexpres­
sion .>-X.CX in A by C. 

Additionally, we have a reduction rule each for the dynamic operators, the 
merge operators. 

Definition 3.6 (8-Reduction)The merge of two DRSes A 1 = 8X.C1 and A 2 = 
8Y.C2 reduces to a DRS as follows: 

8X.C1 0 8Y.C2 ---+0 8(X u Y).C1 A C2 
and 

Definition 3.7 (µ-Reduction)Adjacent v_ and "'-operators cancel:4 

VAX--->µ X. 

In connection with the definitions of reductions we have the following stan­
dard definitions and notations: 
Notation 3.8We write a sequence of 0-reductions A ---+0 ... ---+0 B as A ---+0 B 
(for 0 = a,/),1),8,µ). 

Definition 3.9 (Redex)The subexpression of A to be reduced by one of the above 
reduction rules is called the /J-/8-/etc.-redex, or, more generally, a redex. 

Definition 3.10 (Normal Form)A formula which does not contain a redex and 
therefore cannot be reduced by a /J-·, 7)- , ,5 or µ-reduction, is called normal form. 

Definition 3.11 (/J7)'5µ-Equality)Two expressions A and Bare called /)7)8µ-equal, 
A =(3118µ B, iff there exists a sequence of /J-,7)-, 8- and µ-conversions, A <-->0 
. .. <-->,9 B, where 0 and{) are /J, 7), ,5 orµ. 

Definition 3.6, together with definition 2.6 of well-formed formulae, defines 
; as merely a specialization of 0; the only difference between the two is in defini­
tion 2.6 , where the pre-conditions on ; constitute a restriction of the pre-conditions 
of 0 5 . So, the operator ; could in fact be left out safely without loss of expressibility. 
We will, however, use it for the concatenation of sentences. 

4 A Fragment for English 

We are now able to formulate .>--DRT representations for words of a very small 
English fragment and show how semantic construction works compositionally from 
the lexical entries in .>--DRT by using the tools of reduction rules defined in the 
precious section. 

4. Just as in Montague's PTQ and Dynamic Montague Grammar. 
5. The two operators will be interpreted differently in section 5. This, however, only reflects 
two different ways of looking at the same thing (cf. discussion of static vs. dynamic semantics in 
remark 5.15). What matters here is that definition 3.6 requires them to take the same reduction 
behaviour. 
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For simplicity the fragment does not consider the temporal relations of_ verbs 
in different tenses. However, it uses an event variable for the representat10n of 
verbs, similar to Davidson's account, so that modificators like in-the-park can be 

represented. . . . 
The present account does not take into account the construction of md1ces 

via alfa-conditions as proposed in the Verbmobil project Bos et al. 1994. Instead, 
it presupposes that the coindexation of anaphors with their antecedents has b_een 
done in the syntactical analysis and is passed on to the semantic construction. 
In this respect, the lexical entries really are patterns and well-formedness of th_e 
representations is guaranteed (i.e. no duplicates among the discourse referents), if 
every definite NP - or more generally: every antecedent - uses a new. index. 

The indices will be written as super- and subscnpts: a superscnpt denotes 
the index of a word that acts as an antecedent, a subscript is the index of an 
anaphora. This fragment uses the letters i,j,k, etc. as indices for NPs, and a,b ,c, 

etc. as indices for events. . . . 
The fragment also uses the standard functional application for s1mphc1ty 

instead of the generalised functional application of Bos et al. 1994; thus the repre­
sentations of transitive verbs look different to those given there. 

As a notational convention for the following, the variables u and v are of 
typed, variables x, y, x; and Xj are of type e. 

A fragment of the English Language 

lexical entry representation in .>--DRT 

every 
theJ 
hisJ _ 
john' 
man 
he; 
walka 
whistlea 
bea 
black 
in-the-parka 

.>-P..>-Q.(8{x;}.T 0 P("'x;) 0 Q("'x;)) 

.>-P..>-Q.(8{}.(8{x;}.T 0 P("'x;))-> Q("'xi)) 

.>-P..>-Q.((8{xi}.x; = Xj) 0 P("'xi) 0 Q("'x;)) 

.>-P . .>-Q .((8{x;}.poss(xj, x;)) 0 P("'x;) 0 Q("'x;)) 

.>-P.(8{x;}.x; = j* 0 P("'x;)) 

.>-u.8{}.man(vu) 

.>-P.P("'x;) 

.>-u.8{ ea} .walk( ea,v u) 

.>-u.8{ ea}.whistle(ea,v u) 

.>-P . .>-u.(P(.>-v.vu =v v)) 

.>-P..>-u.(8{}.blacWu) 0 P(u)) 

.>-P . .>-u.(P(u) 0 8{}.loc(ea) = in-park) 
>-Pt.>-Qt-(P;Q) 

type of expression 

((d, t), ((d, t), t)) 
((d, t), ((d, t), t)) 
((d, t), ((d, t), t)) 
((d, t), ((d, t), t)) 
((d, t),t) 
(d, t) 
((d,t),t) 
(d, t) 
(d, t) 
(((d, t) , t), (d, t)) 
((d, t), (d, t)) 
((d, t), (d, t)) 
(t,(t,t)) 

In the following examples note especially where free variables are caught in 
the course of semantic construction in examples ( 4) and ( 6). In ( 4), the free vanable 
e in the representation of in the park is caught by the discourse referent in the 
r:presentation of walk. The same happens when the representation of He whistles 
in example (5) is joined with the representation of (4) to form a text m (6). 

The following presentations use ~ for the equivalence to the graphical nota-

tion of an expression. 
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(4) (a) John walks in the park. 

(b) Johnj @ (in-the-parka @ walka) 

1. Johnj@(:\P.>.u.(P(u)08{}.loc(ea) = in-park)@ (>.y.8{ea}.walk(ea y))) 
---+13 JohnJ_@ (>.u.(((>.v.8{ea},walk(ea,vv))@(u))08{}.loc(ea) = in~park)) 
---+13 JohnJ@ (>.u.((8{ea}.walk(ea,vu)) 08{}.loc(ea) = in-park)) 

~ Johnj @ ( >..u. 

Xj = j* 
walk(ea, Xj) 

walk(ea,v u) 

lox (ea) = in-park 

(5) (a) He whistles. 

(b) hej @ whistleb 

1. = >.P.P(/\xj)@ >.u.8{eb},whistle(eb,Vu) 
---+13 (>.u.8{eb}.whistle(eb,vu))(/\x) 
---+; 8{eb},whistle(eb,xj) 1 

(6) (a) John walks in the park. He whistles . 

lac( ea) = in-park 

(b) • @ (Johnj @ (in-the-parka @ walka))@ (hej @ whistleb) 

1. >.P.>.Q(P; Q)@(8{xj, ea}.xj = j* /1 walk(ea,Xj) /I loc(ea) = in-park) 
@(8{ eb},whistle( eb, Xj)) 

---+; 8{xj,ea},xj = j*/\walk(ea,Xj)llloc(ea) =in-park; 8{eb},whistle(eb,Xj) 

Xj =j* 
walk(ea,Xj) 

lac (ea) = in-park 
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Xj =j* 
walk( ea, Xj) 

loc(ea) = in-park 
whistle(eb,Xj) 

Semantics for >..-DRT 

The examples of the previous section showed that the >.-DRT language defined thus 
far is sufficient to compositionally construct representations for natural language 
texts. Now, we aim to give a direct denotational semantics for >.-DRT which should 
also be compositional on denotations. The central question for the semantics was 
the format of the denotations of a discourse representation structure, in particular, 
what amount of information the denotation of a DRS must contain in order to allow 
for compositionality. To trace the line of motivation, let us first look at two features 
which were the starting point for the semantics definition. 

Firstly, consider the following situation arising due to the commutativity of 
the @-operator. A semantically problematic situation occurs whenever discourse 
referents in one argument of the 0 bind variables in the other argument, as in the 
following example: 

A@B 

With denotational compositionality, the subexpressions A and B must be 
interpreted independently first, in order to contribute to the denotation of the whole 
expression later. In the interpretation of A, however, the variable Y appears to be 
a free variable, and, at merging, turns out to be a bound variable. Considering that 
bound and free variables describe two quite different logical properties, this is a 
semantically very interesting situation to model. 

The semantics definition presented below suggests a solution by using partial 
assignment functions. Just consider how total functions pose a problem for this 
situation: If A and B above were interpreted with respect to a total assignment 
functions, the two denotations would differ at the value for Z: A 's denotation may 
assign a different value to Z than s had previously done, whereas all denotations of 
B take on the value that s had assigned to Z. Thus, the two denotations cannot be 
merged appropriately when working in this way. 

Secondly, we aimed at defining the @-operator simply by means of set in­
tersection. For this the denotations must in a way foresee the occurrence of all 
variables in the expressions they are about to be merged with. In case of the above 
example, the denotation of B must not only contain information about Y and Z, 
the variables occurring in B , but also about X, the variable occurring in A. 

These considerations give rise to the following definition of a continuation of 
an assignment function: 
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Definition 5.1 (Continuation of an Assignment Function)Let sand t be par­
tiai assignment functions. We call ta continuation of s by X , denoted s[X]t, iff it 
is defined at least on Dom(s)UX and we have t(X) = s(X) for all XE Dom(s)-X. 

A continuation s[X]t can thus alter the value for all X E Dom(s) n X 
and adds values for all other X E X . t may also be defined on other variables 
Y if. Dom(s) U X; these Y are assigned any values. Because the cardinality of t 's 
domain can not be pre-determined, we speak of a variable continuation. 

We are now ready to· define the semantics itself, commencing with the defi­
nition of the carrier sets. 

Definition 5.2 (Carrier Set)Let U be a set of individuals, and let B, be the set 
of partial assignments for individual variables, B, = Fp(VD; D, ). We will call the 
members of B, states. We define t he following typed family of sets 1) = {Da } the 
carrier set of .>--DRT: 

1. D, = U 
2. Dd = Fp(B,; D,) 
3. D0 = {T,F} 
4. Dt ~ p(V,) x p(B,) 
5. D(a,{3) ~ F(Da, D/3) 

A >--DRT expression A will be interpreted with respect to a model M and 
two assignment functions , sand <p. The interpretation function will be called I M,,p, 
or rather I ; for short. The subscript assignment function, denoted <p or 'lj;, is re­
sponsible for the >--bound variables, the superscript assignment function s, or t or 
r, will assign a value to 8-bound variables. 

For legibility we define functions to retrieve the two components of a DRS 
denotation. 

Definition 5.3 (Projection Functions for DRS Denotations)Given the deno­
tation A of a DRS, we define the following two projection functions for DRS 
denotations: • 

)W?. := Dt --> p (V) 
:FUN:= Dt--> r (B, ) 

with )W?.( (X , M )) = X 
with :FUN((X, M )) = M 

Definition 5.4 (Components of a DRS's Denotation)Likewise, given a DRS 
D, we define two functions which return the respective component of a DRS's 
denotation. 

IV; := r (wfft) __, r (V) 
IF; := p (wfft) --> p (B,) 

with IV;(D ) = )W?.(I; (D)) 
with IF;(D) = :FUN(I;(D)) 

Since s is responsible for 8-bound variables, it is restricted to the assignment 
of individual variables only. However, <p, being responsible for >--bound variables, 
may assign values to variables of every type, indeed to variables of type t. The 
values for these variables themselves contain assignments to individual variables -
recall that Dt ~ p(V, ) x p(B,) - which should, of course, not be in conflict with 
the assignment of s and <p to any variables of type e. Take, for example, 

(?) I wal~X} I ® p 

with s(X) = john and <p(P) = ( .. . , { . .. , {X-> peter, . .. }, ... }). What 
then does the variable (name), t he discourse referent X, denote - john or peter? 
Inconsistencies like these are excluded by the following definition. 
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• • • Relation on s and <p)Let sand <p be two assign-
D efimtmn 5.5 (Cons~Stenc~ . V __, 1) Then the two functions are 
ment functions for variables, i.e. s, 'P · a a · 

mutually consistent , 1,;(s, 'P), iff6 : ) 
'efZt E Dom(<p): 'c/r E :FUN((s + <p)(Z)): r II (s + 'P 

We will simplify the representation of the partial assignment iunctions /\ 
using the special symbol ..L and implicitely extending the defimt10n o any par ia 
function t by t(a) := ..L , if a 't- Dom(t). 

Definition 5.6 (Model Structure)Let 
1) be a carrier and 
F be a typed function F : E --> D . d • 

We call M = (D, F) a model structure, if all operators in F are stnct, an m 

particular 

• 
• 
• 

• 

FH@A = T, if :FUN(A) = 0, else= F .• 
F(V )@A @B = T , if :FUN(A) =/ 0 or :FUN(B) =f 0, 

else= F. 
F(->) @A@B = T, if for all t E :FUN(A) we have 

3r E .FWJ(B) : t[)W?.(B)]r, 
else= F. 

F(A) @a @b=T, ifa=Tandb=T, _ 
= ..L, if at least one of a = ..Lor b - ..L 
= F, else. 

D fl ·t· 5 7 (Denotation I • (A) )The interpretation of a well-form) edh fodrmula 
e m 10n • "' d • th ( s <p t e eno-A with respect to M and the assignment function s an <p w1 K: , , 

tation I ; (A) , is defined inductively as follows: 
1. I;(c) = F(c) for any c E E 
2_ I • (V) = <p(V) if V E Dom( <p) 

"' = s(V) if VE Dom(s) 
= ..L else. ) 

3 I• (8X.B) = (X, {t I s[X]t, 1,;(t , 'P ) , ~(B) = T} s 

4: I!(A 0 B) = ( IV; (A) u IV;(B) , IF;(A) n IF"' (B)) 
5 I•(A·B) = ( IV•(A) U IV; (B) , 7 
• "' ' {r Ir E IF; (B) und 3t E IF;(A) : r l-IV;;(B) = t}) 

6. I ;(>-X.D) = AA.I;,[,(A) / Xl(D) 
where 

c(At) = { ()W?.(A) , r ) I r E :FUN(At) and r II (s + 'P)} 
E(Au) = Au, if a=/ t . 

7. I ; (A(B)) = I ;(A)@I;(B) 
8. I ;(1'X) = At.t(X) 
9. I;(vU) = U(s) 

In the remainder of this paper we shall single out a distinguished set of 
II-formed formulae, called contextually closed formulae, defined thus. 

we 11 £ d f ula A 1s called con-
D efinit1i1on 15 .8 d(Cdoe~::!u:yllr ~l:~ei)tor ::e;/;::rre:c: of a not .>--abstracted textua y c ose , , 
variable X it holds that one of: 

--- II t "f they assign the same value to a ll 6. We say that two partial functions t1 and t 2 agree1 t1 2, l 

members of Dom(ti) n Dom(t(2)- I ) ddition of the two partial functions s and <p; note Lhat 
Furthermore s + <f! denotes the s1mp e a I 2 6) 
t heir domai~s is disjunct ( cf. definition of well-formed formu ae, • • 
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• The occurrence is in A of OX.A, regardless of whether X E ,:y or not w; 
call this occurrence of the variable X dominated b th O • e 

• If A --, A' d A' . Y e -operator. 
. µ_ an ureducible with respect to --, , then if X E V th 

X IS not m the scope of a v • A' "f X µ. d, en 
A'. m , or I E Ve then it is in scope of a II in 

the £ Th: ~ottation of a contextually closed formula is that its definition describes 
orma o t _e representat10ns of linguistic units, i.e. words, phrases, sentences 

htexts. tThhese umts may also be considered as (linguistic) context building blocks' 
ence e name. ' 

context::u!h~l:s:~te that ~or ~!ngFuuistic purposes it is. sufficient to concentrate on 
. . expresswns • rthermore we requ!Te all expressions to be sen-

:~~le, as tddit~ed m,;; 18._ It turns out that to prove the reductions correct, we need 
se res nc IOns. vve will therefore introduce 

DefinitioAn 5.9 (Safe Expressions)We will call sensible, contextually closed ex 
press10ns safe and write A E sf. -

R~mfiar~ 5 -~0An important property of contextually closed expressions is that no 
un e ne va ues may leap in, despite the use of partial assignment functions Th. 
property can be venfied by looking at the three contexts in which a variabie ca: 
occur: firstly, a variable dominated by a DRS will b · d 1 
f k" e ass1gne a va ue on the way 

0 i:na m~ the conditions of the DRS true. Secondly, if a variable is dominated b 
a smgle ~operator, then the interpretation will abstract over the look-up of th: 
~arrb: with respect to one particular assignment function. Thirdly, a variable ma 

e -a stracted; then 1t will eventually be assigned the value of the argument. y 

model ~; ;~:;sis of what has just been said we will now define the notion of a 

Definition 5.11 (.X-DRT Model)Let M = (V F) b d I 
zs is d fi d £ II c . , e a mo e structure such that 

,p e ne or a sa,e expressions A E sf, for all 8 and 'P with ( ) Th 
call Ma ,\-DRT model. K s, 'P • en we 

N~tation 5._12We define semantic operators ffi and ; for the merging operators 0 
~ ;;espect1vely. ffi is defined by ffi: Vt x Vt --, Vt with A ffi B := ( 1W?(A) u 

( ) , RIN(A) n RIN(B) ), and ; is defined accordingly. 

d fi d Comme~ting on the given definitions first note that the semantics is indeed 
e ne compos1t10nal!y on the level of denotations. 

Also note. that those parts of definition 5. 7 which originate from the ,\­
calcul_us are m prmc1pal Just like their counterparts in pure typed >.-calculus How 
~ver , m clauses (2) and (6) the_ pure 'functional character' mixes with aspects. of th~ 

ynamic part of >.-DRT: _the mterpretation of variables considers two sources for 
1h\values, m particular g1vmg special attention to variables which are (potentiall ) 
t~a stracted. The mterpretation of an abstraction expression demands a filter f;r 

e argument to come to make sure that no inconsistency may creep in through the 
argument. 

Re~ark 5.13Let_ us take a closer look at this filter, or rather, at the consistenc 
;~l~t~~n K w:~h he~ behin_d it. Example (7) above illustrated the need for K. Not: 

a e nee or this relat10n, too, is a feature of the dynamic part of >.-DRT · 
values of DRSes contain assignments to variables themselves (and these assign,:::~~: 

8. This can be verified by che k" th t II · 
section 4, and we conjecture tha~ ~:g le:icin :ntnes of_the lex~con indeed have this property (cf. 
reductions are closed with respect t~ th t ;;h be wntten ~smg such expressions), and that the 

e se o ese express10ns, the proof of which is easy. 
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can clash with other information). The important point is that these variables can 
be addressed by name in the denotation of the DRS. Whereas the availability of 
variable assignments within the assignment of a DRS variable opens the door for 
inconsistencies to arise, it is the accessibility of the variable name in the denotation 
of a DRS allows for a way to guarantee consistency after all. Indeed, the presence of 
names in the semantic object, which makes them globally accessible, is the key to 
discourse semantics. This feature is in contrast with pure ,\-calculus, or classical logic 
in general, where variables are merely place holders and names can be abstracted 
away (cf. Bruijn 1972)- and again, as a consequence of this, variable capture is 
not allowed. To stress the global accessibility of variable names we suggest to call 
5-abstracted variables also dynamic declarations. 

We consider it as one of the strengths of >.-DRT as it is defined in this 
paper that it syntactically keeps apart its functional and dynamic parts; we hope, 
through this, to gain a better understanding of how the two features interfere. The 
definition of z; ( ,\X.D) is one of these points of interference. The use of the function 
c: in z;,[e(A)/ X] in the interpretation of a functional term ( cf. case 6 in definition 5. 7) 
appears unorthodox from the point of view of pure classical logic, but the question 
to ask here is what further consequences this obstruction through dynamics has. 

It is a much debated question how actually to view discourse referents. They 
are neither variables nor constants in the classical sense. Through the above in­
terpretation we have given them a status in between: the variable-like character, 
underlined by the fact that free variables can be bound by the 5-operator, is promi­
nent. Yet the accessibility of the variable's name - which we found to be so crucial 
- makes the discourse referents resemble constants very much. 

It is routine to prove that each step in the interpretation process, the two 
assignment functions do indeed stay in the consistency relation. There are only two 
locations in the semantics definition where an assignment function is extended: the 
interpretation of a DRS and the interpretation of a >.-abstraction. Consistency is 
by definition kept at the interpretation of a DRS and if the ,\-abstracted variable 
is of type t. If the >.-abstracted variable is not of type t then we can use that, by 
definition, the >.-abstracted variables are not in the domain of a state. 

The separation of functional and dynamic features is not only by syntactic 
means; the clear responsibilities of the two assignment functions further underlines 
the distinction. It is interesting to note that this is not only a design choice but it was 
indeed necessary to be able to prove ,B-reduction correct, and thus it is something 
the calculus itself asks for. 

The two components of a DRS denotation have clear roles: the first compo­
nent constitutes the DRS's anaphoric potential , i.e. the set of possible antecedents 
for phrases and sentences to follow. The second component, the set of partial as­
signment functions t, is in some sense the set of contexts which validate the DRS. 
Note that the first component is merely necessary for the definition of the impli­
cation; it cannot be derived from the second component. The second component, 
however, is the essential part. It is the one mainly used for the concepts of validity 
and consequence, to be defined below. 

Let us now look at the construction of denotations in detail. We want to 
stress two things here: first, how the interpretation of DRSes facilitates the simple 
definition of the (symmetric) merge operator and second, how the intensionality 
operator allows correct coordination of values for variables in partially instantiated 
expressions. 

As mentioned earlier, the key points of DRS's denotations are the partiality of 
the assignment function s and the concept of assignment continuation. The variable 
continuation en.sures that no undefined values occur within a DRS denotation by 
being able to assign a value to all 5-abstracted and all free variables of the DRS ( cf. 
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remark 5.10). The foundation to the symmetric merge, however, is that in addition 
to those variables occurring in a DRS, the functions t may also assign a value to 
any other variable E VD. This implies the following definition. 

Definition 5.14 (Minimal Assignment Function)We will call those assignment 
functions t of the second component of the denotation of a DRS A, t E IF;(A), 
which are only defined on those variables which occur in A (free variables or dis­
course referents), minimal assignment functions. All other functions tin IF;(A) 
are themselves continuations of the minimal assignment functions by the empty set 
of variables. 

The occurrence of non-minimal assignment functions in IF;(A) allows for 
using set intersection to define the merge operator. Through the intersection we 
get exactly those functions which also assign a value to variables occurring in other 
arguments of the EB. To illustrate this, look at the following example taken from ex­
ample ( 4) in section 4; the three parts in (8) are the interpretations of the arguments 
of the resulting expression of step 2 there9 . 

(8) (a) I;(8{xi}.xj = j*) = ({xi}, {t1 I s[{xj}]t1 , 'P.r,1 (xj = j') = T}) 

(b) I;(8{ea}.walk(ea,Xj))) = ({ea}, {t2 I s[{ea}]t2, °I(p'(walk(ea,Xj)) = T}) 

(c) I;(8{}.loc(ea) = in-park)= ({},{t3 I s[{}]ta, °I(p3 (loc(ea) =in-park) = T}) 

Each of the functions t1 in case (a) is at least defined on Xj but some of the 
t 1 may also be defined on any other variables. Indeed, there will be functions t1 
which are defined on ea. In case (b), all of the functions t2 must be defined on both 
Xj and ea, in order to attain the value T in the condition; again, some of the t2 
will be defined on other variables, too. Similarly for case (c): each one of the t3 will 
be defined on ea and some of them on Xj or other variables. The set intersection of 
the three sets will not only match the values of the variables but also the domains 
of the functions; thus in this example, all functions t of the result are defined at 
least on both Xj and ea. Therefore, by means of the variable continuations, DRS­
interpretations are able to foresee or be ready for the assignments of yet unknown 
variables. 

This example also shows that a free variable and a discourse referent have the 
same effect on an interpretation under certain conditions. In case a variable X has 
not been assigned a value in a certain recursion step, introducing it as a discourse 
referent and using it as a free variable have the same effect: X gets assigned a new 
value. At a merge the assignments of the discourse referent and the free variable 
are matched through the set intersection, fusing them in this way. Thus, through 
this relation between free variables and discourse referents, the logic preempts the 
delayed binding. 

In order for this 'switch' from free to bound variables10 to work properly 
(i.e. to achieve the full denotation), the assignment functions cp and s should be 
empty at the very beginning of the interpretation process. This reflects the fact 
that the interpretation is set in an empty context, or discourse. Incidentally, this 
also mirrows the approach of DRT; there, a DRS is valid if the empty assignment 
function can be extended. 

Let us examine another example in some detail now. The following is a 
variation of example (4) of section 4, and we consider the interpretation of the 
expression which corresponds to step 2 there. 

9. We will neglect the consistency relation here and in the following example. 
10. Note that logically this is a switch between two rather contradictory concepts. 
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(9) (a) 
(b) 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

A man walks in the park. 

I;((a man) @(walk)) 

= Is (>.G.(8{x}. man(x) 0 G("x))@(>.zd.8{e}.walk(e,v z))) 
<p V ) 

= Ag.I;,[,(g)/G] (8{x }.man (x) 0 G("x))@Aa.I;,[, (a)/z](8{e }.walk(e, z) 

= Ag.(({x}, {t I s[{x}]t,I~.[e(g)/Gi(man(x)~ = T}) EB c(g)@As.s(x)) 
@Aa.({e},{r I s[{e}]r,~.[e(a)/zi(wa lk(e, z)) = T}) 

= Ag.(({x}, {t I s[{x}]t, man(t(x)) = T}) EB c(g)@As.s(x)) 
@Aa.({e},{r I s[{e}]r,walk(r(e),c(a)(r)) = T}) 

= ({x},{t I s[{x}]t,man(t(x)) = T}) 
EBAa.({e}, {r I s[{e}]r,wa lk(r(e),c(a)(r)) = T})@As.s(x) 

= ({x}, {t I s[{x}]t, man(t(x)) = T}) 
EB ({e}, {r I s[{e}]r,wa lk(r(e),As.s(x)@r) = T}) 

= ({x}, {t I s[{x}]t, man(t(x)) = T}) 
EB ({e}, {r I s[{e}]r, walk(r(e),r(x)) = T}) 

= ( {x, e }, {q I s[{x }]q, s[{ e }]q, man(q(x)) = T /\ walk(q(e), q(x)) = T}) 

the latter being the intended value since s[X]q and s[Y]q implies s[X U Y_]q. 
Focus here on how the look-up of x in G("x) is delayed through the m­

terpretation of the "-operator until x has moved into the dominance of the s:cond 
8-abstraction operator (i.e. the DRS that represents walk) and can then be as~gned 
a value by the right states, in this case states r in clause 7. Until there, the ( x) of 
clauses 1 and 2 becomes As.s(x), which is finally applied tor m clause 6. . 
Remark 5 .15In the literature (e.g. Eijck and Kamp 1995) the phrase~ of s~at1c 
and dynamic sei~antics have been coined. Static semantics use sem~nt1c obJects 
rather than defining dynamics by means of pairs of input/output assignments, as 
was first suggested in DPL (Groenendijk and Stockhof 1991 ). We claim here_ that 
there is no substantial difference between the two approaches, and back this ~y 
pointing to the connection between the inte~pretaUon of ; and ,a dynarruc semantic 
definition. Indeed, the definition of; in 5.7, m d1stmct10n to 0 s defimtwn, reflects 
a one-directional binding flow imitating DPL's flow. Consider the defimt10n of the 
(asymmetric) merge in Eijck and Kamp 1995 which is quite similar to DPL: 

M s r I= A· B iffthere exists an assignment funct10n t with M, s, t I= 
A ~n,d M , t,'r I= B. 

For the comparison to ;'s definition we repeat i;s definition here: 
I s (·) @A@B = A;B = ( V.AR(A) U lW?-\B), 

"' ' {r Ir E :FIA.N(B) and :lt E :FIA.N(A): rl-U4R.(B) = t}) 
In the first interpretation of D = A; B we have that s and r in M, s , r I= D 

d t I E -rT"s (D) in I• (D ) = (X IF8 (D) ) respectively. Thus, m correspon o s anc r .i.r"' "' ' "' ,, d 
above definitions, the two s relate to each other, as do s' and r as well as s an 
t. Since we have t E :RA./lf(A), t plays the role of the output assignment of the first 
DRS in the sense of DPL, and since rl-U4R.(B) = t merely requires that r extends 
t by ~alues for the 1W?-(B)11 , t acts as input assignment of the second DRS. 

Finally in this section we look at validity and equivalence of DRSes. The 
definition of validity is a straightforward check on the non-emptyness of the second 
component of the DRS denotation. It has, in fact, already been pre-empted 111 the 
definitions of, and V, which include a test on the empty set. 

Definition 5.16 (Validity)A DRS A is valid in a model M in the context of s 

11. Note that we ~an neglect the cases in which the value for some variable in 124R(B) is changed 
since we assume that none of the 124R(B) occurs in A. 

495 



with respect to cp , if 'IF; (A) } 0. 

In the literature it is common to distinguish two notions of equivalences for 
DRSes, static and dynamic equivalence. Static (s-)equivalence compares the truth 
conditional information extracted from the denotations, neglecting the dynamic 
information. In A-DRT we may define s-equivalence thus: 

Definition 5.17 (s-Equivalence)Two DRSes A and B ares-equivalent, denoted 
A c::: 5 B, if 'IF; (A) f. 0 ¢} 'IF; (B) f. 0,, for all states s and assignments cp 

By way of example, the two DRSes A = o{X}.P(X ) and B = o{Y}.P(Y) are 
s-equivalent , even though they have a different anaphoric potential. Such dynamic 
information is to be captured by the dynamic equivalence. However, this notion in A­
DRT may be considered to have two variants. The first straightforwardly compares 
the two components of the denotations; we shall call it .context ( c- )equivalence, since 
it asks for full context (second component) equality. 

Definition 5.18 ( c-Equivalence)Two DRSes A and B are c-equivalent, de­
noted A "'c B , if :w; (A) = :w; (A) and rr; (A) = rr; (B) , for all states s and 
assignments cp . 

The second variant will be called dynamic ( d- )equivalence. It turns out that 
to capture the equality of dynamic behaviour ( do they have the same anaphoric 
potential and do they behave in the-same way when extended by further context?) 
we need not require the second components to be exactly alike. They may as well 
relate by jz, defined thus: 

Definition 5.19 (Contextual Detail)A set of states 1PA is contextually less 
detailed (by a set of variables Z) than the set of states 1Pa, ''P A j z 1PB , if 

1. Either 0 =I 1PA i;;; 1PB or 0 = 1PA = 1PB-

2. For all s E 1PB \ 1PA there exists at E 1PA and some subset Z' i;;; Z with 
s = tl-z ,. • 

We may also write simply ::<:, if Z is not in focus . 
The operator ::<: may also be extended to be used for DRS notations: we 

have At :::<:z Bi for two DRS denotations Ai and Bi, iff V.AR.(A) = 124n(B) and 
:FUN(A) :::<:z :FUN(B). 

In words, the contextually more detailed set of st ates '1j; B is of larger car­
dinality; the st ates it adds to '1j; A all result from states in 'if,.1 by taking away the 
values for some or all members of Z. By including these mnaller states in addition 
to the broader defined states, one can think of adding some detail. Note that if one 
of the sets is empty, the other one must be, too. 

Definition 5.20 ( cl-Equivalence )Two DRSes A and B are cl-equivalent, de­
noted A c:::d B, if for all states s and assignments cp there exists some Z such 
that 

It is instruitive to look at how two DRSes, A and B, relate, if they are d- , 
but not c-equivalent. T he fi rst guess is that their set s of discourse referents is the 
same but that one of them, say B , has at least one free variable, say X E Z , which 
does not occur in the other. Then, of course, all states in the interpretation o"r B 
must assign a value to X , whereas the states in the interpretation of A need not. 
The extra states in 'IF; (B) are those which do this. But such A and B are only 
cl-equivalent, if the predication on X is a tautology, i. e. if X can be assigned any 
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value from the domaini2 . If, however, the extra predicate cuts down the number of 
possibilities of values for the X, then 'IF; (A) would include states that assign one 
of the impossible values to Y , and thus no longer be a subset of 'IF;(B). 

A more practical situation in which the subset-relationship comes into play 
in connection with the ::<:-relation is if it is the assignment of a type-t variable in cp 
that keeps track of such an X E Z. Such a situation occurs e.g. with ,6-reduction 
and indeed it is the proof of the correctness of the functional reductions that we 
need the concept of j. 

It can be verified that cl-equivalence indeed captures dynamic equivalence 
as described above. For this, we first need to check that reducing the amount of 
contextual detail (by the same set of variables) in denotations does not destroy 
the truth-conditions if joining them by logical operators. Secondly, we n~te th~t 
two DRSes A "'d B have the same anaphoric potential, since they equal m their 
first components. Lastly, we must verify that they behave equally if e~tended by_ the 
same further context, i.e. whether merging (using either Ell or;) their mterpretat10ns 
with I~(C), for any ci3 , results in denotations which imply ~he same truth values. 
The proofs for this are a bit tedious, and they can be found m Kuschert 1996. 

6 Metalogical Results 

In this paper we looked at two aspects of the semantics of A-DRT: we formally 
specified the operational semantics by defining a reduction system, and we pro­
posed a denotational semantics by defining the function I;(). The quest10n to _ask 
now is whether the two descriptions of semantics _define the same notion of meanmg. 
Kuschert 1996 presents proofs that the reductions are correct, and that the reduc­
tion system is complete with respect to the denotational semantics. It als_o shows 
that we get unique normal forms, if we restrict ourselves to safe express10ns ( cf. 
definition 5.9), which is an important result computationally. There is no space to 
present the proofs within this paper, but let us briefly describe some general ideas 
and interesting features of these proofs. 

The substitution-value lemma, being the basis fo r the correctness proofs for 
a-, ,6- and ?)-reductions (collectively called the A-reductions here), use~ the notion 
of contextual detail as defined in definition 5.19; it is modified to conJecture that 
I 8 ([B/Y]Ai) -<.z I' B (Ai) for any A E sf, B E sfr(Y) and a Y not bound 

'P - ,p,[I~ ( )/Y] , . . , 
in A. z is the set of variables occurring in B but not m A. Usmg this result m 
the correctness proofs we can then conclude that the interpretation of different 
A-reduction steps reflect expressions which are cl-equivalent. Thus, since we have 
shown that cl-equivalent expressions behave identically both in truth-conditional 
and dynamic terms, we may consider a- , ,6-, and ?)-reductions correct. . . 

For the completeness proof we just mention here that we need a dec1s10n 
procedure for the equality of type-o expressions. . . . . 

Proving A-DRT's reduction system confluent and termmatmg 1s straightfor­
ward if we reuse proof techniques from standard A-calculus. Since the A- , the o- and 
the ; -reductions address different operators (the A, ,5 and "-operator respectively) , 
we can look at these three groups of reductions seperately. 

7 Conclusion 

A-DRT was born by the idea to straightforwardly combine standard DRT and ,6-
reduction of typed A-calculus for the semantic processing core of actual NL projects. 

12. For an example, take B = 8{X} .P (X) J\ (Q(Y ) V ~Q(Y )) vs. A = 8{X}.P(X). 
13. Obeying the syntactic restrictions when using ;; 1 of course. 
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The operational semantics immediately suggested itself from this idea of .\-DRT. 
The work presented here gives the formal background for systems. using .\-DRT 
as their semantic formalism. The most important result is the definition of a de­
notational semantics which can be proved to be consistent with the operational 
semantics. 

The interaction of .\s and 8s, which looks so simple in the reduction system, 
turned out to be not quite so trivial in the denotational semantics. We are faced 
with the fact that functionality and dynamics are based on quite contrary ideas 
and principles. Essentially, the interaction was enabled by the consistency relation 
and the declarative character of 8-abstracted variables, reflected by the possibility 
of accessing their variable names. 

Another focus of the denotational semantics was the symmetry of the 0-
operator. To interpret this operator correctly, we had to make the dynamics bi­
directional. Besides the original motivation for the 0-operator, mentioned in the 
introduction, one might investigate whether bi-directional dynamics is cognitively 
adequate, and if so, how do humans perform the 'backward binding'? 

This work lays the ground for a number of directions of further research. 
For one, .\-DRT has been and will be further extended. In section 4 we mentioned 
the assumption that coindexation of anaphors with their antecedents is provided 
by the syntactical analysis. It will .be interesting to explore the alternatives of this 
approach in .\-DRT. We also already mentioned the goal of building an inference 
system. This, indeed, has been one of the major motivations for our enterprise of 
formalising .\-DRT. 
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