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A Domain Theory for
Categorial Language Learning Algorithms

Pieter Adriaans
Syllogic. B.V.

Abetract
We study the Lambek calculus from the perspective of semantic learning. In this
context we identify some (as far as we can judge) comparatively new problems:

1. The traditional priority of syntax over semantics has to be relativized in a learning
situation since we can deduce syntactic information form semantic data and vice
versa.

2. We need a domain theory to deal with partial models of a Lambek calculus.

3. We must have a theory about the influence of intensional information on the
learning process.

The current approaches to semantics for the Lambek calculus are not feasible in
these respects. We present a definition of the relation between a language, its syn-
tax and semantics in terms of adjoint functors between Lambek calculi enriched with
Boolean operators. This approach emables us to study the interplay between seman-
tic and syntactic information in a new way that may be of interest in a wide area of
semantic research.

1 Introduction

In our research, motivated by problems in knowledge engineering and systems analysis, we
are interested in semantical learning of categorial languages in a dialogical context. To give
a formal analysis we introduced the notion of an abstract speaker:

Definition: An abstract speaker is a set A=< D,L,S, Ep, O > where:

D is a dictionary,

L ]

L is a language which is a subset of the Kleene closure D* of D,
e S is the set of true sentences of L,

o Ep is an examples routine that produces an element of S according to the probability
distribution P over L, i.e. the probability that L(X) = s is P(s) and O is an oracle
routine that tells us whether or not a certain element of D* is member of L and S.

Buskowski and Penn (1989) described an algorithm to deduce a categorial grammar from
linguistic data by unification. Their method presupposes that we know the syntactic stucture
of the expressions. For real life learning situations this is an irrealistic presupposition. In
(Adriaans, 1991) we presented a class of clustering learning algorithms to overcome this
drawback. We proved that it is possible to learn a grammar effectively under the following
conditions:



¢ The language has a categorial grammar.

¢ Each syntactic rule has an example with a complexity and length that is logarithmic
in the complexity of the whole grammar,

e The distribution P is close to the Solomonoff-Levin distribution (see: Li & Vitany,
1989).

We also argued that these conditions are quite natural and give an indication for the effective
learnability of categorial grammars in real life environments. In this paper we intend to
g0 somewhat deeper into the formal background of these learning algorithms and we will
argue that we need to develop a special domain theory to understand the learning process

assigns to every atomic type a subset of a semigroup M = (M, ).
The categorical counterpart of a Lambek calculus is a socalled biclosed monoidal category
(Lambek, 1988, Lambek & Scott, 1986). Lambek (1988) showed that such a syntactic cat-

truth values, preferably a topos. To analyse the learning process itself we need a version of
the Lambek calculus that is enriched with Boolean operators: we will call this version the
Lambek Calculus extended with Boolean operators Lg. We can use the Boolean operators
to perform the clustering operations with rules like:

A-C B-’Cand nrA--ﬁB A-C
"TAUBSC A=BnC

Roorda (1991) has shown that it is indeed possible to create a version of the Lambek calculus
enriched with Boolean operators and has obtained completeness and decidability results. He
also showed that £ is faithfully embedded in Cg.

2 The need for a domain theory
There are several motivations for developing a domain theory for learning:

1. If we want to learn a language we do not know its syntactic structure. In a learning
situation however we get syntactic and semantic information at the same time. Some-
times we are able to derive semantic information from syntactic information and vice
versa, e.g. if a sentence is true then it is also well formed. Therefore the traditional
priority of syntax over semantics has to be relativised in a learning situation. We
cannot work with a theory that assigns a constituent structure to a sentence before it
assigns a semantics. If we want to learn the associative variant £ of the Lambek calcu-
lus we have to use an associative semantic calculus. The current semantic approaches
to semantics for the Lambek calculus are not feasible in such learning environments.

2. If we want to learn an interpretation of a calculus we need a domain theory to deal
with partial models of this interpretation. This means a shift from models for £ to



models for Lg. An interpretation of Lg however is a much more general object than
an interpretation of £. It doesn’t define a grammar, but desribes the free monoid of
the underlying alphabet. A functor from £ to Lg forgets the structure of £. We need

to furnish Cg with an additional structure that ‘remembers’ the original interpretation
of L.

3. In the learning process there may be intentional information about the (semantic)
domain to be learned, e.g.

Cardinality Constraints We may know in advance that our language is two valued.
Universal Laws Semantic category A is contained in B.

In some cases this intentional information enables us to derive local completeness results,
e.g. a complete definition of a logical operator. In the traditional semantic proposals it is
difficult to analyse the influence this kind of information has on the learning process.

We want to develop a domain theory that can cope with these three problems. For the
moment we will not bother about the internal structure of £ and Lg. We will only suppose
that they have a categorical definition.

2.1 Types and Functors

We begin with an example. Suppose we want to learn a function f : S — T. We define two
new functions the direct image f. : P(S) — P(T) and the inverse image f1:P(T)—

P(S) as:
f+(So) = {f(s) | 8 € So}
FFUU)={s€ S| f(s) €V}

Suppose S is a set of expressions and T is a set of types. We have

Figure 1: Example of a function.

f.({ch) = {2}
{2 = {b,c,d}



{4 =0

and we have

e} = {,¢,0)

f_lf‘({b}) = {b) ¢, d}

.f-lf- ({ay b, C}) = {bs ¢, d}

There is a one to one correspondence between f and f,; f. is constructed out of f and f,
uniquely determines f. For every z € S we have f(z) = y « fe({z}) = {y}. There is
also is a one to one correspondence between f and f=1; f-1 is constructed out of f and
f~! uniquely determines f. For every y € T we have My =Xe-X= {zlf(z) = y}.
Consequently there is a one to one correspondence between f~! and f,. This partly explains
the usefulness of these notions for functions learning. If we learn either f~1 or f. then we
can reconstruct the original f. There is also a more interesting correpsondence:

Definition 1 Let S and T be two posels. We shall say that a pair (g,d) of functions

9:S5—=Tandd:T — S is a Galois connection or an Adjunction between S and T provided
that:

1. both g and d are monotone and

2. the relations g(t) < s and t < d(s) are equivalent for all pairs of elements (t,5) € SxT.

In an adjunction (g, d), the function g is called the left adjoint 1o d and d the right adjoint
log.

We give the following theorem:
Theorem 1 The pair (fe, f71) defines a Galois correspondence between P(S) and P(T).
We wont give the proof here wich is quite straightforward.!We have fo(8) <t is equivalent

to s < f~1(¢). The transformation f~1f. is a closure operation that projects any set of
expressions on the extension of their types.

In this example we have described this closure operation for a simple function. We are inter-
ested in a generalisation of this principle in the direction of the extended Lambek Calculus
Lg. As we have seen this calculus is hybrid. It is a classical boolean algebra, as well as a
Lambek calculus. Now it is easy to prove that direct and inverse image preserve Boolean
operations. This means that the following equations hold:

f.(4, UB,)= f-(A-) Uf.(B,)

L(A, N B,) = f-(A-) ﬂf.(B.)
fo(~A) = =(fu(A,))

F7H AU B) = fT (AU FY(BY)
AN B) = £~ (A 0 f7Y(BY)
F7 (A = (7 (4r))
For any funtion we get this result for free. If the domain and the range of the function
are concatenative structures we could also enforce the conservation of Lambek operators.

Suppose that S and T are free monoids and that f, and f-! preserve concatenation and
slashes:

fe(A, 0 B,)= fo(4,) 0 J.(B,)



f'(Al\Bl) = f'(Al)\f'(Bl)
f-(A-/Bn) = f-(A-)/f'(Bc)

Y AceB) = F YA e £71(By)
F Y ANB) = £ HANSH(BY)
FY(Ad/By) = £~ A/ f7H(By)

This approach gives us a scala of possibilities to describe the relation between a language
and its syntax and semantics. It also gives us an understanding of the structure of partial
models. A simple example will make this clear. Suppose we have a set of words of a certain
language:

L = {John, Derek, walks}

There is also a set of (syntactic) types:
S = {e,t}
Of course these two sets do not describe a language. If we want to describe a language we
could give an intensional description in the form of a dictionary function:
f(John) =e
f(Derek) = e
f(walks) = e\t

This functions defines a language with two sentences. In a learning environment in gen-
eral we do not know the dictionary. We have to reconstruct the types from examples we
get. So we are interested in the exact relation between the intensional and the extensional
representations of the types. We need a theory in which both notions of a types have a
representation. This can be done along the following lines. We form two monoids:

Lang = (L,e)
Syn = (S,e)
And we form the powersets of these monoids.
Language = P(Lang)
Syntaz = P(Syn)
Now we have:
f. : Language — Syntaz

f~!: Syntaz — Language

We will suppose that these functions preserve the concatenative structure. Now we have a
domain in which we can say anything we would like about our language. Of course we have
the dictionary as a projection of the singletons: :

f.({John}) = {e}



fo({Derek}) = {e}
fi({walks}) = {e}\{t}

Concatenations of singletons give sentences:

f({John} o {walks}) = {t}
The inverse image of the singleton of sentence type defines the whole language:
F71({t}) = {John} o {walks} U {Derek} o {walks)
This means that the closure of a singleton is the extension of jts type:
. ({John}) = £1({e}) = {John, Derek}
F7 fo({walks}) = (T HUDNS ({1)) = {walks)

We even have a neat representation for ungrammatical structures:

fo({John} e {John}) = {e} o {e}

This illustrates how we can lift the dictionary function f to f~! and f£, to get a domain
description that gives us all the flexibility we need in learning algorithms.

2.2 What about semantics?

Derek

Mister X
John ®walks

Derek® walks

Mister X ® walks

Figure 2: Example of a syntactic function

language is showed in figure3. One can proof that this function defines a semantics for this
language is there is a function faiy such that for all s in L we have Soyn(8) = fi 1fsem(s) as



L >L,.
John
Derek J
Mister X D
John ®walks
rue
Derek®walks
Mister X ® walks Jalse

Figure 3: Example of a semantic function

L - L., - L,
John
Derek J
Mister X N L Entity
John ®walks
true
Derek®walks Sentence
Mister X ® walks Jalse

Figure 4: Example of a composition of a syntactical and a semantical function

shown in figure 4. This shows how the semantic calculus is an intermediate layer between
language and syntax. The value of these ideas becomes clear if we lift the dicussion to the
complex set of interrelations between sets of expressions, sets of syntactic types and sets of
semantic types defined by fiyn e, foem,e; fais,o ,';,3.., fL and f;}. These functions give us
a whealth of possibilities to study the effects of partial information in language learning.

2.3 Monoidal Categories

It is possible to lift the whole discussion about the relation between syntax and semantics
to the level of category theory. The categorial version of the Lambek Calculus is a socalled
biclosed monoidal category. A biclosed moniodal category C is a syntactic calculus which
satisfies the equations of a category as well as certain additional equations which assure the
following conditions:

1)
e:CxC—C
/:CxCP —=(C



\:C?PxC>C

are bifunctors.
2) The categorial rules are natural isomorphisms.
3) The following composite arrows are identities:

AOB—v(AoI)oB—vAo(IoB)—»AoB

((AeB)eC)eD (A B)e(CeD)
4 (Be(Co D))
Ae((BeC)e D)
(Ae(BeC))eD

((4¢B)eC)eD

by derids

The conditions under 3) are called coherence conditions. Cartesian Closed Categories are
biclosed monoidal categories.?

If we want to extend this discussion to cover the notion of an extended Lambek calculus
also we have to add functors and isomorphisms:

1) The bifunctors:

L:CxC-C
V:C%? x C%P — QP
=2:CPxC—C

2) The functor:
=:CP =

3) The natural isomorphisms for the categorial rules.
4) An initial object L and a terminal object T'.

This discussion shows that it is possible to give a categorical definition of L.

3 A domain theory

We give an informal account of the theory. We begin with a preliminary example. Let TYPE
be an alfabet of basic types and let the set LANG be an alphabet of some language. Lrypg
will be the lambek calculus freely generated from TYPE. Le_type will be the boolean
extension of Lrypg and Lg_rang will be the boolean extension of the lambek calculus
based on LANG. Mxyypg = (MtypE, ) will be the free monoid determined by TYPE
and MpanG = (MLaNg, ¢) will be the free monoid determined by LANG. A Buszkowski
interpretation of Lrypg is a functor I : Lrype — P(Mpang ), i.e. a functor determined by
an assignment of subsets of MpaAnG to the atomic types of LTypg. If we want to learn the
language determined by I from an abstract speaker we are confronted with elements from
Mypang. From this information we want to reconstruct the relation between P(Mpang )
and Ltype. So in fact we are interested in the inverse of I. As it stands I is not a very
handy functor to have an inverse. Lets try to imagine the qualities we would like such a new
functor to have. We want to have partial models of the language to be learned and partial



models of its syntax. A natural candidate is a functor F : LE1anG — Le_Type. This would
correspond to a function from P(Mpang ) to P(MTtyPE ) assigning a set of types to a set
of expressions of the language to be learned.

FI)=1 F{T)=T

F(l)=4 F(a\b) = F(a)\F(})

F(a/b) = F(a)/F(b) F(aeb)=F(a)e F(b)

F(a&b) = F(a)&F(b) F(aVvb)=F(a)V F(d)

Note that F defines a complete syntax for a language since it assigns a set of types to every
singleton element of P(LANG), just like a traditional ‘dictionary’ for a categorial language
would do. In fact F gives an intensional definition of the syntax of a language £. But this
is exactly one of the problems we wanted to solve: F specifies precisely the sort Lg with
additional ’lambek’ structure we are interested in!

We have identified a syntax with a functor from Lg_ranG to the Extended Lambek Calculus
of the types Le_Type. From another point of view types are nothing but sets of expressions
in L¢_cang. How do these two views relate? Can we get back from the types as expressions
in Le_Type to the types as sets in Le_cang? To realize this we define a new functor
U: Cg_fypg — ﬂg_,c,mg as!:
Definition 2 U(B) is the supremum of all objects A € Le_cane such that there is an arrow
b:7(A) — BE€ Lerype: i.e. UB)=(A:VAV.. .V A,) for all A; such that there is an
arrow b : F(Ai) — B.
In our interpretation this will be U(B) = |J{A | F(A) C B}. The value of U applied to an
object B of L¢_Type is the union of all objects A € L¢_cang that have an image in B. It
is easy to show that according to this definition we also have:

vl =1 U@)=T

uvL)=41 U(a\b) = U(a)\U(b)

U(a/b)=U(a)/U(b) U(aeb)="U(a)e U(b)

U(a&b) = U(a)&U(b) U(aVvb)=U(a)VU(})

Suppose each expression has only one syntactical type, then we have F({d}) = {t}, where
t is the type of d. Now U gives us all expressions that have the same type. So we have
d € UF(d). In fact UF is a closure operation in L¢_cang that projects each expression
into the set of expressions that correspond to its syntactical type. FU is the dual interior
operation that projects each expression of L¢_7ype to, what one might call its cotype. The
functor FU applied to an object B € Le_Type gives us the set of all the elements of B that
are in use as a type of Le_cang-

Before we proceed we will give a usefull lemma:

Lemma 2 IfU(B) is the supremum of all objects A in Le_cang such that there is an arrow
b:F(A) = B € LeType: i-e. U(B) = (A1 VA2V...VA,) for all A; such that there is an
arrow b : F(A;) = B then there will be an arrow b:A— U(B) € Le_cang which is unique
up to equivalence.

Proof The arrow a : A — U(B) € Le_cang is equivalent to
kA,(A;vA,v...vAv...vA.) AV (Al VAV...VAV...V An)

All the arrows of this form are equivalent under all permutations of elements of (A1 \Y
AV ...V An) so a: A — U(B) is unique up to equivalence.



We now prove a theorem that states the existence of a solution to a socalled universal map-
ping problem for U ‘Le_Typre — Le_cang.

Theorem 3 For each object A of Le_cang there is an object F(A) of Le_rype and an
arrow type(A) : A — UF(A) such that for each arrow J:A—U(B) € Le_cang there ezist
a unigue arrow f* : F(A) — B ¢ Le_type such that U(f )type(A) = f

Proof Suppose we have an arrow f:A—U(B), now U(B) = Sup{X|F(X) — B}, so we
have F(A) — B. By 2 this gives a unique arrow f* : F(A) = B € Le_rype. Since
UF(A) = U(F(A)) we can combine U(f*) : U(F(A)) — U(B) and type(4) : A —
UF(A) to U(f*)type(A) : A— U(B).

This theorem has some interesting consequences:

1. There is a natural tranformation type:lee cang — UF; ie.  the diagram

in figure 5 commutes. For every a : A — 4 € Lecanvg we have
type(A)
LganG (A) — UF(A)
Ly 1ax (@) UF(a)
Leang (A') —— UF(A')
e type(A’)

Figure 5: Type transformation

UF(a)type(A) =type(Al)1££-£AN0 (a)

2. There is a natural tranformation cotype:FU — 1z, ., defined by cotype(B) =
(ly(s))*; i.e. the diagram in figure 6 commutes. For every b: B — B' € L 1yps we

FUB) —fopaB) B

FU(b) Lgrves (b)

FU(B’ — L B’
(B') conpel’) ETvrs (B')

Figure 6: Cotype transformation
have 1¢, )5, (b)cotype(B) = cotype(B')FU(b)

3. (F, U, type, cotype) is an adjointness between Le_cang and Lo rype, ice. (Utype) o
(cotypeU) = 1y, (type F)o (Fcotype) = 1p. F can be defined using =: for each
f:A— A put F(f) = (type(A’)f)s.

10



We have seen that F has an adjoint functor U : Le_TyPE — LE_LaNG. This functor gives
us exactly the appropriate sets of expressions in MLANG that correspond with singletons in
P(TYPE), i.e. the atomic types of Lrype. This means that our original interpretation I
is faithfully embedded in U. We don’t loose information if we lift I to U. The adjointness
between F and U gives us a lot of very wellcome insight in the structure of our definitions.
UF is a closure operation that projects each singleton expression in L _raNG on the set of
expressions that corresponds to the extensional definition of its syntactical type. FU is the
dual interior operation that projects each expression of Lg_TypE to, what one might call, its
cotype. The functor FU applied to an object p gives us the set of all elements that are in use
as a type of some element of Lg 1anG. Of course, we now have two natural transformations:
type: lcx rane — UF and cotype: FU = leg ryps-

Now what do we gain by these definitions? It appears that the discussion about the relation
between syntax and semantics can be lifted to the level of morphisms between Extended
Lambek Calculi. Suppose we have

F ({John}) =N
and
F({walxs}) = N\S
where N and S are expressions of L¢_Type then

F({john} e {walks}) = F({john}) e F({valxs}) = Ne(N\S) =S

The expressions S, N\S and N are types. The corresponding extensions are U (S), U(N\S)
and U(N), which are sets of expressions in Le_cane-

4 Semantics

The most interesting aspect of this approach is that we can give a very elegant treatement
of semantics that overcomes our objections to the current propoeals and partly incorporates
them. The basic idea is this. If a syntax for a a Boolean extension of a Lambek calculus
is a functor Fyyn : LE_LANG — Le_TYPE, then a compositional semantics is nothing but an
intermediate layer between Lg_LanG and LE TYPE:

Definition: Suppose Lg_ranc and Lp_ TypE are Boolean extension of Lambek calculi
then Fyyn : LELANG — LE.TYPE defines an interpretation for L Lang if and onmly if
(Fuyn,Usyn type,cotype) is an adjointness between Lg_ranG and L TYPE-

Definition: Suppose Lg_1aNG, LE_TYPE and LE_sEm are extended Lambek calculi and
there are functors Fyyn : LE_LANG — Le_type and Fyem : LE_LANG — LE_SEM are inter-
pretations of LE_LANG, then Feem is a semantics for the interpretation Fgyn iff there is a
functor Fai : LE_TYPE — LE_sEm such that Fyy is an interpretation for Lg_Type and Foyp
i FdifF.em. See ﬁgure 7

Fyyn and Fyem generate a syntax for Le_LaNG, Fair generates a syntax for Lg_sem- There
are adjoint functors Usyn : CE_TYPE — LELANG ; Usem : LESEM — Le_vrang and Usic :
Le.TypE — LE_sem- There are natural transformations

syntype:leg s anve — UsynFayn

semtype:lzg_; anve — UsemFsem

11



Fsyn %

Usyn

Fsem sem Fdif Udif

Semcotype

Figure 7: All functors and Tranformations involved in a Semantics

diftype:1¢,_oph, — Uait Fair
syncotype:FeynUsyn — leg 1y pp
semcotype:FoemUsem — lcg_gp,, and
difcotype: FaitUsit — g _ryps

The transformation diftype defines the ’difference’ between syntactic and semantic types.
Now we have:

UlynFlyn(I) = UumUdideifFum(I)

Usem Flem (I) = Ulyn FditUdifFlyn (I)
consequently we have:

U.yn F.yn(l) = U.em diftypeF.em (I)

The fact that this creates a compositional semantics is illustrated by the following set of
equations:

Fyyn(a 0 b) = Fyit Foem(a 0 b) =
Fyyn(a) e Fyyn(b) = Fiit(Foem(a) o Foem(b)) =
FdifFlem(a) ® Fdianm(b)

It is clear that this semantic theory solves the three problems stated before. We solved
the problem of specifying additional structure for Boolean extensions of Lambek Calculi.
Because of the adjointness the diagram above commutes in two ways and generates some
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usefull local natural transformations. This enables us to understand the subtle interplay
between syntactic and semantic information in a learning process. Note that both Le_TYPE
and Lg_spm are associative, so we have an interpretation of semantics that preserves the
original idea of a semantic assignment by way of a faithfull embedding, and at the same
time enables us to distribute semantic information associatively over partial interpretations
of the calculus. The theory also enables us to incorporate intensional information in the
learning process. An intensional cardinality constraint for two valuedness is an arrow ugirl :
U ({8)) — {t, £} together with arrows fair] : Fae({¢}) — {s} and fae2 : Fuu({f}) — {e}.
They state that the cotype of the syntactic type 8 is at most one element of the set {t,f}.
This information enables us to develop a strategy for obtaining local completeness results,
e.g. when learning Boolean connectives. A codification of a universal law is just an arrow
in LE_SEM-

4.1 Some examples

We will give an example that illustrates how our domain theory works in the context of our
learning anlgorithm. Suppose we have the following arrows in Syn:

fairl : Faie({t}) — {s}
fait2 : Faie({f}) — {5}
These arrows say that t(ruth) and f(alse) are of type s(entence). Another arrow in Sem:
udir1 : Uait({s}) — {t, f}

states that sentences can only be true or false. We will suppose the senteces can only have
one semantic value. The semantic value of a sentence will be isomorfic to a singleton value;
for each {z} € L we have fiemZ : Fyem(z) = z if an only ifi foemZ' it — Feem(z). Suppose
that we have to analyse a simple set of true sentences:

e john walks
e pete walks
o john walks and pete walks

In our representation this will be something like:

foeml : Feem({john} e {walks}) — {t}
foem? : Faem{pete} o {walks}) — {t}
faerm3 : Faem({john} e {walks} e {and}
o{pete} o {walks}) — {t}

By isomorfism we have:

fueml : {1} = Fuem({john} o {walks})
fnm2' H {t} - Flem{Pete} ® {walks})
fremd' : {t} —= Feem({john} ¢ {walks} o {and} e {pete} o {walks})

13



We can derive that:

Soemd : Fiem({john} o {walks}u
{pete} o {walks}u

{john} e {walks} o {and} e {pete} o {walks}) — {t}
By compostionality we have:

Jeeml: Fdif(F.em({jOhn] e {walks})) — Faic({t})

Jeeml : Fdif(F.,,n({john} o {walks})) — {s}

The fact that these structures have a truthvalue guarantees that they are sentences. By
assoclativity of concatanation we can rewrite fo.m3 like:

By isomorphy we have:

So we have:

flem3” : Fum({johﬂ} ® {walka})o

Fiem({and})e
Fiem({pete} o {walks}) — {t}

feem3" : {t} @ Frm({and}) e {t} — {1}

Jaem3™ : Frem({and}) — {t}\{t}/{t}

This gives part of the definition of {and}. Note that:

but that:

so that:

Fae({E\{8}/{2}) = {s}\{s}/{5)
Uaie({s1\{s}/{8}) = {t, FI\{t, £}/4t, £)
diftype({t\{t}/{t}) = {t, FI\{t, £}/4t, £)

Given the fact that semantic values of singletons are isomorfic to singleton values there are

only sixteen consistent semantic definitions of {and} under {t, FI\{t, £}/{t, f}. When we
have derived the following 4 arrows:

we can derive:
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Jremr : Fiem({and}) — N\ {t}/{t}
Frems : Faem({and}) — {f}\{£}/{t}
Jaemt : Feem({and}) — {tN\{f}/{f}
Jremt : Faem({and}) — {fN\{£}/{1}

Jeemv : Foem({and}) —
{th\{e}/{t}n
N/ n
N}/ {fn



{N\rHArn

we know that we have a maximal definition of {and} given our constraints. If we add another

arrow e.g.
Sremw : Foem({a"d}) = {f}\{t}/{t}

we can derive that some elements of type {s} will have {t, f} as a semantic value and this

is in contradiction with the constraint that semantic values of sentences are isomorphic to
singleton values.

This gives an illustration of the possibilities of our domain theory in a learning environment.
There are other possibilities. It is for instance poesible to define a compositional semantics
for associative languages. Here is an illustration of an associative version of the propositional
calculus:

Fem({a}) = {1}
Fiem({—a}) = {0}
Fiem({aVa}) = {1}
Feem({—-aVa})={0,1}
Usem (Fsem({a})) is the set of all true formulae and Usem(Faem({—a V a})) is the set of all

formulae.

4.2 Conclusion

Perhaps the most interesting feature of this theory is structural resemblance between a
language, its syntax and semanics. We can generalize the study of categorial syntax and
semantics to the study of adjoint functors from Lg n to LE N, Where Lg N is the extended
Lambek calculus of the natural numbers. In this object we will find any thinkable categorial
relation between a categorial grammar, its syntax and semantics. Of course a language with
a syntax could have a lot of different semantics, some of which are themselves compositional
with respect to other semantics. At the same time every semantics is also a syntax and
vice versa. This enables us to model the learning process as a form of deduction in this
special functor category associated with Lg N, i.e. we have constructued a suitable domain
to understand the learning process.

5 Notes

1For a discussion see Barr& Wells 1990 pg. 280.
2 See Lambek (1988) for a brief discussion.
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The Kinematics of Presupposition”

David I Beaver
Universities of Edinburgh and Amsterdam

1 Introduction

Russell’s analysis of definite descriptions provides us with celebrated propositions like “There is
one and only one King of France, and he is bald™. Strawson, however, took the Fregean line that
sometimes referring expressions could fail to denote, and was not prepared to accept that “The
King of France is bald” asscricd the existence or uniqueness of a King, preferring to believe that
these were necessary conditions for the sentence to have a meaning at all: presuppositions as we
would now call them.

The intuition that a Russellian analysis cannot be right is perhaps strongest in the case of
imperatives. If the conditions imposed by definite descriptions were part of the propositional
content of a sentence, then we should expect the command “Shave the king of France’s head!”
to be. in part, an instruction to restore the French monarchy, or at least to restore the king’s
head. (Further still, if it turns out that the restored head is hairless, we should presumably have
to restore the hair as well, since this is, arguably, a precondition for removing it.) Yet the desire
for such restoration plays no part in any natural interpretation of the sentence.’

Suppose we go along with such reasoning, and say that there is more to meaning than what
is asserted. there additionally being a component of presupposition: then our problems are just
beginning. The Russellian analysis involves both a perspicuous notation for the meaning of a
centence. and a well understood logic. Strawson's approach suggests neither. If we want to even
begin the task of reasoning about Strawsonian meanings we will have to notate those meanings in
such a way that both assertive and presuppositional aspects of meaning are transparent, define a
suitable semantics for the resulting structures, and ascertain the relevant (non-standard) logic.

Permit me to make a slightly jarring leap, to an oddity of modern dynamic semantics. In a
dynamic logic. formulae are typically given a relational interpretation, and may be thought of
as instructions for an agent to move across some space: in this space the formula relates points
at which the instructions are valid to points which the agent may end up at by following the
instructions. For our purposes the space will be a space of information states, and the agent will
tend to move in the direction of increasing information. Yet not all formulae will denote movement:
those that do not are what Veltman (1990) has termed fcsts.

A good example of a test arises with Veltman’s might operator, which he uses to model epis-
temic possibility: the intuition is that you can say “possibly X" just in case at that point in the
discourse X has not been ruled out. He defines a dynamic semantics for a simple extension of a
propositional logic, in which the semantics for ordinary formulae are naturally viewed in terms of
Stalnaker's assertion perspective (Stalnaker 1978). An information state is modelled as a set of
worlds. sometimes called the contert set, intuitively those worlds which the agent still considers as
possible candidates for the real world, and an ordinary formula is an instruction to narrow down
that set by throwing out worlds which are not compatible with some new information. A formula
of the form might o is a test: it is an instruction to maintain the current context set provided
some of its constituent worlds support @, and otherwise move to the absurd information state,
here identified with the empty context set.

Let us say that an assertion is a formula that can help us reach a maximal non-contradictory
information state, potentially narrowing down the context set to a single world. In that case a
formula of the form might o is non-assertive: it cannot productively inform the agent. In terms
of the spatial analogy it says: stand still, take a look around, and if you cannot see ¢ on any of
the paths ahead, commit suicide. After hearing such an instruction, an agent is at best in the
same place as before, and at worst nowhere. The conundrum is this: how can formulae which can
never productively inform be useful in modelling natural language, where the whole point is to
productively inform? Whatever the successes of Veltman's analysis of “might” (which anyway he
only provides as an initial example of his framework, the main applications being within default
reasoning) it cannot be the final answer. since telling somebody what you regard as possible may
be informative.

In fact I believe that whilst a test operator cannot adequately capture the meaning of “might”,
there is a place for test operators in our analysis of meaning. I will claim that whilst the main

*] am particularly grateful to Robin Cooper, Paul Dekker, Willem Groeneveld, Lex Holt, Laszlo Kalman, Ewan
Klein and Henk Zeevat for valuable feedback on earlier versions of these notes.
1Grice (1989) credits this sort of objection to the Russellian analysis to Searle.
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purpose of language is to assert information, so that we should not expect the translation of any
sentence to be a pure test, there is a non-assertive component to meaning which can be usefully
modelled using a test operator within a dynamic logic. We might say that the result is a logic
for Strawsonian meanings. Incidentally, thinking about the behavior of presuppositions will also
provide us with a natural resolution to the problem of defining an assertive mught operator, showing
that from an appropriate perspective Veltman’s test can provide information after all.

I should stress that a dynamic perspective on presupposition is not in itself novel. Most of
the hard work is already to be found in papers by Karttunen, Karttunen & Peter’s (hence K&P),
and Heim. (I will sometimes refer collectively to the model they have developed as the CCP
model, from Heim’s description of sentence meanings in terms of Confext Change Potentials).
Indeed, presupposition phenomena formed one of the main motivations for Stalnaker’s assertion
model. However, the last few years have seen a flowering in the understanding and technical
elaboration of all things dynamic, and in the remainder of this paper I will attempt to show how

our understanding of the major problems of presupposition theory can benefit from application of
the tools of dynamic semantics.

A Handy Guide to this Paper

Presupposition being a fairly well circumscribed area, there is a forest of problems of both a
philosophical and a Iinguistic nature that any theory must tackle. I have divided the problems into

information. There is a section devoted to each of these topics, each section starting with an
empirically oriented subsection concerning the chief problem(s) to be dealt with, followed by
further subsections cont aining the mixture of technicality and speculation that constitutes the
theory. The summary below should help to make clear the relationship between the different
sections. and provide an overview of the different motivations for the approach adopted.

e Section 2 is devoted to making explicit the links between existing context change models of
presupposition and Veltman'’s Update Scmantics. This serves to introduce the framework
which is used throughout the remainder of the paper.

* Section 3 concerns the interaction between presupposition, quantification and anaphora.
K&P have presented a Montague style treatment of presupposition which is heterogeneous
in the sense that meanings are split up into two parts, one containing the presupposition,
and the other containing the assertion. Unfortunately such an approach cannot adequately

account for the projection of presuppositions from quantificational contexts. It is shown how

this motivates the sort of approach developed in Section 2. which is essentially homogeneous
and uses a unary operator to embed presuppositions within the primary assertion.

e The homogeneous account improves over that presented by K&P through providing a simple
mechanism for quantifiers in the assertion to bind variables in the presupposition. Consid-
ering some more data makes it clear that it 15 also advantageous to allow quantifiers in the
presupposition to bind variables in the assertion. and this inspires the introduction of a
Groenendijk & Stokhof (hence GLS) style dynamic approach to variable binding. Utilising
such an approach also makes the model appropriate to the demands of standard cases of
discourse and donkey anaphora.

e It is shown how the resulting account can make sensible predictions on a range of examples
that have troubled existing CCP theories without invoking any non-compositional mecha-
nism of local or intermediate accommodation. These examples concern the strength of the
presupposition that emerges from a quantified context. It also becomes clear that the kine-
matic account developed in Section 3 can provide some overview regarding what the options
are within a CCP theory and where the existing accounts fit in.

¢ A theory of presupposition that involved no notion of accommodation would be inadequate,
since it would fail to account for the informativeness of presuppositions. In Section 4 it is
shown how global accommodation can be modelled within a CCP account.

* The model developed to account for lobal accommodation provides an interesting perspec-
tive on a range of issues on the horger between semantics and pragmatics. Section 4.3 is
devoted to a speculative exploration of some of these issues, including the definition of an
assertive mighi operator, the strengthening of the typical CCP predictions regarding the
presuppositions of the conditional, and the licensing of definite descriptions.

* The final parts of Section 4, are devoted to a comparison with some other types of account.
Firstly I consider the relationship between the kinematic model developed in these notes and
default accounts of presupposition, showing that presuppositions can be defeasible within a
CCP theory, and showing how some of the classic cases of presupposition cancellation could
be interpreted in terms of accommodation. I then turn briefly to van der Sandt-ian accounts
involving accommodation of representations into discourse structure, suggesting a way in
which the kinematic model could enable a crucial distinction to be made between different
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2 Update Semantics and Presupposition Projection

2.1 The Projection Problem

As originally conceived by Langendoen and Savin (1971), the projection problem consists of deter-
mining the presuppositions of complex sentences in terms of the presuppositions of their parts. To
cast the problem in this way is to assume that there is some monolithic class of resuppositional
constructions, presumably including clefts, definite descriptions, factive verbs a.ncrmany more, all
of which behave the same way under embedding. Whilst I am by no means committed to that
assumption, for the most part I will concentrate on factive constructions like “regret”, “know”
and “is annoyed that” , in the hope that they are representative of the remainder of the class. At
any rate, factive constructions certainly form a class worth study in their own right.

To simplify the analysis, I will assume a translation of English sentences into a formal language,
and cast the projection problem in terms of inference relations that must hold in a logic for this
formalism. Although the translation function itself will not be formally specified in this paper, it
should be clear that the function envisaged in some sense preserves the structure of the original
English: the translation will at least be compositional in spirit.

For the purposes of this section a propositional language will be used, consisting of some
atomic propositions, the normal truth-functional connectives connecting in their normal way, and
two additional unary operators © and 8. The © will play the role of Veltman’s might operator,
and 8¢ will be interpreted as “the presupposition that ¢ holds”, and the translation of a simple
sentence involving a factive verb, such as “John regrets that Bill is happy” will assume a division
of the sentence’s meaning into a presupposition and an assertion.? Let us say that in this case
the presupposition is the atomic proposition that Bill is happy, which will be written BIH, and the
assertion is another atomic proposition, which we can imagine is concerned with John’s mental
state, w)ritten R(3,BIH). Then the translation of the sentence will be the conjunction A(BIR) A
R(J,BIH).

Let me make some observations on this translation. It is important that the apparent complex-
ity of R(J,BIH) is purely a notational convenience: as an atomic proposition, semantically R(J,BIH)
has no internal structure, and in particular it has nothing to do with the atomic proposition BIH:
this is clearly inadequate. I do not pretend to have given a suitable semantics for “regrets”, or
given any explanation of the source of its presupposition. A full account of the semantics of “re-
grets” would demand an understanding of the nature of intensionality and the folk psychological
notions implicit in attitude reports: I would not know where to begin with these topics! I will
merely say that I find it useful to abstract across what presuppositional constructions have in
common by assuming that they have a definite presuppositional component and regarding this
component as simply conjoined with the primary content. Following this approach the logic of
presupposition becomes quite transparent.

I note in passing that, so far as | am aware, nobody else has chosen to represent presuppositions
using a distinct unary operator. One might say that whilst other notations tend to hide away the
presuppositions within the meaning of the atomic propositions, or else keep the presuppositions
as some formal aside, explicit but separate from the principal logical form, in the current paper
translations wear their presuppositions on their sleeves. Given that there is no commitment to a
psychologically real level of logical form here, it is hard to see any empirical significance in this
decision.  Yet the notation chosen here will simplify some of the technicalities, especially when,
in Section 3, we come to the issue of scope and binding relations between presupposition and
assertion.

We are now in a position to state the projection problem in terms of inferences we would like
to have between formulae of the given propositional language. These inferences are summarised
in Table 1. The first three inference patterns express the standard properties of presupposition,
namely emergence from atomic contexts, embedding under negation, and embedding in the an-
tecedent of a conditional: this behavior is often used as a test for the presence of a presupposition.
The fourth pattern is more contentious, giving a type of restricted emergence of presuppositions
from the consequent of a conditional: later we will consider how this pattern can be strengthened.
The final pattern represents emergence from recursive embedding within presuppositional con-
texts. Of course, these five inference patterns do not represent the only desiderata for our logic.
These are merely additional inference patterns above and beyond all the classical entailments that
we would expect to hold between non-presuppositional formulae.

It has been my intention to present in Table (1) an abstract characterisation of the projection
problem that is, in so far as this is possible, theory neutral. I would hope that even proponents
of defeasible accounts of presupposition (see eg. Gazdar 1979; Mercer 1988) would not object too
strongly: after all, the ‘' in the table could be interpreted as a form of defeasible entailment.
There is some discussion of defeasibility in Section 4.4, below.

2Unlike K&P, I will not be assuming such a simple division for complex sentences.
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[ If we know ... | Then we know ... | Injerence Paliern I

Jobn regrets that Bill is bappy. Bill is bappy a(A) A B ]: A
9(BIH) A R(J,BIH) BIH

Jobn doesn't regret that Bill is bappy. Bill is bappy —(d(A) A B)E A
—(8(B1H) AR(3,BIH)) BIH

If Johe tegrets that Mary is singing, then be should buy car-plugs. Mary is singing (6(14) A BJ = C h A
(8(M1s) AR(2,MIS)) = JSBE MIS

11 Mary is in the bath, then John fegrets that she is singing Mary's singing if bathing A = (3(3} A C) h A = B
(MIB = (8(MIS) A R(3,MIS)) MIB => MIS

Bill regrets that John regrets that Bill is bappy Bill is bappy 8(5(44) A B) AC h A
9(6(BIH) AR(J,BIH)) A R(B,R(J,BIH)) BIH

Table 1: The Projection Problem

2.2 The Context-Change-Potential Model

The Context Change Potential model has developed from Robert Stalnaker’s work on assertion
and pragmatic presupposition (Stalnaker 1974; Stalnaker 1978) and a series of ﬁapers by Lauri
Karttunen (eg. Karttunen 1973: Karttunen 1974) culminating in a joint paper wit Stanley Peters
(K&P 1979), which still represents the only serious attempt at a strictly compositional account
of presupposition. After taking some battering in the late seventies and early eighties, their ideas
were given a new lease of life by Irene Heim (Heim 1983), and up to now her short paper has
remained the definitive statement on what can be achieve in the CCP approach.

In Definition 2, below, I present a renotation of the CCP model in the form of a lo. ic over
formulae in the propositional language introduced earlier. The resultin system is strikingly close
to the Update Semantics (US) introduced in Veltman (1990), also discussed above, the main
difference being my introduction of the @ operator, which brings a new type of partiality into
the logic. Whereas in Veltman’s semantics formulae are interpreted as total functions between
partial models of reality (context sets), in the semantics below formulae are interpreted as partial
functions between partial models of reality.3

Definition 1 (Symbols)

o,y are (possibly atomic) propositions; a world, w, assigns a boolean to every elementary propo-

sition; a context set, ¢, is a set of worlds: X =Y means “X is Y if Y is defined, else X is
undefined”; \ 1s set subiraction.

Definition 2 (Semantics of Partial Update Logic)

ole] = {weo|w@d)) (for atomic é)

oonv] = aldll]
o[~¢] = o\o[¢]
o[6¢] = o iff o[¢] = o elsc undefined

o[Od] = o iffofe] #0
0iffofe] =0
clé¢ =yl = ol-~(¢A-¥))

In all of these clauses a formula is interpreted as a function from context sets to context sets,
that is to say, a CCP. Let us consider some of the clauses individually.

The base case interprets an atomic proposition as an instruction to remove from the context
set any worlds that are not compatible with the new proposition, just as was discussed in the
introduction to this paper.

The clause for conjunction defines the local context at a given point in a discourse in terms of
the initial context of utterance incremented with the information provided by the discourse up to
that point. Thus conjunction becomes functional composition: we update with the first conjunct
to get to an intermediary state, and then with the second to take us to the final output. But why
should conjunction be asymmetric?® Here we can find some new motivation beyond that cited by

3 The relation between the CCP model and US is also clear in Zeevat (1991).

4 There is a case to be made for also having a symmetric (je. static) conjunction in the logic, which could be
defined by ¢[8& 4] = o[¢] Ne[4]. It would be natural to use this, for example, within complex lexical translations,
where there is no reason to say that there is any privileged order to the different components of lexical meaning.
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Figure 1: Updates associated with ~(9BIH A R(J,BIH))

Karttunen or Heim, with Veltman-esque examples like the following:

(1) a. Maybe this is Frank Veltman’s example. It isn’t his example!
b. OFVEA-FVE

(2) a. 7This is not Frank Veltman's example! Maybe it’s his example.
b. —FVEA OFVE

As has been indicated, the © is essentially Veltman’s might operator, apart from some syntactic
restrictions that he places on its occurrence. The first example gives us a function from contexts
in which the origin of the example may be uncertain to contexts in which the example is known
not to be Frank’s. By contrast, the second example gives us a function which only has the empty
set (that is, the absurd information state) in its range, this presumably accounting for its oddity.
So, the asymmetry of conjunction can be motivated not only by presupposition data, but, at least
in some cases, also by independent principles of textual coherence.

Negation is defined as a simple set complement operation: to update a context with ¢, try
updating with ¢: the resulting subset of worlds contains only those members of the original context
that are compatible with ¢, and since we are seeking the set of worlds that is incompatible with
6, we must take the subset away from the original context.

The crucial clause is that for 8. A formula of the form 8¢ is interpreted as a fixed-point
function that is only defined on a context if ¢ is already accepted in that context. The facts of
presupposition projection are then explained in terms of the definedness of a formula’s subparts
within the local contexts where the subparts occnr. Consider the projection of presuppositions
from within a negation, as in example (3).

(3) a. John doesn’t regret that Bill is happy
b. =(dBIH A R(J,BIH))

The argument of the negation is simply evaluated in the same context as that where the
negation itself occurs, so a negated formula will be defined on a context only when the argument
is defined — in other words the presuppositions of a negative will be the same as for a corresponding
positive.

It might be helpful to consider the sort of partial function associated with the translation of
example (3): Figure 1 shows some of the relevant updates. In this example there are only two
relevant propositions, concerning Bill’s and John’s mental states respectively, and so it is only
necessary to consider contexts made up of four worlds which differ with respect to the value they
assign to these two propositions (here labelled A-D.) It can be seen that the function associated
with the formula in (3b) is not defined on contexts where either Bill’s happiness is in doubt or
Bill is known to be unhappy. On the other hand, in contexts that only contain worlds where Bill
is happy, the effect of updating with this formula is simply to remove any worlds where John has
regrets.

gFinally, we need a notion of semantic entailment for the system above:
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Definition 3 (Entailment in Partial Update Logic)
1, 0n h Y lﬁﬁd’l] [¢n]] = [¢1] ﬂ:én]h']]

This is the second of the three entailment notions considered by Veltman, and essentially it
says that one thing entails another if once you know the first you have nothing to learn from the
second. This yields all the entailments in Table 1.5

3 Presupposition, Quantification and Anaphora’

3.1 The Quantificational Projection Problem

Once again I will simplify by assuming a translation of English sentences into a formal language,
this time a first order predicate language augmented with the unary operator §, and expressing
the problem in terms of inferences between sentences of this language.

It is fair to say that there is significant disagreement about the facts of the projection of
presuppositions from quantified contexts, but by considering the behavior of existing accounts
it should be possible at least to gather some minimal constraints on the logic: these can be
strengthened later, according to taste. In what follows I have divided the constraints into three
dimensions of variation, sensitivity, dynamism and weakness.”

Sensitivity

K&P (1979) define a Montague style fragment in which the meaning of a sentence is divided into
two components. One of these components contains the primary assertion of the sentence, and the
other contains the presuppositions. Each syntactic composition in the grammar is accompanied
not just by a rule for combining components of the primary assertion, but also by a rule for putting
together the presuppositions. It might seem that this provides a corapletely general framework
in which to state how presuppositions behave, and in fact there have been suggestions that the
system is ad hoc since there are so few constraints on what projection rules can be defined.

Yet in spite of the apparent generality there is a serious restriction inherent in the paired-
meanings approach: there is no obvious way to define scope and binding relations between the
presupposition and the assertion. In particular, the presupposition is insensitive to variable bind-
ings introduced in the assertion, and as K& P point out in a footnote, this causes problems with
cases like (4).

(4) a. 7Somebody managed to succeed George IV
b. 3z succeeded_gd(z) A 6(difﬁcult.y_succeeding_g4(1:)) &

This sentence is odd since it suggests that the person who succeeded George IV had some
difficulty ascending to the throne when in fact we know that the next in line had no difficulty.
However, the K&P system only gives this sentence the presupposition that it was difficult for
somebody to succeed George IV. Since this presupposition is obviously satisfied, there being many
people for whom it was difficult to succeed George IV, the K&P system does not predict that (4)
1s anomalous.

In the suggested translation of example (4) above, the presupposition contains a free variable.
For the formula to make sense, the presupposition must be sensitive to the external binding of that

SWhilst the entailment relation in definition 3 has its merits, it also has its failings. For instance, as Willem

Groeneveld has pointed out to me, it does not yield substitutivity: two formulae which mutually entail each other
may behave differently when embedded within other formulae. In particular we have the unintuitive result that for
any formula ¢, 8¢ = ¢ and ¢ = 8¢, but that formulae containing ¢ may have different entailments to formulae
containing 5¢. However, there are alternatives to definition 3. Suppose we were to define a notion of entailment
E* as follows:
b1,-0n E* ¥ iff [e1] ... [on] = [61] ... [én][¥] and D(le1]-..[¢n]) 2 D([¥])
The additional restriction on domains means that one formula entails another if whenever you are in a position to
learn something from the second, you could learn the same (and possibly more besides) from the first. Now we have
¢ =" 3¢ but 3¢ [£* &. On this notion we would in fact lose all the entailments in Table 1, but this is not as serious
as it might seem. We would at least retain weaker versions of all the inference patterns where the conclusions are
embedded under a 0 operator. At any rate, I do not offer [=*° as a final solution, but merely as a pointer for further
research.

€Much of the technical development in this section reflects joint work with Paul Dekker whose reformulation of
DPL (Dekker 1992) is crucial to the current paper.

"The reader should be wary of taking my word on what existing accounts predict, as I have occasionally used
some latitude in interpreting what has been said and attempting to apply it to specific examples that may not have
been considered by the original authors. Having said that, I do not expect my characterisation of these accounts
to be particularly contentious.

8Note that in all the translations below I have not explicitly delimited the scope of existential quantification. It
will turn out to be useful to assume a non-standard, dynamic notion of scope, in which we have associativity, so
that (3zé) A ¥ = 3z(¢ A ¢) and we can simply ignore the bracketing.
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variable. Expressing the need for sensitivity in terms of an inference pattern gives us something
like: 3za(z) A d(b(z)) E 3z a(z) A b(z). (We will attend later to the question of whether there is
a stronger universal presupposition associated with the sentence.)

K&P have at least two options in order to cure their system’s insensitivity. Firstly they could
define the semantics of their system so as to achieve the necessary binding: this simply seems
unnatural given their notation. Secondly they could include more of the asserted information
in the presupposition, in the case of example (4) the information that the relevant person with
difficulty was in fact the successor to the throne. But following this path would lead to the
duplication of all the asserted information in the presupposition, and, at least from a notational
point of view, this also seems awkward. It should be clear that I prefer a third option, namely
choosing a notation in which the problem does not arise, for in defining a logic over the language
used in this section, sensitivily seems not so much a dimension of variation as plain common sense.

Dynamism

That K&P’s system does not allow binding of variables in the presupposition by quantifiers in the
assertion is one side of a coin. The other side is that quantifiers in the presupposition cannot bind
variables in the assertion. Consider examples (5) and (6):

(5) a. 1 know that a thief broke in. He stole my thesis.
b. 6(3zthief(z)/\broke_in(z))/\know( me, aythief(y)/\broke_in(y)))/\B(Bzmy.th&sis(z))A
stole(z, z)°
(6) a. If John is married then his wife is very tolerant.

b. married(j) = (8(3x wife_of(j, z)) A tolerant(z))

I do not want to make any great claims for the treatment of definite descriptions implicit in
the translations above: for a start I have completely left aside the issue of uniqueness. What
does seem right to me is that these translations make definites presuppose rather than assert the
existence of an object, and that the object thus introduced can later fill argument slots in asserted
predications. Whether or not the filling of the slot is mediated by a pronoun, it seems to me that
the simplest explanation of the slot filling will be, as usual, in terms of bound variables. The same
holds for the coreference of an indefinite ‘ntroduced within a presupposition (eg. “a thief” in (5))
and a later pronoun: a bound variable solution would be nice. This means that the §-operator
must be externally dynamic, in the sense of G&S (1990). In terms of entailment this will yield
patterns like: 9(3za(z)) A b(z) E 3za(z) A b(z). We will return to the treatment of definite
descriptions in Section 4, where the issue of licensing will be briefly discussed.

Note that making presuppositions dynamic would achieve the same results as van der Sandt’s
DRT-based model (van der Sandt 1990) achieves non-compositionally, by invoking accommodation.
When a presupposition is not satisfied during the construction of a DRS, the DRS is repaired by
addition of the presupposed information in some appropriate place. Asa default the information is
added to the top level of the DRS — so-called global accommodation. This is what would happen in
example (5). However, in example (6), where some form of accommodation is necessary to provide
the discourse marker for the wife, global accommodation would produce the unwelcome inference
that John really does have a wife, whereas it is clear in this example that the existence of a wife is
in doubt. Thus van der Sandt is forced to invoke intermediate or local accommodation, where the
existence of a wife is only added to the antecedent or consequent of the conditional. Calculating the
exact landing site of the presupposition requires quite a complicated chain of ragmatic reasoning
in this case: it would be nice if we could predict the right result in a C(gP account without
local or intermediate accommodation. Ideally the two premises married(j) = 3z wife_of(j, z) and
married(j) = (8(3y wifeof(j, y)) A tolerant(y)) should not entail 3y wife_of(j,y), and this should

be determined in purely semantic and declarative terms.

‘Weakness

Consider examples (7-9):

) a. Everyone who serves his king will be rewarded.

b. Vz((0(3y king-of(x,y)) A serves(z,y)) = rewarded(z))
(8) a. No nation cherishes its king.

b. —(3z nation(z) A 8(3y king-of(z,y)) A cherishes(z, v))
9) a. A fat man was pushing his bicycle.

b. 3z fat-man(z) A 8(3y bike_of(z, y)) A pushing(z, y)

9Here I have not stuck to the language of FOPL+3, in order to give a rough and ready translation. Note that
the higher order part, the “know" clause is by assumption non-presuppositional, and so does not affect the main
point which is to establish the behaviour of presuppositions.
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Heim’s raw CCP account (Heim 1983), without the addition of an accommodation mechanism,
predicts that these examples have the Presuppositions that everyone has a king, every nation has
a king, and every fat man has a bike respectively.10

Intuitions vary in the case of (7). Neither of the accounts in Cooper (1983) and van der Sandt
(1990) predict any presupposition at all for this sentence, both yielding the meaning that everyone
who has a king and serves him will be rewarded: deriving such a meaning seems a good minimal
constraint on a theory, whether or not there is an additional universa) presupposition.

As far as examples (8) and (9) are concerned, intuitions seem much clearer: the presuppositions
predicted by Heim's raw CCP account are too strong. Cooper gives example (8) the same universal
Presupposition as Heim, whereas van der Sandt predicts merely that the sentence means that no
nation which has a king cherishes him. Both van der Sandt and Cooper only attribute to example
(9) an existential presupposition, namely that some fat man has a bike.

Van der Sandt’s theory makes sensible predictions not only with regard to the dimension of
strength, where his predictions are uniformly weak, but also re arding sensitivity and dynamism.
The question remains as to whether a sensitive, dynamic ang weak account of presupposition
can be given entirely within the CCP model, or whether, as one might gather from a reading of
Heim (1983), a successful account will inevitably depend on a van der Sandt-ian mixture of local,
intermediate and global accommodation. In what follows I shall attempt to show that all the
relevant desiderata, summed up in Table 2, can be satisfied within a pure CCP model.

[ Desideraia ] Inference Ezamples
Sensitivity 3za(z) A 3b(z) za(z) Ab(z (4
Dynamism d(3za(z)) AB(z) E 3za(z) A¥(z) (5
Weakness | Vz(a(r) A db(z)) = c(z) & Vz(a(z) = §(z) (7)

C Va((a(a) A b(a)) = ofc)
~(3ra(z) A Bb(z)) | Vz(a(z) = b(z)) (8)
= —(3za(z) A b(z))
3zra(z) ABb(z) I Vz(a(z) = §(z)) (9)

Table 2: The Quantificational Projection Problem

3.2 Kinematic Predicate Logic

Lewis (1979) refers collectively to all the things we have to keep track of in a conversation as the
conversational score. In this section we will be concerned with what Lewis calls the kinematics of
such a multi-component score, although we will be restricting our attention to two components,

keeping track of the individuals that have been mentioned. The resultin
Logic (KPL) must satisfy not only presuppositional desiderata, but also the demands placed by
discourse and donkey anaphora, and all in the spirit of aesthetic compositionality, where the form
of the meaning evokes the same feelings as the form of the utterance.!!

To achieve this the Propositional Update Logic developed in Section 2 must be extended with
the ideas in the Dynamic Predicate Logic (DPL) of G&S (1990): but we must tread carefully. As

noted in G&S (1991b) there are some technical problems in eflecting such a unification. These can
be overcome if DPL is reformulated so that all formulae define updates, instead of the situation
in G&S where requantification over a variable causes a downdate, loss of information about the
variables previous value. One way of removing downdating is to adopt Paul Dekker’s suggestion
of switching from total variable assigns as in DPL to the partial variable assigns in his EDPL 12
This will leave us with more or less what Heim (1983) had in the first place: a context is defined
as a set of pairs of worlds and partial variable assignments, and a formula denotes a function from
contexts to contexts. However, the combination of recent dynamic ideas will yield a more uniform
treatment of worlds and variables, and also give us more of an overview of the options for a CCP
treatment of presupposition. Let us begin by defining a logic (definitions 4, 5 and 6) which meets
all the given desiderata, including all those in Table 2, and then briefly try to see where it diverges
from Heim’s account, as well as Cooper’s and K&P’s.

207 refer to the predictions of Heim's “raw”, unaccommodating, CCP account because in Heim (1983) she discusses
but does not fully explicate the accommodation mechanism she has in mind, so it is difficult to be sure what the
predictions would be like. One imagines that she would want to derive more or less the same results as van der
Sandt does in his theory, which contains a much more fully develaped account of accommodation.

"Kinematics may be just “dynamics for the upper classes” (an aspersion cast by Johan van Benthem during
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Definition 4 (Symbols for KPL)

A world, w, is a total function from n-ary predicales, R, to sets of n-tuples of individuals from
some fired domain; An assignment, f org, isa partial function from variables, z;, to individuals;
A state, S, is a set of pairs of worlds and assignments such that all the assignments have the same
domain of varables, Vy; g <z f means f eziends g wrl z but is otherwise identical; g > f means
g is an eztension of f.

Definition 5 (KPL Semantics)

S[R(z1,....za)] = {{w.f) €S| {f(z1),....f(zn)) € w(R)}
iff {z1,...,2Zn} C V, else undefined
Sfenv]l = Slellv]

Sf-¢]1 = S\{(w.f)€S|3g2 f (w,g) €SIl
S[3z¢] = {(w.f) |39 <: f{wyg)€ S}H¢l iff z € V. else undefined
S[6¢] = Slé] iff Y(w.f) €S, 3g, (w,9) € S[¢] else undefined
Sle=v] = Sl-(er~(¥)]

Slvz¢] = S[-(3z-¢)]
Definition 6 (Entailment in KPL)

¢1:----¢nt=1/’ iﬁ'VS,w,f 1f (w,f)ES[d’I]---[¢n]
then 3¢ > f, (w,g) € S[¢1] ... [¢a]l¥]

The definitions of predication and conjunction should be straightforward. Note that a pred-
ication is only defined on a context in which all of the predicated variables have already been
introduced, so now undefinedness can be introduced in two ways: conventional presupposition
failure and abuse of variables.

Negation is basically a set complement operation as before, but complicated by the possibility
that the formula within the negation introduces new variables. The definition essentially says
update the context with the formula, restrict all the assignment functions to their original values,
and take the resulting context away from the original.

The existential definition is intuitively molecular, consisting of 3z, which increments the context
adding to every assignment function all possible z-extensions, composed with ¢. It would be quite
easy to define 3z as a formula in its own right, which could be conjoined with other formulae (eg.
¢) compositionally. It is important that the domain of the function defined by [3z¢] contains only
states which do not already provide valuations for z: implicit in the definition is the idea that
existential quantification is treated as the introduction of a new discourse referent. Given that a
discourse will start off without any referents having been introduced, it is natural to think of the
state of zero information as the set of all pairs consisting of a world and an empty assignment.

Finally we consider the clause for the §-operator. Firstly, note that the @ is made dynamic in a
very simple way: provided certain conditions are met the update of a context with 8¢ is obtained
by updating with ¢. In a sense we always locally accommodate, rather than umm-ing and ah-ing
about local accommodation as in van der Sandt or Heim’s account. Note that accommodation itself
does not challenge aesthetic compositionality: the challenge arises either from arbitrary application
of local accommodation, or from intermediate accommodation which allows modification of bits
of discourse representation arbitrarily far from the presupposition trigger.

The conditions on the d-operator provide a check that when the context is updated with ¢ no
worlds are lost. Consider the interpretation of 3z fat-man(z) A 8(3y bi.ke_of(z,y)g/\ pushing(z,y),
from example (9). By the time fat-man(z) has been interpreted, the context may contain several
alternative values of z (corresponding to different assignment functions) for each remaining world.
The & clause will be undefined if any of the worlds have no value of z such that z is a bike owner.
That is, for each world in the context set, there must be at least one fat man (value of z) who
owns a bike. It is this condition that gives the definition its necessary weakness and sensitivity.
Note that the “always locally accommodate” principle means that the outgoing context for the
entire formula will only contain values of z which are bike owners: not only is it checked that
there is at least one suitable fat man, but all the others are discarded.

The net effect of this definition is that a presupposition cannot carry any new factual infor-
mation, which would involve discarding worlds from the context set, but can carry information
about which individuals the speaker had in mind, and can introduce new individuals.

Definition 6 is a modified version of the first entailment definition in this paper (definition 3).
It says one thing entails another if updating an arbitrary context with the first will take you to
a context where updating with the second provides no new factual information and provides no
further restrictions on the variables already introduced. The only complication is that the entailed
formula can introduce new variables, which allows such inferences as 3za(z) E 3ya(y)-
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3.3 Choices

What are the options in a CCP based account. of the interaction between quantification and
presupposition? To answer this question in full generality would obviously be difficult, since the
options include not only different accounts of the semantics of presupposing constructions, but
also any number of different treatments of quantification and connectives. Let us simplify, by
assuming fixed definitions of quantifiers and logical connectives, namely those in the clauses of
definition 5 apart from that for “3” Now we can ask the simpler question, what are the options for
a definition of the d-operator? In what follows 1 will sketch roughly where I believe the accounts
of K&P, Cooper and Heim fit in to the KPL framework in terms of alternative definitions of §.
Regrettably I do not have the space here to explain their work in as much detail as it deserves,
and for the moment I must refer the interested reader to the relevant papers in the bibliography.

Heim’s account is very close to that presented here: she has essentially identical semantics for
the quantifiers and junctions, although the technical elaboration differs somewhat. This makes
it very easy to see how her treatment of presupposition fits in to the KPL picture. She defines
Presupposition not in terms of a unary operator, but as a relation between sentences and the
propositions they presuppose: “S presupposes p iff all contexts that admit S entail p”, where S is

the speaker had in mind, a strong condition.
Suppose we make the following definitions of relations between contexts S, S':
SCw S" iff Y(u, f) € S(3g(w,g) € S'),
SEs S" ff ¥(u, f) € S(3¢ > f, (w,9) € 5').
Then the presupposition operator in definition 5 is given by: S[0¢] = S[¢] iff SCw S[4] else
undefined. Heim’s presupposition relation is equivalent to the definition of the following operator:

Definition 7 (A Heimian presupposition operator)
Soheimel =S iff S Cs S[¢], else undefined.!3

as precisely as Heim’s within the KPL framework.

Still, defining W(S) = (w,0) [3f,(w, f) € S}, a function which effectively strips a context of
all its information about variables, we can parody the situation in K&P as being loosely equivalent
to the definition of a unary presupposition operator: S[0kepel = S iff W(S)[¢] = W(S) else
undefined. This definition, by not allowing any flow of information about the values of variables
between the presupposition and the assertion is static and insensitive as we should expect of an
account where presuppositions and assertions are kept separate.

One of the main motivations of Cooper’s account is to overcome the insensitivity of the K&P
account. Strikingly, he observes regarding the George IV example, (4) above: “We need a semantics
that will have the effect represented by...3z[r succeeds George IV A PRESUPPOSED difficult
for = to succeed George IV]". This, of course, amounts to a statement of the programme adopted
in the current paper of defining a unary Presupposition operator.

However, Cooper did not in fact pursue this line any further, and instead adopted an approach
whereby predicates are given what he terms paired intensions in the model. The meaning of
a predicate is defined as a function from worlds to a positive and a negative extension. This
effectively yields a four valued logic in which he is able to reproduce the essential CCP inheritance
properties while still allowing for a sensible account of binding of variables in the Presupposition by

1

though this poses more questions than it answers. Which constructions should have which presuppositions and
why? One can even conceive of single constructions having multiple types of presupposition. For instance, we
could attribute to “managed to X" a weak presupposition that some effort had been made todo X, and a strong
presupposition that there was difficulty involved in X. In that case “Somebody managed to sit on the bench” would
presuppose that it would be difficult for anybody to sit on the bench, and that the person who sat on the bench
made some effort in order to do so. I have not given this enough thought to make it a serjous analysis of “manage”
in its own right, I am merely trying to exemplify the fact that the choices available go beyond simply picking the
single analysis of presupposition that produces the most sensible predictions in a majority of cases. The question
of whether all this extra choice is actually relevant must await further empirical investigation.
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quantifiers in the assertion. The binary quantifiers approach allows him, for example, to define the
semantics of a universal “every X Ys” as presupposing that everything in the positive extension
of X is either in the positive or negative extension of Y, effectively excessively weak regarding
presuppositions of the restrictor, and strong regarding presuppositions of the scope. T%\is has
some interesting consequences: for instance the weakness of the restrictor means that the sentence
“every person who read my PhD thesis laughed for days” would presumably not presuppose that
I have a PhD thesis.

We could, again very loosely, view Cooper’s account in terms of some unary presupposition
operator (although to do it justice we would need to define binary quantifiers): S[dcooperd] =
S iff S C S[¢], else undefined. Here I have not committed myself to exactly what C is, since it
seems to flip between something like Cs and Cw according to the position of the presupposition
trigger. At least it should be clear in this definition that Ocooper is static, there still being no way
for a quantifier in the presupposition to bind a variable in the assertion, and sensitive.

It is important to realise that no claim is being made regarding the overall expressive power of
the logics resulting from the alternative definitions of “4”, although the logics could conceivably

differ. The point is to see which definitions make for the most natural treatment of presupposition:
more aesthetics!

4 Accommodation

4.1 The Accommodation Problem

Although it is not normally the primary function of presuppositions to inform, neither is it the
case that we are incapable of learning anything from them. It is well known that presuppositions
can be used with the obvious intention of providing new information. (If you did not already
believe that, then you should do now that you have read the previous sentence.)

More generally, whatever the speaker’s actual intentions, when a speaker presupposes some-
thing of which a hearer is unaware, the hearer is not necessarily at a dead end. Lewis (1979)
suggests that the hearer may make running repairs on his knowledge of the discourse context, by
accommodating any missing information needed for interpretation to proceed smoothly. In what
follows 1 will make some suggestions about how to formalise this process, but to simplify 1 will
only consider accommodation at the propositional level, as a development of the Partial Update
Logic presented in section 2 rather than the Kinematic Predicate Logic of section 3.

Yet even having allowed that accommodation occurs, there is a difficulty caused by the fact that
people do not seem to accommodate the logically weakest proposition needed to make sense of an
utterance. To understand this we must go beyond the simple principles of contextual entailment
considered so far in this paper, and consider pragmatic issues determining the hearer’s model of
the speaker.

4.2 The Logic of Epistemic Alternatives
Accommodation as Filtering

The common ground of the participants in a discourse situation can be seen as a partial model of
reality, and we have seen how this can be modelled as a set of worlds which is gradually narrowed
down. The speaker, unless possessed of extrasensory powers, can never be sure precisely what
is the common ground. A certain amount of the common ground is established by the discourse
itself, by a process like that described above. But it would be laborious to start every conversation
with an assumption of zero common knowledge, and build up from scratch each time. Limitations
of mortality and attention span mean that a certain amount of common ground must be assumed
by the speaker.

But how does a hearer know what the speaker has assumed on a given occasion of utterance?
He does not know. so he is forced to take into account his own uncertainty about the common
ground. Thus we must model the hearer’s knowledge state not as one single partial model, but as
a set of such partial models. The speaker may have assumed the common ground to be any one of
these partial models. I will call them epistemic alternatives, and refer to propositions entailed by
an epistemic alternative over and above those explicitly asserted in a discourse as presumptions.}4

An utterance may or may not provide the hearer with information about the speaker’s pre-
sunptions. In the simplest case, when the utterance carries no awkward presuppositions, the
hearer must update each of the epistemic alternatives with the new proposition. But when there
is a presupposition, it may become clear to the hearer that some of the alternatives do not cor-
respond to the speaker’s view of the common ground, and these alternatives must be discarded.

14Gome — the die-hard semanticists — may like to think of these knowledge states as generalised quantifiers
over worlds. It is interesting to observe that in G&S (1991a) a knowledge state is a generalised quantifier over
assignments, but I shall not attempt to interpret this similarity here.
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Figure 2: An accommodating update for —(8BI1H A R(3,BIH))

Thus we arrive at a slightly different perspective from Lewis: accommodation is a form of filter-
ing operation on epistemic alternatives, which perhaps this gives it less of the feeling of a repair
strategy, and makes it seem more like part of the orderly process of communication.

In Figure 2 an initial hearer information state (1) is shown updated with the utterance “John
doesn’t regret that Bill is happy” to produce a new state (ii). State (i) consists of a fairly arbitrary
set of epistemic alternatives, the six small boxes, each of which is characterised by a set of worlds.
To simplify, the epistemic alternatives are restricted to combinations of four worlds, represented
by the letters A-D, which differ only with respect to the two propositions BIH and R(J,BIH).

The topmost alternative, consists only of worlds where Bill is happy, so the hearer believes it
possible that the Bill’s happiness is being assumed to be common knowledge. This alternative
1s compatible with the presuppositions of the utterance, and updating with the utterance simply
removes from this alternative any worlds where John has a negative state of mind regarding Bill’s
happiness. The result is the topmost epistemic alternative in state (ii).

The second alternative contains all the worlds under consideration, so before processing the
utterance the hearer thought it plausible that there were no relevant presumptions. However, this
alternative is incompatible with the presuppositions of the utterance, and is filtered out. A hearer
who was certain that nothing had been taken for granted would soon run out of options.

The third alternative shows that before the utterance the hearer thought it possible that both
Bill being happy and John having regrets were believed by the speaker to be common knowledge.
This is incompatible with the assertion of the utterance, and after updating yields the empty, or
contradictory, alternative. This takes us to a slight quirk in the formalisation I will present: the

be that you considered alternatives which in the light of what the speaker later said lead you to
believe that maybe the speaker thought that the common ground was contradictory all along.!s

151t would be possible to alter the model so as to remove the absurd alternative at every step, yet I think that this
would miss an important problem which results from some simplifications I am making. The first simplification is
one of logical omniscience. Although the common ground is partial, it is defined in terms of worlds which are total
and consistent. There is no means to represent a comman ground which is flawed in some domains, but consistent
in others, characteristics which presumably typify the common ground of resource bounded agents like ourselves.
One direction to take in order to remedy this would be to view propositions instead of worlds as the basic objects of
the common ground, and not assume completion under logical closure, but from a technical point of view this would
considerably complicate matters. The second simplification is that there is no mechanism for down-dating, and it
is this that means that the common ground can never be repaired once it has reached a contradictory state. In a
real discourse situation it may well be that the speaker recognizes that a hearer has contradictory beliefs and, for
the sake of argument, goes along with those beliefs just so as to demonstrate their inconsistency. We will consider
such a case later.

28



Rather than going through the remaining epistemic alternatives, here is a summary of what is
happening in Figure 2: when the hearer updates with the new proposition, all the alternatives that
include worlds where Bill is not happy (C or D worlds) are immediately filtered out, leaving only
alternatives where Bill is happy, whilst the main propositional content of the sentence, concerning
John’s psychological state, removes from these remaining alternatives any worlds where John has
regrets about Bill's happiness (that is, the A worlds).

Below a semantics is presented for the same propositional language as in section 2, but with
sentences interpreted as functions between sets of epistemic alternatives.

Definition 8 (Symbols for Lifted Update Logic)

A world, w, assigns a boolean 1o every elementary proposition, an epistemic aliernative, 0,7, is @
set of worlds; a state T is a sel of epistemic alternatives; | defines a function from a singleton set
10 its only element, otherwise undefined.

Definition 9 (Lifted Update Logic)

T[] = {o|IreT,o={wer|uw(¢)}} (foratomic¢)
oAyl = Z[e]Iv]
[-¢] = {ol3ref,a=r\1{r}H¢D}
T[o¢] = {oeZ|{a}l¢]={c}}
Tle=>¢] = Z[~(¢A-¥)]

Such a semantics can be derived straightforwardly from the earlier semantics in definition 2,
using a simple lift operation. For atomic propositions, the update is defined intersectively on each
set of worlds which is an epistemic alternative within an incoming state I, and the set containing as
its elements all the resulting sets of worlds is the output. I have simplified conjunction by defining
it as functional composition at the level of sets of alternatives, rather defining it pointwise on
each alternative. However, negation is defined as a lift from the earlier definition, becoming a set
complement operation on each epistemic alternative.

The definition for & shows how a test at the level of partial models becomes assertive at the

level of epistemic alternatives — below this is put to use in the definition of an assertive might
operator. 8¢ provides an eliminative update, removing all those epistemic alternatives which do
not support the proposition ¢. An immediate consequence of this is that there is no source of
partiality in Lifted Update Logic: all formulae define total functions.

Our earlier notion of entailment for update logic would still make sense in this system, but we
can also choose Veltman’s third type of dynamic entailment. This says that updating the minimal
information state (here the power set of the set of worlds) with the antecedent leaves us in a
state to which the consequent adds nothing. This definition will preserve all the presupposition
projection entailments listed in Table 1.

Definition 10 (Entailment in lifted update logic)
61, 00 E v 1 P(W)[S] ... [¢n] = PIW)4] .. . Tenl¥]

The lifted semantics provides a new perspective on Veltman’s might operator. Raising the
operator to the new level yields:

Definition 11 (Lifted semantics of might)
T[0¢] = {0 € T || ({a}[¢]) # 0}

When a speaker expresses O¢ he is telling you (at least) that he doesn’t know to the contrary of
¢. The definition above says that in this situation the hearer is expected to update his knowledge
state by discarding all models of the common ground which do not allow for the possibility of ¢.
At the level of partial models, there was simply no way of capturing the informational content of
“epistemnic-might”, so perhaps the level of sets of sets of worlds is not quite so bizarre as it first
seems.!®

We still have not exhausted the information content of an utterance expressing epistemic
possibility, for when a speaker says “Perhaps X”, he conversationally implicates that he does not
know X. This too may have an effect on the common ground, which could be modelled in the
current system:

Definition 12 (Pragmatics of mighi)
T[0¢] = {c €T {a Dl ({o}[4]) D 0}

16 This is not to claim that the real meaning of “epistemic-might” should be in terms of the common ground:
when somebody expresses O¢ he is talking not about the common ground but about his own belief state. So the
real semantics of O¢ should be in terms of the speaker's attitude towards ¢, not the speaker’s attitude towards
whether the common ground contains ¢. None the less, an utterance of O¢, if accepted, will also have the effect of
constraining the common ground to contain some ¢-worlds.
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This definition says that when the speaker expresses O¢, the hearer should discard not only

the alternatives which contradict ¢, but also those alternat_wes whlcl? positively affirm it,

4.3 What We Really Accommodate

One complaint that has been raised against the CCP theories of Presupposition is that they
frequently predict presuppositions that are too weak. Consjder the contrast between the first and
third of the following sentences:

(10) a. If the walls are thin then it’l] be annoying Bill that Mary is singing.
b. tw= OMIS A A(B,Mls)
(11) a. If the walls are thin then Mary is singing.
b. Tw = MIs
(12) a. ‘ij N{(ary is in the bath then it’l] be annoying Bill that she is playing with his rubber
uck.
b. in_bath(m) = (8(3zduck(z) A of (b, z)) A d(play(m,z)) A a(b,play(m, z)))

On hearing the first sentence, I think I would normally conclude that Mary is singing. Similarly,
on hearing the third sentence I would conclude that Bill had a rubber duck. However, regarding
this latter example, I do not think I would come to the conclusion that Mary is definitely playing
with Bill’s rubber duck, although I would conclude that if she is in the bath then she is playing
with his rubber duck. The problem with standard CCP models is that they lead us to expect a
presupposition of a weak conditional in all these cases, so that Mary might not be singing and Bill
might not have a duck. What is wrong?

I believe that the CCP predictions are, in a certain sense, correct. Belief in the conditional
in the second sentence is necessary and sufficient for interpretation of the first sentence. If we

presupposition, “linguistic” because one has the feeling that it can be generated Just by looking
at the sentences linguistic form, and without knowing too much about what the non-logical parts
of the sentence really mean. The real bits of information that people seem to accommodate when
faced with a presupposition failure I shall call cognitive presuppositions, “cognitive” because their
calculation can require arbitrary amounts of world knowledge. If there is such a thing as a grammar

module in the brain, then it does not on its own calculate cognitive presuppositions. Having made
this distinction we might, admittedly on somewhat shaky %round, go on to claim that Karttunen
1

formal version of this explanation.
Figure 3 shows how two states, (i) and (ii) evolve when updated with (10) and (11{, where
the epistemic alternatives under consideration are characterised in terms of the eight wor ds A-H

alternatives are filtered out not only because of presupposition failure but also as a result of
conversational implicatures arising from the use of the conditional. In particular, saying “if A
then B” typically implicates that neither A nor B is definitely known or definitely known to be
false, so epistemic alternatives containing only A-worlds, or no A-worlds, or only B-worlds or no
B-worlds, should be filtered out. 8

State (i) contains four alternatives (discounting the absurd alternative, which I ignore here),
corresponding to there either being no presumptions, or the presumption that Mary is singing if
the walls are thin, or the presumption that Mary is singing, or the presumption both that the
walls are not thin and that Mary is singing.

"My cognitive presupposition seems to be just what Stalnaker (1974) has in mind when he uses the term pragmatic
presupposition: the reason I have refrained from using his terminology is that it would immediately suggest that
what I have called linguistic presupposition was in fact semantic presupposition. Yet this identification might

with pragmatic and semantic presupposition rather appealing.

18 For the case considered the implicature filtering could be achieved by defining the conditional as follows:
Zlé = ¥] = {0 | {0} # {0}[¢] A {0} # (o}l A {0} # {o}[¥] A {0} # (oY1} N E[~(¢ A ~w)]
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Figure 3. Updates with (10) TW— d(Mmis)A a(B,MIs) and (11) TW—MIS

The topmost arrow in Figure 3 shows this state being updated with (10) to produce state ().
This update removes alternatives where nothing is assumed (because of presupposition failure),
and where the walls are known not to be thin (because of the implicature that the truth of
antecedent of a conditional must be a live option.) This results in a state which is ambiguous
between the speaker having assumed that everyone knew that Mary is singing, and having assumed
that everyone knew that Mary is singing if the walls are thin.

A second path of two arrows shows state {i? being updated firstly with (11), yielding state Siv),
then with (10) to produce state (vi). The only significant new element in this combined update
is that the implicature from (11) that Mary’s singing is in doubt removes the alternative where
che is known to be singing. Thus the end state, (vi), shows unambiguously that the conditional
TW—MIS is in the common ground, and this conclusion is arrived at without any presupposition
triggered accommodation.

For a hearer to be in state (i) he must think it reasonable for a speaker to assume that it is
common knowledge that Mary is singing if the walls are thin. Yet, for whatever reasons, Mary
singing if the walls are thin is an odd thing to take for granted. State (ii) in the figure is the same
as state (i) except the speaker is not allowing for the possibility that Mary singing if the walls are
thin is being taken for granted. That is not to say that the proposition TW—MIS has been ruled
out in state (ii). Updating (ii) with this unlikely fact is a perfectly consistent thing to do, and, as
shown, results in state (iv) which, as was seen above, can itself be updated with TW— 8(MIs)A
A(B,MIS) to produce state (vi). However, if state (ii) is updated directly with TW— A(MIS)A
AEB‘I\HS} as shown by the lowermost arrow in the diagram, the result is state (v) in which global
accommodation of MIs has occurred.

To sum up, the states of lifted update logic can be used to distinguish propositions not only
according to whether they are accepted, refuted or open, but also according to whether they are
plausible presumptions. Furthermore, I believe it to be essential that plausibility rather than
entailment is the central notion of an account of global accommodation, as is shown by (12). It
seemns clear that a hearer whose previous domain knowledge does not entail the proposition that
Mary is playing with Bill’s rubber duck if she is in the bath, can accept (12), and accept it without
accommodation of the proposition that Mary is playing with Bill’s rubber duck. And if the same
hearer did not know that Bill had a duck, he can be expected to accommodate that proposition,
and do so without even considering the possibility that Bill's duck ownership is conditional on
Mary’s bathing.!®

This, of course, does not tell us much about why one proposition may be plausible as a
presumption but another not. In its full generality, that would be a difficult problem to say the
Jeast, but perhaps an update approach can contribute at least something. One type of information
that helps determine plausibility may be held in the form of default rules about the world, a subject

19]¢ js worth pointing out that doubts have been cast on the factivity of the verb “to annoy”, but I do not think
that this is relevant. Firstly, even if it were not factive, there would still a problem of explaining the contrast
between what is globally accommodated in (10) and in (12). Secondly, the effects discussed above are quite robust,
and still seem to hold in a case like “If Mary is in the bath, then her playing with the rubber duck is distracting
her from singing." where the playing event is introduced as a definite description.
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that is discussed in Veltman (199?. He defines a system in which an information state is a pair
(S,€) of a set of worlds and an ordering over those worlds. S encodes factual information in the
same way as in his “might” system, or the related Partial Update Logic presented in section 2 of
this paper; ¢ is used to encode default rules. For instance, if Martin Stokhof has a default rule
to the effect that person X'’s paper will not be finished on time, then worlds in which X finishes

on time will be lower in his ordering than worlds where X does not, and in the absence of factual

of the common ground? Well, imagine that Jeroen is talking to Martin about X. Martin knows
that Jeroen has recently seen X, but does not know what Jeroen is assuming Martin knows about
X. Martin is entertaining a number of epistemic alternatives concerning Jeroen’s picture of the

that X’s paper will not be ready in time to go in the proceedings. If Martin had maintained
any epistemic alternatives where the paper was finished, or where the paper being finished was
still in doubt, these would simply be filtered out as a result of processing the factive construction
“pity that...”. The general principle exemplified by this scenario is that our ordering over worlds
will induce an ordering over epistemic alternatives, and so partially determine what information
Wwe can accommodate. In effect the hearer Projects his own expectations onto his model of the
speaker’s beliefs.

However, it would be wrong to say that we can only accommodate information that could have
been presumed to be the case anyway. ‘Consider examples (13)~(15), the first of which is from
Goldberg et al (1990), the paper which has inspired the following discussion:

(13) Joe got married yesterday. The rabbj spoke very harshly.
(14) Joe got married yesterday. The priest spoke very harshly.
(15) ?Joe got married yesterday. The rabbi spoke very harshly. So did the priest.

On hearing that some person called Joe got married, I for one would not assume that there was
a rabbi present, nor assume that there was a catholic priest. Yet both examples (13) and (14) are
perfectly coherent pieces of discourse. In this case my default rules lead me to expect that there
was just one person present who was in some way licensed to perform the ceremony, although even
this might be over-ridden by an explicit statement to the contrary. But, in Veltman’s terms, there
will remain a number of optimal worlds, worlds in which there was a rabbi, a catholic priest, a
captain of a ship, and so on. On the basis of my default rules alone, I will not be able to choose
between these default eztensions to the known information. So, I maintain epistemic alternatives
corresponding to all the default extensions of the current knowledge state. Note, however, that
as soon as I come across the definite description “the rabbi”, I filter out all the other epistemic
alternatives, and cannot easily process a discourse like that in example (15).

16 ?Seamus Murphy and Mary O’Docherty got married yesterday. The rabbi spoke very
harshl 5
arshly.

(17) Seamus Murphy and Mary O'Docherty, who are both Jewish, got married yesterday.
The rabbi spoke very harshly.

This sort of reasonin may also explain why some people will find example (16) strange. If you,
like me, do find it odd, t%\en that could be because you have a default rule to the effect that people
with Irish sounding names are not Jewish, so that after the first sentence you do not maintain an
epistemic alternative involving a rabbi, and at the point you meet the definite your processing is
interrupted. At this point the sort of accommodation you must perform in order to understand
the discourse must be much more like a Lewis-style repair strategy than like the orderly process of

to accept that Seamus and Mary are Jewish, for then example (17) would also be an awkward
discourse, which it is not. We can accept that Seamus and Mary are Jewish, but, without explicit
information to that effect, they will not be Jewish in any of our default extensions, and this may
explain why some speakers will find (16) strange but (17) acceptable.

4.4 Defeasibility and Changing Perspectives

It has often been suggested that presuppositions are defeasible. This might be motivated by cases
like the following, where the Presupposition is explicitly cancelled:

(18) John doesn’t know that Bill is happy. In fact Bill is not happy.
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The linguistic community has to some extent split into two camps on this issue, a Kartunnen
influenced group who believe that the the major problem of presupposition theory is to account for
when presuppositions are projected, and a Gazdar influenced group who think the major problem
is to account for when presuppositions are cancelled.

I do not believe that a defeasible treatment of presupposition is incompatible with the general
approach developed in this paper. To support this claim, which some may find surprising, I present
in definitions 13-15, below, an update logic in which presuppositions introduce default rules, along
the lines of the treatment of defaults in Veltman (1990).

Definition 13 (Symbols for Defeasible Update Logic)

An information state I is a pair (Zo,7,), where I is a set of worlds w € W and I, is a preordering
relation “af least as plausible as” on worlds; the optimal worlds in T are defined as the set mg =
{weZIy|~3uw €l(v,w) €L, Aéw,w’) ¢ I,}; the minimal information state 1 = (W, W x W);
the absurd information state 0 = (0, {(w,w) | w € W}).

Definition 14 (Defeasible Update Logic)

I[¢] = ({welol w(¢)},I)) (for atomic ¢)
I[¢ A ¥) I[4]1v]
I[-¢] (Zo\(Z[#])o, (Z[¢D1)
I[84] = ((Z[]o {{w,v") €Ty |
({w) T[] = {w} = ({w'}, Z1) gD = {w'}1])

I[presumablyg] = I iff ((mz,Z1)[¢])e = mz
else =0

Definition 15 (Entailment in Defeasible Update Logic)
61, 6 v iff 1[6] ... [6n] = 1[4] .- [4n]1¥]

Here an information state consists of a pair the first member of which is a set of worlds,
intuitively representing definitely established facts, and the second member of which is an ordering
over worlds, encoding default extensions to the definite facts. I shall refer to the two components
of an information state as the established worlds and the default ordering respectively.

The meaning of an atomic presupposition is defined intersectively on the established worlds,
as earlier in this paper, and conjunction is defined as functional composition, again as earlier.
Negation is a complement operation on the established worlds, combined with inheritance of any
new defaults triggered in the argument.

The crucial clauses are those for & and presumably. The 0 clause, whilst reminiscent of Velt-
man’s normally, is importantly different in that it both asserts the truth of its complement and
changes the default ordering so that worlds where the complement is untrue are at least as im-
plausible as worlds where the complement holds. The factual assertion in the 8 definition reflects
the fact that presuppositions occurring in simple positive contexts are not normally defeasible: it
is unnatural say “John knows that Bill is happy but Bill is unhappy.” Also 8 is not subject to the
syntactic restrictions on its occurrence which hold of Veltman’s normally: 8 can occur arbitrarily
deeply embedded within formulae. This reflects the fact that it makes sense for presuppositional
defaults to be simply inherited, whereas this intuition would not hold of explicit default rules.
The sentence “Bill is not normally happy” should not trigger a default rule to the effect that Bill
should be expected to be happy. However, it does make sense for the first sentence in (18) “John
doesn’t know that Bill is happy” to trigger such a default rule.

The clause for presumably¢ provides a check that ¢ holds in the subset of the established worlds
which are maximally compatible with the known defaults. This yields the following inference
patterns:

é A Oy = presumably¢

¢ A Oy | presumablyy

—(¢ A 8Y)) | presumably—¢
—(¢ A 8%) [ presumablyy

(¢ AOY) A I presumablyy

O] b1 Q) D,

I take it that this gives at least some substance to the claim made earlier in this paper that
the inferences in Table 1, which I claimed characterised the projection problem, could be treated
as being defeasible. This is reflected most obviously in the difference between the fourth and fifth
of the inference patterns immediately above, where we see that addition of a flat contradiction
of an earlier presupposition can non-monotonically remove previous entailments. Intuitively, this
corresponds directly to the case in (182 above, where the first sentence alone would suggest that
Bill was happy, but the combination o the two sentences does not.
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It would be nice to present a similar account of the defeasibility of conversational implicatures.
Unfortunately, DUL as presented above is not up to the task. Expression of a conditional “f A
then B” implicates that neither A nor its negation is known (and similarly for B). However, this
implication is cancellable: we can say things %ike “if A then B, and we all know whether A" and
of course an argument with the form of Modus Ponens will crucially involve the antecedent of

which contain some worlds where the antecedent holds and some where it doesn’t, and a logic
for conversational implicature would involve an ordering not over single worlds but over epistemic
alternatives, an idea introduced in Section 4.3, above. I leave such a development for another
time.

Should simple cancellation examples like (18) lead us to abandon a logic of presupposition
based on contextual entailment, like the earlier PUL, KPL and LUL systems in this paper, in
favour of a default logic like DUL? I think we should be wary of jumping to conclusions without
much closer scrutiny of the data. Consider the following examples, the first two of which seem to
involve presupposition cancellation:

(19) John doesn’t know that Bill is happy, since Bill is not happy.
(20) John doesn’t know that Bill is happy, he merely believes it.
(21) John doesn’t think Bill is happy, he is totally convinced.

(22) John doesn’t delieve that Bill is happy, he knows it.

My feeling is that examples like (19) and (20) pattern naturally with (21) and 22). The first
thing to note is that all these examples carry “marked” stress, whether contrastive or not, so in
principle there might be something to divide them from the cases considered elsewhere in this
paper. More importantly, examples (21) and (22) suggest that negation can have some interestin
non-truth functional effects. It is clear that John knowing sometiling entails his belief in it, an
John being totally convinced about something entails that he thinks it true, so that the negative
particles in (21) and (22) must mark something other than the fact that the relevant clauses are

in themselves a sufficient motivation.

The following examples prima facie constitute a problem for the non-default CCP model de-
veloped in this paper, and have often been taken as motivating a default account like DUL:

(23) You say that someone in this room loves Mary. Well maybe so. But it certainly isn’t
Fred who Loves Mary. And it certainly isn’t John.... (afler enumerating people in the
room.} And that’s everybody in the room!

(24) If I realize later that I have not told the truth, then I will confess it to everyone.

(25) I was not aware that you are allowed to do that! (Said eg. by a teacher to a child who
is smoking behind the bicycle sheds.)

In the first of these examples (adapted slightly from an example due to Ed Keenan) the cleft
sentences all presuppose that someone loves Mary, and this is apparently cancelled by shear weight
of logical argument. In the second (due to Gazdar) and third examples conversational implicatures
seem to cancel out respectively the presuppositions that I have not told the truth, and that you
are allowed to do whatever it is.

Yet all three examples could be interpreted in terms of an interesting form of accommodation,
which I will call temporary global accommodation. The idea is that in these cases a sort of per-
spective shift occurs, whereby the speaker temporarily assumes a common ground (normally an

This is clear in (23), which has the form of a reductio ad absurdum argument. The speaker an-
nounces with his “well maybe so” that one could take a perspective where somebody loved Mary.
He then implicitly presumes the proposition to be true in order to demonstrate its inconsistency
with other known facts. The same can occur explicitly, with a statement like “let us assume that
somebody loves Mary”.

Similarly, it might be claimed that in (24; the speaker is implicitly taking the perspective
of somebody who thinks that the speaker is lying, and that in (25) the speaker is taking the
perspective of someone who believes that whatever is being done is allowed. All of this is rather
tentative, and I do not wish it to be taken as an attack on default accounts of presupposition.
On the contrary: I am not attempting to deny that presuppositions are defeasible, but to begin
to explain this defeasibility in terms of underlying principles of communication. Yet there is
much work to do. Temporary global accommodation is a dangerously powerful mechanism, and
a satisfactory account of pPresupposition would have to involve consi erable constraints on its
application. My intuition is that all cases of temporary global accommodation will be highly
marked. After all, if a speaker could simply change perspective in mid-flow without giving some
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hint of what was happening, there would be little hope of ever providing a formal model of meaning!
At a minimum, one should expect a speaker to maintain a constant perspective unless there is a
salient alternative perspective to which he can shift.

4.5 On the Accommodation of Representations

Temporary global accommodation can have much the same effects as a combination of local and
intermediate accommodation in a representationalist account like that of van der Sandt. Local
accommodation would lead to addition within the representation of each of the negations in (23)
of the proposition that somebody loves Mary, and addition within the negation in (25) of the
proposition that whatever was being done was allowed, whilst intermediate accommodation would
{eaéi to addition within the antecedent of the conditional in (24) of the proposition that the speaker
ied.

Indeed, a theory involving a judicious mixture of local, intermediate and global accommodation
is a force to be reckoned with, and I think it fair to say that van der Sandt’s theory, which crucially
involves all three types of accommodation, is the most empirically adequate of any theory of
presupposition currently around. Yet even his account is not perfect! Consider the following:

(26) If John’s unhappy, then it’s a pity that both John and Mary are unhappy.
(27) 7?1 don’t know whether Bush is ill. However, every Republican regrets that Bush is il

I think van der Sandt would admit that his theory as it currently stands makes the wrong
predictions about both of these. On hearing (26) most people would conclude that Mary is
unhappy. Yet van der Sandt would I think predict, after accommodation into the antecedent of
the conditional, a meaning something like “If John and Mary are unhappy, then its a pity.” The
second discourse is intuitively very odd. Yet van der Sandt would predict accommodation of the
fact that Bush is ill into the restrictor of the universal, yielding a meaning for the second sentence
logically equivalent to “If Bush is ill then every Republican regrets it.” T%is is a perfectly sensible
meaning for a sentence to have, but it is not the meaning of the second sentence in (27).

On the other hand, these examples should not be problematic for the CCP model developed in
this paper, since in that there are no notions of local or intermediate accommodation. Yet the CCP
model developed here is not incompatible with there being a level of discourse representation on
which local and intermediate accommodation could operate. But then the processes of local and
intermediate accommodation would be quite distinct from the mechanism of global accommodation
as I have described it.

Global accommodation, as has been suggested, should be seen as a natural part of the orderly
communication process in which conversational participants 5radually determine their common
ground. On the other hand, there may be times when what is said does not appear compatible
with any assumption of common ground. Then the only alternative for a hearer will be to assume
that the speaker did not really mean what he said, so the hearer will begin a non-compositional
tampering with his representation of the meaning of the speaker’s utterance, adding in things
that the ﬁearer seems to have omitted to mention but obviously meant. Yet this last process is
complicated, and that should explain the observation of both Heim and van der Sandt, which goes
unexplained in their work, that global accommodation is always preferred to local accommodation.

Incidentally, within the theories of van der Sandt or Heim it would seem considerably less
natural to assert that local and intermediate accommodation are fundamentally difficult processes
from global accommodation, since in their theories some examples which are obviously very natural
and not apparently difficult to process require local or intermediate accommodation. This is the
case, for instance, with example (6) above (“If John is married then his wife is very tolerant”). In
van der Sandt’s account local accommodation of a discourse marker has to occur, together with
a condition on the identity of that marker, whereas in KPL the dynamism of the presupposition
operator does the work.

5 Conclusion

Concerning the interaction between quantification and presupposition, we have seen that a range
of examples that had seemed awkward for CCP accounts, but which have been treated successfully
in van der Sandt’s theory, can in fact be treated in a pure CCP model without invoking local or
intermediate accommodation. However, there is much more data to be looked at, and the simple
first-order treatment of quantification assumed is obviously inadequate.

A common fault of CCP theories is that they predict presuppositions that are too weak.
It was suggested that the key to some of these difficulties might lie in a formalisation of how
conversational participants maintain sets of plausible epistemic alternatives. This began to take
us in the direction of a formal theory of pragmatics unifying the treatment of presupposition and
implicature.

I tried to show that Gazdarian default accounts of presupposition are not so distant from CCP
accounts as they might seem. The moral is that the approach of projecting weak non-defeasible
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themselves be treated as default rules.
I have contended that global accommodation should be viewed not as a repair strategy on
5 2

discourse representations, but as addition of information concerning the common ground. This
eventually led to the possibility that local and intermediate accommodation of presuppositions, if

these types of accommodation occur at all, may be quite different in nature from global accom-
modation.

It should be clear that the full potential of CCP based accounts of presuEposit.ion has not yet

ought that the CCP
paradigm had been exhausted. It seems to me that there are several promising areas requiring
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Comparative Quantifiers

Filippo Beghelli
Linguistics Dept., UCLA

Introduction

We study the semantics of quantity comparatives such as more-than, fewer-than, exactly as
many-as, etc., as they occur in the following syntactic environments:

1) a. more students read than write (N', (VP, VP))
b. more students than teachers read ((N', N"), VP)
c. more students read than teachers write  ((N', VP), (N', VP))

In (1a) more-than co-occurs with a common noun (student) and two tensed VPs (read,
write) forming an S. The VPs are understood to predicate of the objects denoted by the

common noun — e.g., the common noun must satisfy the selectional restrictions of both VPs (cf.
Keenan 1984, 1987b)!.

Semantically we ignore (here) tense and aspect and treat both common nouns and VPs as
denoting properties of individuals. We write P for the set of properties (so a member q of P is,
to within isomorphism, a set of individuals), (A—-> B] for the set of functions from A into B,
and 2 for the set {True, False} of truth values. We treat more-than in (1) as denoting in [P—>
[PxP —> 2]). That is, it maps a property (studens) to a function mapping a pair of properties
(read, write) to a sentence denotation. So, more-than in (1a) is of type <1,<1,1>>, or
< 1,12> for short (cf. Lindstrdm's (1966)).

In (1b), more-than co-occurs with two N's and a tensed VP. So is of type <12,1>
(=< <1,1>,1>), denoting in [PxP—>[P->2]]%. In (Ic) more-than co-occurs with two
pairs, each consisting of a N' and VP which predicates of it. It denotes in [[PxP)x(PxP)}-> 2],
and has type <12,12>.

Informally speaking, we say that more-than in (Ic) has two "heads” and two "tails”, in (1b)
two heads and one tail, and in (1a) and one head and two tails.

This paper is presented in three parts: Part 1 overviews the range of expressions that occur
in each of the three syntactic environments given in (1). We observe a significant overlap, but
also some differences. Part 2, the major part of this paper, presents a number of semantic
generalizations which hold of the types of quantity comparatives presented in Part 1. And Part 3
presents a semantically based proposal to account for the syntactic and semantic similarities
among the different types of comparatives studied. Our proposal treats more-than and other
such comparatives which occur in all three contexts as denoting just one function, one whose
arguments are determined by the syntactic context in which it occurs. This analysis contrasts —
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at least in spirit — with syntactic analyses that derive all the comparative expressions in (1) from
the same source, a source that most closely resembles our type <12,12>

Part 1: Overview of the determiners in the new types

For reference we show in A. - G. below the range of quantity comparatives which occur in
at least one of the syntactic environments in (D:

A. fewer-than, (at least) as many-as, exactly as many-as, at most as many-as,
many more-than, almost as many-as, ...

B. a greater number of-than, a smaller (lesser) number of-than, an equal number
of-as, the same number of-as, an at least equal number of-as, ...

C. at least two more-than, exactly two more-than, between two and six more -
than, three times as many-as, a twice greater number of-than, , (at least)
twenty percent more-than, exactly fifty percent more-than, more than twenty
more-than, ...

proportionally more-than, a greater percentage of-than, ...

E; more of John's-than, fewer... at John's party-than, more French-than, ...

not more-than, no fewer-than, at least ten more but no more than thirteen
more-than, at leastasmanyorngreata-nmnba-of-ﬂmn, no more than two
more-than, two more French and six fewer Dutch-than, ...

G. the same-as, different-than, whatever-also

A exemplifies the simplest and most basic comparatives of quantity, what we may call ¢lassic
comparatives. Essentially synonymous, though syntactically more complex expressions are
given in B. C includes Dumerically modified comparatives, a type of construction which is very
productive in English. In E we find other examples of comparative + modifier (e.g., adjectival
phrases, locative PPs and possessive phrases). Motivation for including the modifier as part of
the determiner comes in part from the existence of conjoined comparatives such as "more of
John's but fewer of Mary's students came early than left late”, which are members of the next
group, F. F includes boolean combinations of comparatives — numerically and otherwise
modified ones — which show that complex comparatives can be built out of others of the same
type by means of conjunction, disjunction, and negation.

We consider first which of these expression occur in the environment (1a) - that is, which
can replace more-than in "more students read than write". The answer is that essentially all the
sorts of expressions above occur in this environment. A further group of expressions that occur
naturally in the syntactic context of (1) is G; for example:

()] The same students came early as left late
3) Different students came earl y than left late
4) Whatever students came early also left late

The comparatives in D we call proportionality comparatives. Note that a sentence like:

o

e
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) Proportionally more students came early than left late

is semantically odd, possibly because it merely means "more students came early than left late”.
Some other proportionality comparatives in this syntactic environment sound less bad, though
the same anomaly is present:

©) (MDA greater percentage of students came early than left late

As for the environment ((N', N'), VP) as in (1b), all groups except G are in its range. Group

G expressions are decidedly bad in this type:

@) *The same students as teachers came early

®) *)John interviewed different students than teachers

The last sentence shows G expressions are also bad in object position. These sentences are
out, apparently because we find unnatural to specify the same set twice in different ways®.
Regarding group E, one reason for considering the modifier as part of the determiner here is
that the more natural reading for these comparatives is the one where the modifier distributes.
So "more of John's plays than poems" preferably means "more of John's plays than of John's
poems”, though the more restricted reading (where only the head adjacent to the modifier is
affected) is sometimes possible.

Third, we consider the environment ((N', VP), (N', VP)). Again, group G generally
produces unacceptable results:

©) *The same students came early as teachers left late

is somehow a nonsense?. Other restrictions in this type are with group E: the readings where
the modifier distributes are usually not available. So in "?more of John's students came early
than teachers left late” or in "more French students came early than teachers left late” the
natural readings are not those where "John's" or "French” are understood to apply also to
"teachers". This is unlike the < 12,1> case, where the modifier most naturally distributes over
the two N's. This fact is responsible for extremely marginal or plainly ungrammatical results in
type <12,12>, as shown by the following pairs, the first a < 12,1>, the second a <12,12>
construction:
(10)a. Fewer of John's cats than dogs were innoculated
b. *Fewer of John's cats were innoculated than dogs taken to the pound
(11)a. Ten more dogs than cats were innoculated
b. ?7?Ten more dogs were innoculated than cats were captured

This observation shows that comparatives of type < 12,12> are more restricted than the
other subtypes. Often, acceptable expressions in this type are somewhat less acceptable than
their corresponding ones in the other environments.
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Generalizations on the distribution of comparatives

1) The presence of numerals in types (N', (VP, VP)) and ((N', N"), VP) as in (12a, b) below
guarantees that the number of expressions occurring in these syntactic environments is
infinite.

(12)a. Ten more students came early than left late
b. Ten more students than teachers came to the party

This argument can be extended to expressions of type ((N', VP), (N', VP)), although we
note (as we did in (11b)) that numerically modified comparatives in this type are often
marginal:

(13)  ?Ten more students came early than teachers left late

The classes of adjectivally, prepositionally, or otherwise modified comparatives, at least in
types (N', (VP, VP)) and (N, N"), VP), are also recursive. We see then that the class of
quantity comparatives is open, in distinction to e.g. the set of modals and auxiliary verbs in
English.

2) Expressions of type (N, (VP, VP)) enjoy the greatest freedom, then come the (N', N %,
VP) ones, and last the (N, VP), (N', VP)).

These syntactic observations argue against an analysis of quantity comparatives on which
expressions of types <1,12> and <12,1> would be derived from < 12,12> ones. We note
as well that much of the appeal of deriving (14a-b) below from (14¢c-d) respectively is that it
provides an account of the meaning of (14a-b) in terms of that of (14¢-d):

(14)a. More students came early than left late
b. More students than teachers came early
. More students came early than students left late
d. More student came early than teachers came early

But this relationship is not constant: the pairs in (15-17) differ semantically with respect to

modifier scope and binding:
(15)a.  More students than teachers read some book
b. More students read some book than teachers read some book
(16)a. More boys than girls got an ‘A" in their class
b. More boys got an 'A’ in their class than girls got an 'A’ in their class
(17)a. More friends of theirs admire Mary and Mitzi than envy Jill and Jane

b. More friends of theirs admire Mary and Mitzi than friends of theirs envy Jill
and Jane

Part 2: Semantic generalizations

The quantity comparatives studied here all relate in various ways common noun and VP
denotations. In this respect they are like ordinary dets such as all, most, etc. In "most senators
snore” most is of type <1,1>, mapping the pair <senator, snore> of properties to a truth
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value. It turns out that many of the characterizations developed in the study of <1,1>
quantifiers extend to quantity comparatives. We review these below:

Review of the basic properties of standard quantifiers (type <1,1>)

First, as is well known, dets of type <1,1> do not denote freely in [P—> [P->2], but they
only denote conservative functions. A function f is conservative if the truth of f applied to a pair
of properties (p, q) depends only on p and p A q , i.e., on which individuals are p's and which
of these are also q's. Conservativity, thus, says that the intersection of q and the complement of
p is irrelevant for the truth of f(p)(Q)-

Def:  Conservativity for <1,1> functions. A function f : P-> [P->2] is conservative
iff for all p, g, q' in P, if (p\@) = (p\q") then f(p)(@) = fP)Q)

We write CONS | ; for the set of conservative functions of type <1,1>. Complex dets
in type <1,1> can be built from others by means of the boolean operations of conjunction,
disjunction, and negation: for instance, from dets such as most, all, some, Mary's, John's, we
build dets such as most but not all, some of Mary's and most of John's, etc. CONS ;>
provides denotations for these complex dets since it is (provably) closed under the boolean
operations /\ (meet), V (join), and complements.

Second, many type <1,1> dets in English satisfy a condition stronger than mere
conservativity: they are intersective. The value of an intersective function depends only on the
meet (intersection) of the pair of arguments (p, @). To determine the truth value of an
intersective function f(p)(q) one only has to check which individuals are both p's and q's. The
notion of intersectivity generalizes and extends Barwise-Cooper’s (1981) notion of weak
determiner. Examples of intersective determiners in English are some, no...but John, at least

five, between two and six, etc. all, most, both-and, John's, all but five, on the other hand,
are of non-intersective.

Def:  Intersectivity for <1,1> functions: fin [P ~>[P —>2]] is intersective iff for
allp, g, p', ¢ inP, if AQ = @'/\q') then fP)@) = f@")Q")
The set INT_,, of intersective functions® of type <1,1> is a proper subset of
CONS_, ;5. It is closed under the boolean operations in CONS, ;5 and thus a proper
subalgebra.

Recall that NP's built from intersective determiners occur naturally in Existential There
contexts, while non-intersective ones are problematic there.

Third, most intersective dets are actually cardinal: they depend only on the cardinality of p N\
q. It appears that all the lexically simple intersective determiners in English are cardinal.
Examples of cardinal dets in type <1,1> are some, no, and numerals or numerical dets: at
least two, just finitely many, exactly ten, at most five, between two and six, etc.
Def:  Cardinal <1,1> functions. A function f ;: P => [P —>2] is cardinal iff for all p,
q,p,q inP,if [pAg| =|p'Aq | thenf()9 = f(p)Q)
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Again, CARD_, ,, is a (complete, atomic) subalgebra of INT ;5.

1. Conservativity

We have so far characterized the sets in which comparatives of each syntactic type denote as
including functions from triples (or quadruples) of properties into 2. But empirical inspection of
the functions denoted by the expressions in A - G shows that they do not denote freely in these
sets. Rather, for each type T, comparative expressions of type T only denote functions which
meet a condition analogous to conservativity for type <1,1> determiners.

Foraflmcﬁoninmenewtyp&smbeoonservaﬁvemeansﬂzataﬂ we need to know in order
to determine its truth value is which individuals have the common noun property(s) and which
of these have the corresponding VP property(s). To take the most complex case, (N', VP),
(N', VP)), to know the truth of "more students read than teachers write" one needs to know at
most which individuals are students, which teachers, which of the students read, and which of
the teachers write. This is correct, and shows that the function denoted by more-than in type
<12,12> is conservative.

The same holds for the other two types: to know the truth of "more students read than write”
one only needs to check at most which individuals are students and read, and which students
write, overlooking the individuals who read or write but are not also students. And to determine
the truth of "more students than teachers read" one at most has to check which individuals are
students or teachers and which of those individuals also read.

That quantifiers in the new types are conservative is perhaps surprising considering that the
comparative builds an actual NP only in the case of type ((N', N'), VP) — i.e., we have
[np more students than teachers ) [,,,p read ). In the other two types there are no NP's formed
by applying the comparative quantifier to its common noun(s), hence, no generalized quantifiers
in the terminology introduced by Barwise-Cooper (1981).

The formal definitions of conservativity are given in Appendix Al. We illustrate the
<1,12> case: a functionf: P —-> [PxP —->2] is conservative iff for all P,q;, G, q', q' in
P,if ®/\q)) = (P\g;") and (p/\qy) = (p/\q,") then f0)Q1,%) = fP)q,",a,).

The observation that English determiners denote conservative functions can thus be extended
from ordinary (type <1,1>) determiners to the comparatives we are studying, which we can
now call comparative determiners. We conclude that the denotations for English determiners, in
all types, are conservative:

Generalization I: Dets of type T, for T in {<LI>}y {<12,l>,<l,12>,<12,12>},
denote conservative functions of type T.

Conservativity constrains the class of possible denotations in each type quite differently,
determining a fundamental distinction among the types of comparative quantifiers, not suggested
by views on which they are syntactic shorthands for expressions of type < 12,12> . This can be
shown by counting how many functions there are in each type relative to the number of
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individuals in the model. A comparison of the figures for each type is given below, including
for completeness figures for <1,1>. Proofs of these results are given in Appendix A3. For n
individuals in the domain of discouse, we have that:

(18)
TYPET <1,1> <1,12> <12,1> <12,12>
| Fr | 2 28" 28" 216"
| CONSy | 2" 2" 2" 2"

The notation | Fy | indicates the cardinality of the set of all functions in type T (including
non-conservative ones). The figures on the bottom row are provided to show first that the sets
of conservative functions in the three types are very proper subsets of the sets of functions in
these types. Note now that although there are as many functions in type <1,12> as in type
<12,1> - since these are all functions from triples of elements of P into 2 — conservativity

determines two very different denotation sets, each quite different from the one for < 12,12>
functions.

2. Closure under the boolean operations

As observed in Part 1 (cf. group F), complex comparative determiners built from lexically
simpler ones by means of the boolean operations of conjunction, disjunction, and negation occur
in all three syntactic environments, though only negation is productive. We observe:

Generdlimation 2: For T in {<1,1>}y{<131>,< 1,12>,<12,12>}, the set of
conservative functions of type T is a complete and atomic Boolean Algebra (hence
closed under the boolean operations) .

Thus the sets CONSy for different types T are rich enough to provide denotations for
whatever boolean compounds of comparatives of type T can be formed. Moreover there are
many comparatives such as exactly ten more-than whose denotations are boolean functions of
denotations of lexically simpler determiners even though this is not reflected in their syntactic
make-up: exactly 10 more than in fact means the same as at least 10 more than and no more
than 10 more than.

Definitions of CONS;. for each type T as a (complete, atomic) boolean algebra are given in
Appendix Al.

3. Intersectivity

Intersective determiners depend for their truth value only on the intersections of their head
and tail properties. We can ask if the denotation of more-than in, say, type <1,12> is
intersective. It is, since to know the truth of "more students read than write" we only need to
compare the individuals who are students and read with those who are students and write. No
more is required. In particular we don't need to know about students who don't read or don't
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write. Similarly, to know the truth of type <12,12> morethan, as in "more students read than
teachers write" one has merely to know which students read and which teachers write: it is not
necessary to know in general which individuals are students (but don't read, etc.). Similar
observations can be made for the denotation of more-than in type <12,1> . more-than, hence

illustrate one case here, a function f: P —> [PxP ->2] is intersective iff for all P95, @, q;',
%' inP, if (p/\q)) =(p'\q") and (?/\qz) =(p'/\q,") then f0)@;,%) = fp')(q,",q,"
Consider now the class of comparative expressions that occur in the syntactic environment

(N', (VP, VP)), and denote <1,12> functions. As noted in Part 1, with qualifications for
group D, all of the comparatives expressions we have been able to collect occur in this

limit ourselves to here, complex comparative determiners formed by modification with AP's and
PP's are intersective, And < 1,12> comparatives that are boolean combinations of other

comparatives are also intersective, since intersectivity is preserved under the boolean operations
(cf. Appendix Al).

Even group D, proportionality comparatives, are intersective in (N, (VP, VP)). The truth of
"a greater percentage of students came early than left late” is determined by |student N came
early| and |student /) left late|, and thus another three properties with the same intersections
will give the same results. Thus we have:

Generalization 3: Comparative expressions of type <1,12> all denote intersective
functions in that type.

total number of teachers.

The subsets of intersective functions in the new types form subalgebras of the respective
CONS algebras (cf. Appendix Al)". Unlike the conservative ones, the sets of intersective
functions are not distinct by size in the three types, as shown by the table below (cf. Appendix
‘A3 for proofs of these results):

19)

TYPE T <1l,1> <1,12> <121> <1212>
| INTy | 22" 24" 24" 24"
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These results follows because the asymmetry introduced by conservativity between head(s)
and tail(s) of the determiners disappears when only their intersections become relevant for the
truth of the function. Whatever their type, intersective determiners in <12,1>, <1,12>, or
<12,12> depend on exactly two sets, each the intersection of two of the arguments of the
determiner function (cf. Appendix A1). Furthermore, the intersective subtypes not only have the
same cardinality, but:

Generalization 4: The semantic types of intersective comparative functions are isomorphic
to each other.

The observation that the determiners in the new types are intersective predicts their ability to
occur in Existential-There contexts:

(20)a. There are more students in the garden than in the cellar <1,12>
b. There are different professors on John's committee than on Mary's

(21)a. There are more students than teachers in the yard <12,1>
b. There is the same number of students as teachers in the yard

(22)a. There are more students in the garden than cats on the roof <12,12>

b. There are no fewer cats on the mat than rats in the attic
We can thus generalize a known result for (< 1,1>) determiners in English:

Generalized Existential-There Context Claim: Intersective determiners in all types occur
naturally in Existential-There contexts®

4. Cardinality

Most intersective functions denoted by comparative expressions are cardinal, i.e., they
depend only on the cardinality of the intersection of their noun and (corresponding) VP
properties. The definitions of cardinal functions in the new types are given in Appendix Al.
They are quite parallel to the definitions of intersective functions.

The syntactically simplest comparatives in the types (the classic comparatives more-than,
fewer-than, as many-as; group A), are cardinal, as well as the semantically equivalent group B
expressions such as a greater/lesser/equal number of, and those obtained from the former by
means of numerical modification (group C). Adjectivally or PP modified determiners in the new
types are not cardinal since their truth conditions don't depend just on the cardinality of the
intersection of their arguments: they are affected by permutations of the individuals in the
domain, and cardinal determiners are all permutation-invariant.

In each type T, CARD; is a (complete and atomic) subalgebra of INTy. The classification
of comparatives in each type T as belonging to successively more restricted subtypes, i.e.,
CONS; > INT; > CARDy, correlates with their distribution in the syntactic environments
listed in (1). The generalization is that the more restricted the subtype they denote in, the more
freely the comparative determiners are represented in the types. Cardinal determiners have the
widest distribution: if they occur in one type, they tend to occur in the other two syntactic types,
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and combine most productively with modifiers (numerical,- adjectival, etc.)-to form complex
comparative determiners. They are also most productive in forming complex determiners by
boolean combination with other determiners in the same type. Classic comparatives, e.g., enter
as components of most of the comparative expressions listed in Part 1. I will thus refer to more-
than, fewer-than, and as many-as and their correlates in group B as the (syntactically) most
basic comparatives.

Determiners that are intersective, but not also cardinal, do not occur freely in all of the three
types, since, as noted, the same-as and different-than are generally ungrammatical in type
<12,1> as well as in type <12,12> . Adjectivally or PP-modified comparative determiners
also do not seem to occur as such in type <12,12>: in this syntactic environment the
distributive reading is absent, which suggests that aside from the marginality of these
expressions in ((N', VP),(N', VP)), the modifier should not be considered as part of the
comparative determiner in this environment, but rather as part of the N' denotation. Thus:

Generalization 5: The comparative expressions which most freely occur in all three
syntactic environments denote in the semantically most restricted class, that of
cardinal functions.

Given an interpretation for the most basic comparatives, the interpretation of complex
comparatives in the three types can generally be given compositionally. Keenan-Moss (1984)
offer an illustration for <12,1> comparatives: to provide the meaning of a compiex quantity
comparative such as e.g., more French-than in "more French students than teachers write" we
can extend the modifier function denoted by French into an n-place function, whose values are
defined coordinatewise on the argument tuple (so, if the function f and properties s, ¢ are the
denotations of French, student, and teacher, f(s,t) = <f{s), f{t)>). Functional composition of
the denotations of French and of more-than gives the desired result, i.e., more-than - fG.0) (r)
= more-than(f(s) fit))(r). Similar procedures can be used in the other cases of complex
comparatives listed in Part 1.

Just like intersective functions, the sets of cardinal functions have the same number of
elements in the three types. Namely, we have:

@23)

TYPE T <1,1> <1,12> <121> <1212>
| CARDy | 20g1) 2@+1)? 2m+1)2 20@+12

More importantly, as observed for the class of intersective functions, the subsets of cardinal
functions in the three semantic types are isomorphic (cf. Appendix A4):

Generalization 6: The semantic types of cardinal functions are isomorphic: i.e., for T, T'
in {<12,1>, <1,12>, < 12,12>}, CARD; - CARD;.
h and j below illustrate these Type correspondences:
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h:CARD ., 25, —> CARD 2> defined as follows: (f)(gq;, 1)P) = f(P)(;.%);

(e.g., more students are vegetarians than are alcoholics <—> more vegetarians than
alcoholics are students)

j;CARD; 25, —> CARD 225 defined as follows: (f)}p;,P)41,%) =
f(1)(p,\q;,p,/\D);

(e.g., more individuals are students and vegetarians than teachers and alcoholics <—>
more students are vegetarians than teachers are alcoholics)

The above figures regarding the number of distinct functions in each (sub)xype reveal a
marked difference in magnitude between the denotation sets for the most basic (i.e., cardinal)
and the other comparatives. While the size of the subtypes of cardinal functions is exponential in

the size of the model (i.e., = 2(““)2, for n the size of the model), the size of the denotation sets

for the other determiners is hyperexponential in the size of the model (e.g., equals 24", if we
consider the INT subtypes, or greater, if we consider the whole CONST).

This difference in denotational complexity has been observed by Keenan's (1987a) for other
semantic types. Keenan observes that ‘large’ semantic categories, i.e., categories which are
hyperexponential in the size of the universe, have lexical members that are semantically
restricted to denote in a ‘small' subcategory, i.e., one which is at most exponential in the size of
the model. The syntactically basic members of large categories always denote in the small
subcategory.

Generalization 7: Comparatives in all types are not lexically free (Keenan (1987a)), i.e.,
the syntactically simplest comparatives in each type denote in a small subset of the
set in which comparatives of that type in general may denote.

Finally, we can speculate that cardinal comparatives occur in all the syntactic types because
they provide the building blocks out of which (semantically) complex determiners can be
manufactured. The types differ with regard to the productivity of these operations.

Part 3: Identity of meaning across types

The isomorphism of the subtypes of cardinal (and intersective) functions offers an
explanation for an obvious question raised by quantity comparatives: their identity of meaning in
the distinct syntactic environments shown in (1). The answer we give is a semantic one: since
the denotations of cardinal and intersective comparatives in the three types are, t0 within
isomorphism, the same, there is only one meaning to be learned for these comparatives. Which
isomorphic variant appears in a particular linguistic context depends on the syntactic .
configuration the determiner occurs in. (On the other hand, comparatives that denote outside of
the isomorphic subtypes, namely proportionality comparatives, won't necessarily have the same
denotations in the three syntactic environments, a fact that is reflected in their being interpreted
as intersective in type <1,12>).
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other lexical elements in the types. By the truth conditions of more-than in type <1,12>,
"more students are vegetarians than are alcoholics” is true iff the cardinality of (studenr N\
vegetarian) is greater than the cardinal ity of (student /\ alcoholic); but if we look at the image in
type <12,1> of this function under €.g. isomorphism h above, i.e., "more vegetarians than
alcoholics are students”, we find that its truth conditions are exactly the same, and hence that the

Pursuing this line of reasoning: can we define the "common meaning” of cardinal
comparatives (and of intersective comparatives that occur in all the types), i.e., the one function
that the speaker learns? The answer to this question is yes. Observe that each use of more-than

@4 dmore-than(®)(s) = True iff lr|>]s]
The denotation of more-than in the three types is determined directly from bmore-than'

more-than . 12 , 5, (p;,p,)(q) = ¢ more-than®,/\O(p,/\q)
more-than ., 12, (0)(q;,q,) = ¢more-than(P/\qx)(D/\‘b)
more-than 2 12, (P1:p)(@,q) = ¢more-rhan(P1/\Q1)(P2/\q2)
Omore-than ives the correct truth definitions for more-than in each type, once the syntactic

context in which more-than occurs in is taken into account in the form of an appropriate
mapping. The ¢f 's, for f the denotation of a cardinal (or intersective) comparative determiner,

are not generally conservative functions — therefore are not available as denotations of English
determiners, but, as indicated above, determine conservative functions depending on the
syntactic context the comparative determiner occurs in,

The relationship of Omore-than 1o more-than .2, , more-than., >, , and more-
than 225 characterizes more-than as a polymorphic expression, not unlike and, which

corresponds to distinct functions in the different types it denotes in (e.g., as a determiner
conjunction, or an intransitive verb conjunction, or a propositional conjunction, etc.), yet can be
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characterized more abstractly, as the boolean operator meer (i.e. the greatest-lower -bound
operator in a boolean algebra).

Unlike syntactic accounts of comparatives which justify the identity of meaning found in
(most) comparative determiners across their syntactic types by deriving them transformationally
from one another, we have suggested that these identities follow from certain semantic
properties of their denotations. We have not chosen one type as the most basic, but traced their
semantic similarities to an abstract meaning which is not the denotation of any English
determiner.

Appendix

Al  Semantic types for comparatives dets
DAl.  Conservativity for type <12,1> functions: A function f : PxP —> [P —>2] is
conservative iff f(py,pp)(q) depends at most on which individuals have py , which pj , and
which have pj A\ qand whichp A g, i.e., forall p;, pp, 9, q'in P:

if (p; A = (1 Aq"), and (92 AQ) = (P2 Aq) then f(P1.P2X@) = fP1.P2XQ)-

Df2.  Conservativity for type <1,12> functions: A function f : P —> [PxP —>2] is
conservative iff for all p, q1, 42, q1', q2' In P:
if (p\qp) = (PN\q;") and (PAqY) = (P\ap") then f(p)q1,92) = fP)(1'-92)-

Df3. Conservativity for type <12,12> functions: A function f : PxP —> [PxP ~>2] is
conservative iff for all pl,pz,ql,qz,ql',qz' in P:
if (pAqy) = (P1/\a1") and (PpN\ap) = (p2N\a2") then f(p1,P2) (9192 = f(P1PH(1'42)

Dfs. For CONS,121>  the set of conservative functions in [PxP—->[P->2]], let
<CONS¢j2 1>, <>be defined (pointwise) as a boolean algebra, as follows: for all f,g
in CONS<2 1> » allpy,pp, qinP, f < g iff fp1.P@ < &Py, P2 XD-

Dfs. For CONS 1,12> the set of conservative functions in [P—>[PxP—>2]], let
<CONS<1,125, <> be defined (pointwise) as a boolean algebra, as follows: for all f,g

in CONS <1 12> »allp.qp.qp inP, f < g iff f@)ap @) < gPXd1, )
Dfs. For CONS12 125 the set of conservative functions in [PxP—>[PxP->2]], let
<CONS 12325, <> be defined (pointwise) as a boolean algebra, as follows: for all f,g

in CONS<2 15>, all p1,p2.41,92 n P, f < g iff fipy.p2 Xq1,92) < &P1-P2 X41,92)-
Thl. Forall Tin{<1,12>,<1%1>,<1%12>} CONSy is complete and atomic.

Df1.  Intersectivity for type <12,1> functions: A function f : PxP —> [P —>2] is intersective
iff for all p1, P2, 9, q'inP,
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if (p; N\Q) =(p;'/\q") and P2 \9) = (p'\q") then fp1,P2)@) = fp;'.p2'Xq")
D8. Intersectivity for type <1,12> functions: A function f i P —> [PxP —=>2] is
intersective iff for all p, q, 9,4q1', 92" inP,
if (p/\q)) =(p'/\q;") and P\ =(p'N\qy") then foX91,92) = fp'Xq;",q2")
DfS.  Intersectivity for type <12,12> functions: A functiog f:PxP —> [PxP ->2] is
intersective iff for all P1, P2, 41,92, 91", q" e P,
if (P1/41)=(p1'\q1 ") and (p2N\q) =(py'Nqy) then fp1.p2Xa1. ) =11 " 241", 92")
The following theorems characterize intersective determiners in the new types, where E is
the unit element of P (i.e., E corresponds to the set of all individuals):
Ih2. A function f ;: PxP —> [P —> 2] is intersective iff for all P1sP; »q in P, f(p;:p; Xq) =
f(P] /\qv Pz /\q)(E)
Th3. A function f: P —> [PxP ~>2] is intersective iff for all P, q;, q, in P, f(pXa;,q) =
fEXp/\a;.p\g,)
Th4. Afuncﬁonf:PxP—>[PxP—>2] isintetsectiveiﬁforallpl,pz,ql,qz,inP,
f(PpPz)(ql,qz) = f(E, PlAql)(E’ P /\(_Iz) .
The following theorems characterizes intersective and cardinal functions in the semantic
types as subalgebras of the conservative functions in each type:
Th5. Forall Tin {<12,1>,<1,12>,<12,12>}, INTy is a (complete, atomic) subalgebra of
CONS;
Th6.  Forall Tin {<12,1>, <1,12>, <I%12>}, <CARD;, <> isa (complete, atomic)
subalgebra of INT;.

A2 Atoms

The following theorems tell us what are the atoms in the (sub)types. These results will be
used to determine the size of the (sub)types.

Th7. Atm(CONS<1’12>) = {g<p,q’r> ' for all s,t,u in P, g<p’q’r> (s)(t,u) =1iffs = P
and s\t = q, sA\u = r, for q,r <p}.

Ths. AW<1’12>) = {g<q,r > l for all s,t,u in P, g<q’r > (S)(t,u) =1 iff s\t = q
andsA\u=r }

Th9. Atm(CARD<1,12>) . {g<n,n'> l for all s,t,u in P, g<n,n'>(s)(t’“)=1 iff 'S/\t' =n
and |s/\u| =n', for some n, n' such that 0 <n,n' < |[lp]}.

Thi0. Atm(CONS 1215) = {g<p,v,q> | forall s,z,t in P, 8<p,v,q> (&:2(t) =1iffs = p,
z=vandsht =q,forq < p,r < v}
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A3

Thil. Am(INT<y215) = {g<q,r > | foralls,zt in P,geqr > (s,Z2)t) =1iff s\t = q
and Z\t = 1 }

Th12. Am(CARD1215) = {g<n,m > | forall szt inP, g<n’n->(s,z)(t) =1 iff |s/\t|
= nand |zAt| = m, for some n, m such that 0<n, m <|ip|}

Th13. Am(CONS<12125) = {8<pyv,qr> | forallsztuinP, g<pygr> G200 =1
iffs=p, z=vandsht=q,zNu=r,forq<p,r <V}

Thi4. Am(INT ;2 125) = {8<q,r > | forall s,ztu inP, g<qr > (S:2XLW=1 iff s\t=q
and z\u=r}

Thi5. Am(CARD ;2 25) = {€<p,m > | for all s,ztu in P, g<pp'>E2(LW=1 iff
|sAt| =n and |z\u| =m , for some n, m such that 0<n, m <|ip|}.

Counts
These theorems determine the size of the (sub)types. Since each of the (sub)types below isa

complete and atomic boolaean algebra it is isomorphic to the power set of the atoms. So to
count the type we need only count the atoms.

n
Thi6. |Fgpp25|= |Fci21> | = 28

PROOF: F¢) 12 5 = [P —> [PxP —> 2] 7 [P —> 2]. Tuere are, then, @2 2"y 2" = 98"
distinct such functions. The same argument holds for F <12 ;> .

Th17. |CONScp )2 >|=2"

PROOF: We show |Atm(CONS <1 12>) | = 59, for n =| Atm(P) |. Consideration of the atoms of
CONS « 1,12 > shows that there is a bijection between PxPxP and the atoms of CONS <1 12> : ie.,
Let g<p,q,r> be an atom of CONS<] 12 > (see Th7). Then | Atm(CONS < 1 12>) | =

|{<p,q,r> |q,r < p} |- Now define h : {<p,q,r> | ¢r < p }—> [Atm(P) —>5] as follows: for
p,q,r in P, q,r < p, and a an atom of P,

h(<p,q,r>Xa) = 1 ifa<-p
2 ifa < pA\g/\r
3 ifa < pAg/\-r
4 ifa < pA\-q/r
5 ifa < pA\-g/-r

b is well defined since the conditions are exclusive and exhaustive. We show that h is a bijection,
which will prove that | Atm(CONS < 1 125) | = SA™®).

(A) h is 1-4to-1. Assume <p,q,r> # <p',q',r'>; show h(<p,q,r>) # h(<p',q',r'>). Case 1:
p',i.e., pnot < p'orp'mot < p. Without loss of generality, assume the former. Then (pA\-p) #0,
<o there is an atom b such that b <(p/\-p'), i.e.,b < pandb < -p'. Since b < p, it is not the case
that b < -p (no atom is < a property and its complement), hence h(<p,q,r>)®) # 1. And since b
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< -p', h(<p',q',r'>)(b) = 1. Case 2: P=p’, but q#q'. As before, let q not < q'. Then there is an
atom ¢, ¢ < (qQA\q'). Again, since ¢ < q, h(<p,q,r>)c) is either 2 or 3; and since ¢ < 4,
h(<p',q',r' > )(c) is either 4 or 5. Case 3: r#r' is analogous.

(B) hiis onto. Let f be a function with domain Atm(P) and range 5. We need to show that there is a
triple <p,q,r,> such that h(<p,q,r>) = f. We define a triple <py, qg, rr > as follows:

Pf=V {a in Am(P) | f(a) in {2,3,4,5)}

9f = V {a in Am(P) | f(a) in {2,3}}

1=V {a in AmP) | f(a) in {2,5)}
Obviously, q¢ ,rf < Pr. We show f = h(< Pf,4f 1§ >):
Case 1. h(<p¢,qf 15 > Xa) = lifa < -pf, iff f(a) not in {2,3,4,5), i.e., iff f(a) = 1;
Case 2. h(<ps,q¢ JIf >)a) = 2ifa < Pranda < gpanda < 1¢, iff f(a) is in {2,3,4,5) and f(a) is
in {2,3} and f(a) is in {2,4); i.e., iff fa) = 2;

Case 3. h(<ps,q¢ If >Xa) = 3ifa < Prfanda < gf anda < -1 ,iff f(a) is in {2,3,4,5) and f(a) is
in {2,3} and f(a) is not in {2,4}; i.e., iff f(a) = 3;

Case 4. h(<pf,qf 15 > Xa) = 4ifa Spranda < granda < 1y, iff f(a) is in {2,3,4,5} and f(a) is
not in {2,3} and f(a) is in {2.4}; i.e., iff f(a) = 4;

Case 5. h(<ps ,qf If >)@) =5ifa < pranda < grand a < -1y, iff f(a) is in {2,3,4,5} and f(a) is
not in {2,3} and f(a) is not in {2,4}; i.e., iff f(a) = 5. QED

This. |INT<j 25| =24"

PROOF: We show |Am(INT <1 125)| = 4%, n=|Atm(P)|. Consideration of Am(INT ¢ | 12,)

shows that each atom corresponds univocally to a pair of properties, i.e., that a map h : PxP —
>Atm(INT 1,12>) given by h(gyr) = 8q,r i sumective. h is also injective, since if

<q',r'> then 8q,r ¥8q',r - Hence h is a bijection, and | PxP | = |Atm(INT<1,12>) |=20.
20 =40 QED

Th19. |CARD.j )2 5 |=2@+1)?

PROOF: |Atm(CARD <} 125) | = | {<nn'> | 0 < oo’ <IE|}| =@ +1)2. Since for all
such <n,n'> the functions 8a,n' G)tW=1 iff |sAt|=n and [sAu|=n' are the atoms of
CARD . ;2,, distinct pairs give rise to distinct functions. QED

Proofs that |INT< 12,1 > | and |INT< 12 12 5 | = 24" and thar ICARD <2 ;5 | and
]CARD<12,12 s | = 2@+1)2 are similar to the proofs for type <1, 12> .

Th20. |CONS<j2 ;s |=27"
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PROOF: Show |Atm(CONS <2 15)| = 7%, forn = |Atm(P) |. The proof is similar to the one
for type <1,12> given above.

Th21. |Fcy22 5 =216"

PROOF: F 12125 = ((PxP)x(PxP)] —> 2] T [P4 ~> 2], and has cardinality (22" 22" -
=216"

Th22. |CONScj2 )2 5|=23"3"=2%"

PROOF: By the definition of CONS 12 {2 s, each of these functions is defined by a pair of type
<1414 >

<1,1> conservative functions. We know there are 23" distinct functions in CONS<,1>3

therefore, there are (23") 3" =29" distinct functions in CONS <12 12 .

A4 Isomorphisms
The theorems in this section establish the existence of isomorphisms between the subtypes of
INT and CARD functions in the new types. A complete proof is given only for the first one.
Th23. The subalgebra of INTERSECTIVE dets of type <1,12>is isomorphic to the subalgebra of
INTERSECTIVE dets of type <12, 1>.

PROOF: Defineh : <INT¢ 125, <> —> <INT¢j2 15, <>as follows: (hfXq1, @) =
f(pXqj,qp). Claim: h is an isomorphism.

(A) h is 14to-1. Assume for f, f in INT<1,12>, f #f; let p,q1,qp be such that f(pXqy,92) +
£EXap92)- Xa1,9)E) =fEXa1.a) #FEXa1,92) = GFXa1,9)F). Hence bf # hf'.

(B) h is onto. For g arbitrary in <INT <2 1>, show there is g' in <INT<1'12>such that h(g")
=g.Forg in <INT¢;21>, define g' : P —>[PxP —>2] by g'(PXq1.92) = £(q1,9)(P)- &' isin
<INT¢y 25, for if [phgy | = |pAq’l aed JpAy | = [p'Agp'),
2P =2'(0)X41.929=811 92 )P)=g'®')q; 192" Show h(g)=g. (bg'Xq,PP) =
g'(P)41-92) = 2d1.RP)-

(C) h preserves the boolean operations. Show h(fAf')(q1/\go)p)= b Ahf )Xq1 G XP)-
h(fAE )@ A\g)P) = ENFXPXg; M) = fP)@a1.9) N £ (PXa1,92) =0} a1.9®) N (f Xq1,02)P)
= (bf A\ hf')(q;\qp)(p). The first and third equalities are by definition of h; the second and fourth by
pointwise definition in the subalgebras <INT ;2 15, <>, <INT<q 125, <> respectively.
Similarly, we show h(-f)(q;Aq@)=-{N)@1N)P)-  h(-Dq1NWRXP)=(-DPXN1 N\ =-
fp)q.9)= (-hf)(q1,9)(P) = -(bf}q1/\q2)p)- QED

Th24. The subalgebra of INTERSECTIVE dets of type < 1,12>is isomorphic to the subalgebra of
INTERSECTIVE dets of type <12, 12>.
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PROOF: Define h: <INT< 1’12> y S > ~> <INT< 12’12> u S >as follows: (hj’)(P,P)(QLQﬂ
= f(pX41,9p)- Then h is an isomorphism.

Th25. The subalgebra of CARDINAL dets of type <1,12>is isomorphic to the subalgebra of
CARDINAL dets of type <12, 1>,

PROOF: Define h : <CARD ¢ 125, <> —> <CARD 1215, <>as follows: (h)q;,

2)P) = f(pX91,9p). h is an isomorphism.

Th26. The subalgebra of CARDINAL dets of type <1,12>is isomorphic to the subalgebra of
CARDINAL dets of type <12, 12>,

PROOF: Define h : <CARD; 25, <> -> <CARD (2125, <>as follows:

(bf)P,pX91,92) = f(pXq1.9y). h is an isomorphism.

Footnotes

1 I am concemed here only with quantity comparatives, although the range of constructions
exemplified in (a-c) above includes comparatives of degree as well. Consider:
(2') a.  in Linguistics 567 there are more advanced students than teachers
b. people with more nimble brains than limbs prefer math classes to football
(3") a.  more talented contestants were excluded from competing than received awards
b. less intelligent students ended up in John's class than in Mary's
(4") a. more sensitive authors wrote the plays than critics assigned the prizes
b. Jane picks more faithful boyfriends than John chooses girlfriends
The comparatives in (2'4') correspond to the types exemplified in (1a-c). The sentences in (2'4"), to
be sure, are ambiguous between a quantity reading and a degree reading: for (3'a) the readings are:
&) the contestants who were excluded from competing are more talented than the ones that
received awards [degree]
&M) the number of talented contestants who were excluded from competing exceeds the number
of talented contestants who received awards [quanzity]
2 Note that we have enriched Lindstrom's "flat” notation. (1a) and (1b) are understood in different
ways even when their argument properties are the same. Consider:
(1) b'. more students teach than read
(1a) and (1b") have different truth values, a fact that would be obscured if we treated both more-than's
as having the unstructured type <1,1,1>, as per Lindstrém's notation.

3 Itis rarely possible to insert G expressions in (N', N'), VP) contexts, and only with abstract nouns
or the use of temporal modifiers. A candidate:

(Y] The same retreating fugitives as, years before, proud conquerors, passed through the city

4 Some possible examples of group G expressions in this context occur in object position in sentences
like: .

54



Footnotes (continued)
) John has the same fears as Mary has desires
(8" 1 have the same doubts about John as Mary seems to have certainties

5 Note the following theorem:

Thm: A function f ; P —>[P —>2] is intersective iff for all p, q in P, fipXq) = f1XpNq), where
1 is the property that all individuals have.

'Iheabovetheoremprovida;atestwhichissometimesuseﬁxlindete(miningwhed:eragivm
determiner is intersective or not: intersective determiners (such as some) are those for which the following
equivalence holds:

Some students are vegetarians <--> some individuals are both students and vegetarians

6  Adjectives characterizable purely in extensional terms are for most part "absolute” ones, i.e., those
denoting functions f such that for p the denotation of a common noun, f(p) = f(1) N\ p. So, for instance, a
French lawyer is a French individual who's a lawyer.

% Althoughthereseemtobemembexsofthenewtyp&stha:ammtintmsecﬁve,as:hepmporﬁmal
ones, itcmbenmedmattbmemmdeterminﬂsmthenewtypesmmveﬁkethemivaﬁl quantifier,
in the sense of being co-intersective (cf. Keenan-Stavi (1986): a function f is co-intersective iff it depends
only on which individuals have the head and lack the corresponding tail properties).

8  Anna Szabolcsi (pers. comm.) points out that the noted exceptions to the generalization that all
determiners in the new types are intersective, namely proportional comparatives such as "proportionally
more-than”, do not actually behave like the intersective ones with respect to Existential-There Contexts.
Although "proportionally more-than" is fine in an existential construction such as:

Ch) There are proportionally more students than teachers in the yard
It is crucial that there be a "coda” property for the existential construction to be well formed. Without a
coda, the construction is not semantically acceptable:
(10')  *?There are proportionally more students than teachers
In general, intersective determiners don't require codas to occur in There-Existential Contexts:
(11')  There are more students than teachers
9 This analysis is similar to the one developed in Nerbonne (1990).
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Tense, Temporal Reference and Tense Logic

Patrick Blackburn
Universiteit van Amsterdam

Few formal semanticists look with much favour upon Priorean tense logic. For a start,
natural language tenses usually have referential import — but reference to times is not
possible in Priorean languages. Secondly, the focus of research on tense has shifted in recent
years. The anaphoric properties of tense, and the role temporal constructions have to play
in discourse, are now centre stage. Such issues seem alien to tense logic.

These shortcomings are real, nonetheless there is a great deal of value in Prior’s ap-
proach. Priorean tense logic is a modal logic, and thus it insists upon an internal view of
time, rather than the Gods-eye-view of classical languages. Intuitively this seems a promis-
ing way to approach temporal language: we live in time, and the ‘internal view’ is imprinted
upon natural languages in many ways. Moreover, as we now know from correspondence
theory [1][2], Prior’s insistence on the internal perspective has logical consequences. To work
in a modal lJanguage is to work in a very restricted fragment of classical logic, thus the
mere fact that a problem can be modeled in a modal language already tells us something
interesting. Finally, the fundamental logical properties of Prior’s languages are well under-
stood. For example, completeness and decidability results for various classes of temporal
structures have been obtained. Given the increasing interplay between formal semantics and
neighbouring disciplines such as knowledge representation, and the consequent emphasis on
the role of inference, such logical insight promises to be valuable.

This paper is an attempt to build on Prior’s approach. Various extensions of tense logic
are introduced and shown to be adequate for dealing with the problems mentioned above, as
well as a number of other phenomena. What is unusual is the direction these extensions take.
Rather than introducing a variety of new temporal operators, we sort the atomic symbols of
the language. That is, we introduce different sorts of propositional symbols, and constrain
their interpretation in various ways. This sorting strategy is the heart of the paper.

We proceed as follows. After a résumé of Priorean tense logic, we introduce our first
sorted language: nominal tense logic. In this extension a second sort of propositional variable
— the nominal — is introduced. Nominals are constrained to be true at exactly one time,
thus they act as a name for the time they are true at. I first show how this simple referential
mechanism enables us to combine the ideas of Prior and Reichenbach to good effect, and go
on to argue that nominals enable us to deal with certain anaphoric phenomenon; the key
idea here is to use nominals as if they were discourse markers of temporal DRT.

With the strategy of using different sorts of propositional symbols thus established, I
apply the idea to indexicals. I extend the language of nominal tense logic by adding three
new propositional symbols: yesterday, today, and tomorrow, and interpret them using the
semantic machinery of the Californian theory of reference. As we shall see, the exploitation
of this machinery by means of sorted atomic symbols yields a clean account of some basic
interactions between tense and temporal adverbials.

We conclude the paper by looking further afield. A number of additional extensions are
noted, and the possibility of sorting in the richer setting of interval based logic is briefly
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discussed.

A few historical remarks are in order. The idea of sorting intensional languages can be
traced back to work done in the late 1960s by Arthur Prior [21][22] and Robert Bull (4]
This work seems to have been largely overlooked. The Sofia school of modal logic indepen-
dently developed similar ideas in the 1980s, both in the context of Propositional Dynamic
Logic [18][19], and ordinary modal logic [7][8]. Slightly later, my thesis [3] considered sorting
in the setting of temporal logics.

1 Priorean Tense Logic

The language of (propositional) Priorean tense logic is constructed out of the following prim-
itive symbols. First we have a countably infinite collection VAR of propositional variables,
which we officially write as p, ¢, and 7, possibly subscripted; however when discussing ex-
amples drawn from natural language we shall frequently use more mnemonic symbols such
as John run, Fido bark and The third door on the left be brown. In addition we have some
truth functionally adequate collection of Boolean connectives (in this paper we shall choose
— and A), and the tense operators P and F.

We form the well formed formulas (or sentences) of Priorean tense logic from these
symbols as follows. First we define ATOM, the set of atomic symbols of the language, to
be precisely VAR, the set of propositional variables. We then stipulate that WEFF, the set
of well formed formulas of the language, is to be the smallest set containing ATOM that is
closed under negation, conjunction, and the application of tense operators. We make free
use of all the usual defined symbols. In particular, we define the other Boolean connectives
—, V and « in the usual manner, and in addition define G¢ to be ~F-¢, and H¢ to be
P=¢, for all wifs ¢.

All this will probably be familiar to the reader, with one (perhaps puzzling) exception:
why did we bother introducing the set ATOM? This is clearly redundant: we could have
defined WFF directly in terms of VAR. In fact the introduction of ATOM is an anticipation
of the later sorted languages we shall consider. Syntactically, sorting merely amounts to
introducing different sorts of atomic symbol, and indeed in what follows the only syntactical
work done is to successively enrich the definition of ATOM. That is, all the languages
discussed in this paper have exactly the same formation rules, namely those stated above in
terms of ATOM.

To interpret the Priorean language we make use of frames and Kripke models. A frame
T is a pair (T, <) where T is a non-empty set, and < is a binary relation on T. Frames are a
mathematical characterisation of a simple conception of time, namely that time is some kind
of flow. Thus the elements of T are often called times or points, and < is usually called the
precedence relation. In order to make this simple model more realistic we shall place some
constraints on allowable precedence relations. In what follows we shall assume that < is
always a strict total order; that is, a relation that is transitive, irreflexive, and trichotomous.
In short, we are assuming a linear flow of time. This assumption will suffice for the first half
of the the paper; thereafter we will need to be a little more demanding.

A Kripke model M is a pair (T,V) where T (= (T, <)) is a frame and V is a valuation
on T. A valuation on T is a function from ATOM to Pow(T). Valuations thus impose
‘information distributions’ on frames, and Kripke models can be thought of as time flows
decorated with information about what happens when.

Given a Kripke model M (= (T, <,V)), a wif ¢, and a point ¢ € T the fundamental thing
we are concerned with is whether M satisfies ¢ at ¢, or in symbolic form, whether M |= ¢[z].
This relation is defined as follows:

58



M k= aft] if teV(a), for all atoms a
M | -¢[t] if  not M [ ¢[t]
MEg¢Adl] ff M ¢[t) and M = lf]
M = Félt] iff  3t'(t <t and M = ¢[t'])
M k= Pglt] iff  3t'(¢ < tand M = ¢[t'])

If M [ ¢[t] we often say that ¢ is true in M at ¢. We occasionally make use of the idea of
logical equivalence. This is defined as follows. Two wifs ¢ and ¥ are logically equivalent iff
for all models M and all points t in M:

M ¢lt] iff M= 9]

This semantic machinery is probably familiar to the reader, but (once again) it’s worth
noting that it is all defined in terms of ATOM. In fact, because of this parameterisation on
ATOM, most of the above machinery (for example, the satisfaction definition) will remain
unchanged throughout the paper. The only changes will occur on the atomic level. As
as already been stated, ATOM is going to acquire a syntactic ‘fine structure’. This fine
structure will have a semantic correlate: we are going to place constraints on how the
different pieces may be interpreted. In short, time and again through the paper we will
be placing constraints on what functions are to be admissible as valuations, but once these
constraints have been stated, the languages are interpreted exactly as described above.

2 Nominal Tense Logic

As Priorean tense logic contains no mechanism for referring to times, its use as a model
of tense in natural language has severe limitations. Tenses aren’t solely, or even primarily,
quantificational in nature: they usually have referential import. For example, an utterance
of “John ran” doesn’t mean that John ran at some completely unspecified past time, but that
he ran at some particular past time. The natural representation of this sentence in Priorean
tense logic, P(John run), fails to mirror the referential nature of the English original.

Our solution to this difficulty is very simple. We make Priorean tense logic referential
by means of the following extension. We add a new type of propositional symbol, called
nominals, to our language. Nominals will typically be written as i, j, k and so on. They
will be wffs, and we will be able to freely combine them with other wifs in the usual fashion
to form new wifs. The point of introducing nominals lies in their interpretation: we Il insist
that in any model nominals are to be true at ezactly one time. Nominals thus ‘name’ the
unique time they are true at and our problem is solved. For example we will now have
a simple representation for “John ran” that captures its referential force: P(i A John run)
suffices, for in order for this to be true John must run at the past time picked out by 3.

That’s all there is to it. Let’s go through it in more detail and see where it leads.

Syntactically we obtain the language of nominal tense logic NTL from the language of
Priorean tense logic by adding a denumerably infinite set NOM of fresh atomic symbols to
the language. The elements of NOM are denoted by i, j, k. .., possibly subscripted, and they
are called nominals. These symbols are ‘fresh’ in the sense that NOM N VAR = @ — that
is, nominals and propositional variables are distinct. We define the set of atoms ATOM of
the language of NTL to be NOM U VAR, and we make the wifs of this enriched language
using exactly the same formation rules as for the Priorean language: WFF is the smallest
set containing ATOM that is closed under negation, conjunction, and application of tense
operators. Thus the only syntactic difference is that ATOM is now VAR U NOM, instead
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of simply VAR. Typical examples of wifs are the purely nominal wif { — —Fi, the purely
Priorean wff FFp — Fp, and the mized wff FEAP)AF(iAq) — F(inpAg).

As with the Priorean languages we interpret NTL in Kripke models M = (T,V). As
before T is a frame (T, <) and V is a function from ATOM to Pow(T). However we now
make a crucial demand: for all i € NOM, V(i) is a singleton subset of T. Functions V that
don’t obey this sortal restriction aren’t valuations. As with the syntax, this atomic leve]
change is the only change we make. Wffs of NTL are interpreted in Kripke models in exactly
the manner familiar from Priorean tense logic.

As the representation of “John ran” as P(i A John run) shows, the utility of nominals

In short, the enriched language gives us extra expressive power — and because temporal
reference is such a pervasive phenomenon in natural language, this extra power is useful.
For a start NTL provides a framework in which the ideas of Reichenbach and Prior can be
naturally amalgamated.

temporal relations that held between three special points of time: the point of speech, the
point of event and the point of reference. The first two points have the obvious meanings:
the point of speech is the utterance time, and the point of event is the time at which the
event being spoken of occurred. Note that Priorean tense logic, with its internal view of

event being spoken of is verified.

But what of Reichenbach’s novelty, point of reference? This concept is best introduced
by example. Consider the past perfect sentence “John had run”. Note the way it works.
Our attention is not directed immediately to the time at which John runs, rather we are first

exhibit. For example, in the past perfect we have that the point of event E precedes the
point of reference R, which in turn precedes the point of speech S, or, to use Reichenbach’s
diagrammatic notation, E- R - S. To give a second example, Reichenbach proposed that

the same point in the past, thus his diagram for the simple past was E,R — S. Now this
concept of a special intermediate point picked out by tensed sentences simply isn’t present in
the Priorean framework. Equally clearly, once we have nominals in our language to refer to
times, we can mirror this idea. Let’s consider the matter Systematically. Reichenbach’s idea
admits of thirteen possible patterns of precedence and coincidence. The following table,
the first three columns of which are taken from Bernard Comrie [5, page 25|, lists with
examples the possibilities admitted by Reichenbach’s analysis. The fourth column gives an
NTL representation.
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Structure | Name English example Representation |
E-R-S Pluperfect I had seen P(iA Po)
E,R-S Past I saw P(iA @)
R-E-S Future-in-the-past I would see P(iAF¢)
R-S,E Future-in-the-past | I would see P(iAF¢)
R-S-E Future-in-the-past | I would see P(iAF¢)
E-S,R Perfect I have seen Py

SRE Present 1 see ¢

S,R-E Prospective I am going to see F¢
S-E-R Future perfect I will have seen F(i A P9)
S,E-R Future perfect I will have seen F(i A P9)
E-S-R Future perfect I will have seen F(iAP¢)
S-R,E Future I will see F(ing)
S-R-E Future-in-the-future | (Latin: abiturus ero) | F(i A F¢)

We could sum up these entries by saying that we have analysed the English tenses into
a ‘shift’ (performed by the tense operators) an a ‘refer’ (performed by the nominals). The
‘shift’ component is Prior’s contribution, the ‘refer’ Reichenbach’s.

Some further comments on these representations are called for. First note that all three
logically possible permutations of R, E and S for both the Future-in-the-past and the
future perfect are represented by a single formula. Such a mode of representation seems
to be preferred by linguists. Comrie, for example, argues at some length that such non-
committal representations are essential [5, pages 26 — 27]; indeed he goes so far as to criticise
Reichenbach’s diagrams for their specificity. His argument is that while one of the three
possibilities may be favoured, and one largely ruled out, these preferences are merely Gricean
implicatures: all three usages are possible, and a uniform representation is required. Now,
it’s not clear to me whether there is much of real substance at stake here, nonetheless the
fact remains that such non-committal representations are easily provided in NTL.

Second, note that the perfect and the past tenses are represented differently. The identi-
cal representations these two tenses receive in standard tense logic is one of the major sources
of dissatisfaction with the use of tense logic in the analysis of natural language. However
even though it is pleasant that there is a distinction between the representation of these two
tenses in NTL, I think it would be foolish to attach too much weight to this. The distinction
has been achieved by adding something useful — a Reichenbachian component — to Prior’s
account of the past tense. On the other hand we have added nothing to the (unsatisfactory)
Priorean account of the perfect. The perfect poses a number of difficult problems, and until
these are solved the representational distinction achieved above will have a slightly hollow
ring.

The table does not exhaust all the possibilities, even for the case of English: as Prior
observed [21, page 13], certain sentences seem to require more than one point of reference.
Consider Prior’s example, “I shall have been going to see John”. This seems to require two
points of reference, R1 and R2. The pragmatically most plausible pattern they will exhibit
is S — R2 — E — R1. The semantic possibilities are captured in NTL as follows:

F(i A P(j A F(See John))).

Comrie [5][6, pages 122-130] develops this idea to its logical conclusion. He proposes
a modification of Reichenbach’s system which essentially amounts to allowing an arbitrary
number of reference points.! The possible tenses are then defined to be linkages between the

1This is not quite accurate: Comrie also replaces Reichenbach’s simultaneity relation with a relation of
intervalic overlap. This idea is easy to capture in sorted interval based languages.
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point of speech and the point of event mediated by a (possibly null) sequence of reference
points. This idea isn’t made completely precise, but the following seems to capture what
Comrie intends. Let ¢ and % be metavariables over wffs and n a metavariable over nominals.
We take as primitive tensed forms all instances of P¢, ¢, and F¢. We then say that if 9
is a tensed form then so are P(nA %), (n A4), and F(n A ). Everything in the previous
table falls under this definition, and according to Comrie, so do many of the tense forms
exhibited in natural languages.

3 Intersentential anaphora

In this section we use nominals to model temporal intersentential anaphora. We approach
this subject via Partee’s paper “Nominal and Temporal Anaphora” [20]. Partee’s discus-
sion, which draws on earlier work by Hinrichs [10], is couched in the language of temporal
DRT [12][13]. In the remainder of this section will see how to deal with Partee’s examples

a more Reichenbachian slant on it, to think of points of reference (as Reichenbach himself
did) from the standpoint of intersentential anaphora.

Consider the discourse “The shutters were closed. It was dark.” As Partee points out,
the tense in the second sentence (which is a state sentence) anaphorically picks out the
time referred to by the tense of the first sentence (which is also a state sentence). We can
represent this discourse in NTL as follows:

P(i A The shutters be closed) A P(i A It be dark).

Note that we have reused the ; nominal provided by the first sentence in the represen-
tation of the second. This really does give us what is desired, namely reference to a past

P(i A The shutters be closed A It dark).

Because nominals are ‘hardwired’ to a unique time, no matter how deeply they are embedded
within the structure of our representations they are always available for reuse.

This ability of nominals to ‘foat out of the scope’ of tense operators means we can build
up discourse representations online. Consider the above discourse once more. Imagine that
We are processing this discourse, building up its representation as we go. First we process
“The shutters were closed”. The parser goes to work and builds P(iA The shutters be closed).
The second sentence is then analysed. Because it is a sentence in the simple past tense a
representation of the form P(n A It dark) must be built, where n is to be instantiated with
some nominal. But which nominal should be used? Because the second sentence is a state
sentence that follows hot on the heels of another, the parser reuses the i of the previous
representation. As we have just seen, this natural strategy is semantically correct.

Matters are more interesting when we have a sequence of two or more event sentences.
Consider the discourse: “Mary woke up sometime during the night. She turned on the
light.” Representing this in NTL by

P(i A Mary wake up sometime during the night) A P(i A She turn on the light)

is inzdequate: it is clear that the illumination should follow the awakening. The event verb
of the second sentence has advanced the referential focus. This is a typical feature of event
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sentences. Whereas state sentences elaborate on the time in focus, one of the functions of
_event sentences is to move the story along.? It is simple to-advance the reference time in the
fashion required by event sentences: we need merely introduce a new reference marker (that
is, a new nominal) and insist that it names a more recent time than did the old. Here’s how
this can be done:

P(i A Mary wake up sometime during the night) A P(j A Pi A She turn on the light).

Note how this works. The reference time of the first sentence is picked out by i. The second
sentence then advances the reference time, and we capture the effect of this as follows. First
we introduce a new nominal j to pick out the new reference time, and then by adding an
extra conjunct Pi we guarantee that the old reference time lies in the past.

As a third example consider the following discourse which mixes stative and event verbs:
“John got up, went to the window, and raised the blind. It was light out. He pulled the
blind down and went back to bed. He wasn’t ready to face the day. He was too depressed.”
We can represent this as follows:

P(i A John get up)

P(j A Pi A go to the window)

P(k A Pj A raise the blinds)

P(k A It be light out)

P(i1 A Pk A He pull blind down)

P(j1 A Piy A go back to bed)

P(j1 A He be not ready to face the day)
P(j1 A He be too depressed)

>>>>> > >

This representation merely amounts to ‘shift and refer’ coupled with ‘advance the reference
time when an event verb is encountered’.

I'll conclude my examination of intersentential anaphora here. The basic idea — using
nominals as analogs of discourse markers — should now be clear. But does this analogy tell
us anything useful? I believe it may yield a strategy for investigating inference in DRT.

Although DRT is probably the most influential contemporary semantic theory, relatively
little is known about its logical properties. On the other hand, modal logics have been
extensively investigated, and although NTL is a non-standard modal logic, it turns out that
standard modal techniques can be straightforwardly adapted to it; see [3] for a number of
completeness and decidability results.

Experience with NTL indicates that modal languages with nominals are in certain respects
rather like systems of temporal DRT. It would be interesting to see whether substantial
fragments of DRT could be translated into NTL, or (say) one of its sorted interval based
cousins. In this fashion one might be able to induce proof theories onto DRT.

4 Indexicals

In this section we will see how sorting can be used to model the indexicals ‘yesterday’,
‘today’ and ‘tomorrow’. We add three new symbols — yesterday, today and tomorrow —
to NTL. These new symbols are atomic wifs and may be freely combined with other wifs
to make more complex wifs. They will be used to represent English sentences containing

2This is a considerable simplification of & complex phenomena, however my aim here is to show how to
mimic Partee’s analyses, not to explore difficult issues in the temporal structure =f narrative.
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indexicals. For example, we will be able represent “John climbed yesterday” as
P(yesterday A John climb),

and this representation will correctly capture the fact that “John ran yesterday” is true
iff John did in fact run at some point during the day immediately preceding the day of
utterance.

But how are we to specify the semantics of these new items so that they correctly mimic
the behaviour of the English originals? An elegant answer lies to hand: we shall make use
of semantic machinery developed by Montague [16], Kamp [11] and Kaplan [14][15], namely
the machinery underlying the California theory of reference. In spite of its age this theory
remains one of the most detailed responses to the problems posed by indexicals. As we
shall see, the main ideas of the Californian approach mesh smoothly with the techniques of
the present paper, and in fact the major difference between this paper and the earlier work
is not conceptual but technical. Hitherto the semantic machinery of the California theory
of reference was exploited by means of additional modal operators. We exploit the same
machinery here, but not with operators: instead we sort. This leads to a clean account of
the basic interactions between tense and indexical reference.

Let’s begin with the simplest task, defining the syntax of our language. This is NTL
augmented with three new atomic symbols: yesterday, today and tomorrow, The set of
atomic symbols of this language is defined as follows:

ATOM = VARUNOM U {vesterday, today, tomorrow}.

We make wifs from this stock of symbols exactly as before. That is, WFF is defined to
be the smallest set containing ATOM that is closed under negation, conjunction and the
application of tense operators.

Now for the task of defining the semantics. First of all, we need to pay more attention
to our choice of temporal ontology. These indexicals all presuppose the concept of dayhood,
thus it is sensible to work with temporal structures rich enough to support a reasonably
realistic picture of this assumed day structure. As there’s no obvious single best choice,
let’s agree for the purpose of the present paper to work with a particularly simple option:
Q (= (Q,<)), the rational numbers in their usual order. From now on we'll only consider
models based on this frame. We can impose a reasonable looking day structure on Q as
follows. Define the set of Days on Q to be {[z2+1): 2 € Z(C Q)}. Here Z (=(2,<)) is
the set of integers, and we’re using them as a simple (and arbitrary) way to mark off the
division between successive days. We also make use of the following three functions. The
function day maps elements g of @ to the unique element of Days that contains q. That is,
given a point of time, day answers the question ‘What day does this point belong to?’. The
functions nezt and prev are both maps from Days to Days. In particular, for all integers
z, nezt([z,z2+ 1)) = [z + 1,z + 2) and prev([z,z 4+ 1)) = [z — 1,2), so these functions take
as input a day and return, respectively, the next day and the previous day. This is all we’ll
need to assume in the way of day structure for the purposes of this paper.

With these preliminaries established, we are now ready to introduce the apparatus of
the California theory of reference. The key idea of the California theory of reference is that
context must be taken into account when evaluating the truth of utterances. This simple
idea is made precise as follows: contexts are added to Kripke models, and when wffs are
evaluated they are evaluated not only at a certain time, but also at (or in) a certain context
of utterance.

Let’s make this precise. Fix some non-empty set C, the set of contezts, or contezts
of utterance, and specify a function g9 : C — Q. The function g is to be thought of as
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specifying the utterance time of each context of utterance. We call the quadruple (@, <, C, g)
a conteztualisation of Q. Clearly this is an extremely meagre notion of context, nonetheless
it suffices for the phenomena we’re going to consider.

We are now ready to interpret our language. As always with sorted systems, the key
point is to say what we mean by a valuation. Here is the definition. A valuationisa function
V : ATOM x C — Pow(Q) that respects the following constraints. First, for each nominal
i and each context ¢, V(i,c) must be a singleton. Second, for each context c:

V(today,c) = day(g(c))
V(tomorrow,c) = nezt(day(g(c)))
V(yesterday,c) = prev(day(g(c)))

The intuition behind these constraints should be clear. In any context c the today atom is to
be true at all points in the day containing the utterance time and at no others. That is, today
picks out precisely those points belonging to the ‘day of utterance’. Next, yesterday and
tomorrow are to true at, respectively, precisely those points in the day preceding, and the
day succeeding, the day of utterance. Finally, note that within a fixed context of utterance
¢, nominals (as before) pick out a unique time. This definition allows the possibility that in
different contexts of utterance the same nominal i may be used to name different times.

In giving these atomic level stipulations we have essentially completed our task. The
following clauses explain how to interpret arbitrary wifs, but as the reader familiar with the
Californian theory will observe, they are standard: everything of importance has already
taken place. So, define model M to be a pair {((Q, <,C,g),V) where (Q,<,C,g) is a con-
textualisation of Q and V is a valuation. Then for all times ¢ € Q and all contexts ¢ € C
we define:

M k= aft, ] if te V(a,c), for all atoms a

M [ ¢t ] if not M E ¢[t,c]

ME ¢AY[t,c] iff M= 4[t,c] and M [= 9t c]
M E F¢lt,c] if 3t'(t<t and M = ¢[t',c])

M = Pélt,c] iff  3t'(t' <tand M [ ¢[t, c])

Let’s put these enrichments to work. Consider the sentence “John ran yesterday”. We
could represent this as, F'(yesterday A John run). This representation captures the temporal
force that the ‘yesterday’ adds to “John ran”. For suppose we're in some context of utterance
¢, and suppose we evaluate F(yesterday A John run) at the pair {g(c), c]. That is, we're
asking ourselves what happens if we ‘utter this wif’ in the context c at the utterance time
for c. Then it follows from the above truth definition that this wif is true iff there is a time
t' in the day preceding the utterance day such that John run is true at [t',c]. In short,
this wif is true iff John did run during the day classified as the yesterday of the context of
occurrence.

Now this is precisely what is required. Moreover, as many temporal semanticists have
pointed out, it’s something that multiple operator approaches have difficulty achieving. To
take a recent example, Oversteegen [17, page 3] complains that:

If temporal adverbs like yesterday are treated as operators, there is a scope
problem: both sequences, yesterday in the scope of the tense operator and the
tense operator in the scope of yesterday, are obviously wrong.

Such scoping problems simply don’t arise with the sorting strategy. The reason is simple.
Our indexicals don’t in any sense quantify, rather they act as a range restrictors on the quan-
tification performed by the familiar temporal operators. For example the role of tomorrow
in the wff F(tomorrow A John run) is to ensure that only those times classified as being
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‘tomorrow’ are relevant to the truth or falsity of the wff. The familiar problems resulting
from operator interactions are bypassed.

This talk of restricting the range of temporal quantification bears on the work of the
previous section. There we talked of factoring tenses into a ‘shift’ and a ‘refer’: the tense
operators pointed us in the desired direction, and nominals filled the ‘referential slot’ giving
us the desired specificity. But it is clear that the mechanism underlying both F(iAJohn run)
and F(tomorrow A John run) is essentially the same. Not only do these wifs share a common
syntactic form, ¢ and tomorrow share the common semantic role of restricting the times of
relevance to the F operator.

Thinking in this more general fashion in terms of quantifications and restrictions seems
a useful way of thinking about temporal representations. This is particularly apparent when
it comes to building up discourse representations. Consider the following discourse: “John
went running yesterday. It was wet and cold and nasty.” This can be represented as follows:

P(i A yesterday A John run)
A P(iA Wet and cold and nasty)

Note that the representation of the first sentence contains two restrictors: the nominal 7 and
yesterday. As described in the previous section, the nominal is contributed by the simple past
tense of ‘went’. It gives us a name for the reference point. The yesterday is contributed by the
word ‘yesterday’. Its function is to constrain where the running took place, namely to ‘within
yesterday’. Together the two restrictors enable the temporal information encapsulated in
“John went running yesterday”, to be captured, and crucially part of this representation
(the ) is reused to correctly anchor the second sentence.

Our discussion has got rather general. Let’s return to specifics. Another pleasant feature
of these restricting representations is that they handle certain semantically anomalous sen-
tences rather nicely, namely those sentences where the shift demanded by the tense clashes
with the reference demanded by the indexical. For example, both

*John will run yesterday

and
*John ran tomorrow

are semantically anomalous in this sense. Now many formalisms don’t correctly handle such
interactions. In fact Harper and Charniak [9] list the ability to handle such examples as one
of their five desiderata for any system of temporal representation. But our sorted language
handles the matter straightforwardly. Consider the obvious representations,

F(yesterday A John runs)

and
P(tomorrow A John runs).

Neither wff is satisfiable in any any model. That is, no matter what model we choose,
no matter what pair [t,c] we evaluate at, both wffs evaluate to false. To some extent our
language is mimicking the way temporal reference and tense interact in English.

5 Further extensions

This section sketches some further extensions of the sorting strategy. First we see how
calendar terms such as ‘January’, ‘Friday’, ‘March’ and ‘1984’ can be modeled, and then
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we conclude the paper by noting the possibilities raised by sorting in the richer setting of
interval based logic.
We extend our language to deal with calendar terms by adding five further sorts:

DAY {Sunday,..., Saturday}
DATE = {1,...,31}

MONTH = {January,...,December}
YEAR {1,2,3,...1989,1990,...}
ERA {BC,AD}

We define CAL to be DAY UDATE UMONTHU YEARU ERA — we assume that all these
sets are mutually disjoint from each other and from all the sorts we already have — and
then define:

ATOM = VAR U NOM U {yesterday, today, tomorrow} U CAL.

The wifs are made from ATOM in the usual fashion. As an example of how we are going to
use this language, the sentence “John ran on Monday 4th December 1989” will be represented
by:

P(Monday A 4 A December A 1989 A AD A John run).

T'll now sketch the semantic definitions that ensure that this wif does its work properly.
Recall from the last section that we are only considering models based on the frame Q,
and that we have defined what we mean by a day structure over Q. Thus it is relatively
straightforward — if a little tedious — to define the needed calendar structure to interpret
our new atoms. The required calendar structure Cal is a 4-tuple:

Cal = (Weeks, Months,Years, Eras).

Bach of its four components, Weeks, Months, Years and Eras, is a partition of Q3 We
assume without further ado the natural induced ordering of Weeks, Months, Years and
Era. For example, if m,m' € Months we say that m < m' iff Vt € mVt' € m'(t < t').

We want to place the obvious conditions on each of these partitions so that Cal really
does look like a calendar. Consider the case of Years, for example. First, define a year to
be the set of points contained in 365 or 366 consecutive elements of Days.* We then define
the set Years in the calendar structure to be any ‘leap year structured’ partition of @ such
that every element of the partition is a year. By ‘leap year structured’ is meant that every
fourth element in Years is a year containing 366 days, while the remaining three out of four
years contain only 365 days.

We construct Weeks, Months and Eras in similar fashion. Every week in Weeks is made
up of the points in seven consecutive days; every month in Months is made up of the points in
either 28, 29, 30, or 31 consecutive days; and Eras partitions Q into two. However as well as
ensuring that each of these four sets Weeks, Months, Years and Eras is correctly structured,
we we must also ensure that they ‘hang together’ correctly. For example, the end of the first
era should coincide with the end of some year; the start of a year should coincide with the
start of a month containing 31 days, while the second month in any year should contain 28
days, unless the year is a leap year when it must contain 29; and so on. Stating these details

3By a partition of Q is meant a subset P of Pow(Q) such that U P = Q, each p € P is non-empty, and
for all p,p' € P, p # p’ implies pN =0

4Recall from the previous section that Days is the set of days in the day structure, and further recall that
both successor and predecessor functions on days are defined as part of the day structure. Thus ‘consecutive
daye’ are defined in the obvious way using this apparatus.
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exhaustively would be exhausting; I'll assume that the reader understands what is intended
and proceed.
We must now describe what we mean by valuations. These are maps from

V : ATOM x C — Pow(T),

which satisfy the constraints of the previous section, and which in addition satisfy the needed
constraints concerning the sorts in CAL. These constraints, though obvious, are wearisome
to spell out in detail, so I'll only give them for the simplest case, the two atoms BC and AD
in ERA. Recall that Era is a binary partition of Q; let us write this partition as {bc, ad},
where bc < ad. If V is to qualify as a valuation it must satisfy the demands that:

V(BC,c) = be
V(AD,c) = ad,

for all ¢ € C. I leave the (rather thankless) task of precisely stipulating the constraints
needed for the other new sorts to the reader; the principle should be clear.

We now have language with a fairly wide referential repertoire. Further extensions in a
similar vein are possible, and relatively routine to define. For example, we could add ‘clock
terms’ to the language, and define ‘clock structures’ in a manner that would allow “John
reached the summit at three o’clock” to be represented by

P(three o'clock A John reach the summit of Ruapehu).

But thereis a potentially much more interesting direction to explore: the abandonment
of the point based setting in favour of sorting an interval based language. I'll conclude the
paper with some remarks on this topic.

Like the Priorean language, interval modal languages are relatively simple systems which
describe temporal structure from an internal perspective, They tend to be slightly more
syntactically complex than the (essentially Priorean) languages we have explored in this
paper, because they typically have a wider repertoire of operators. This is because these
languages quantify over a mare complex temporal ontology, and additional operators are
needed to make the desired distinctions.

Let’s consider an example. A (fairly simple) choice of intervalic ontology is the following:
by an interval structure I is meant a a 4-tuple (T, <, C, o), where T is a non-empty set, the
set of intervals, and <, C, and o are all binary relations on T. These relations are thought
of as the precedence, subinterval and overlap relations respectively. Of course it is necessary
to specify further properties of these relations and their mutual interactions if these interval
structures are to look realistic. We won'’t do so here but refer the reader to [2] for a thorough
discussion of the various options.

To describe this interval structure we might use the following language. As primitive
symbols we have a set VAR of atomic symbols, written p, ¢, » and so on, and the logical
symbols =, A, F, P, | and O. We make wffs from this collection of symbols in the obvious
way. To interpret this language we again use Kripke models. In the present setting a Kripke
model M is a pair (I, V') where I (= (T, <,C,0)) is an interval structure and V is a valuation
that assigns subsets of T to atomic symbols.

We interpret wifs in models in the expected fashion. The clauses for the atomic symbols,
and for -, A F and P are precisely as for Priorean languages. The two new clauses are as

follows: M E o[t if I Ctand M E ¢[t])
M O¢t] iff 3t'(t'otand M E ¢[t'])
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That is, |4 is true at an interval ¢ iff ¢ is true at a subinterval ¢’ of ¢; and O¢ is true at an
interval t iff ¢ is true at an interval t' that overlaps t.

Now this new language is certainly more expressive than the Priorean language, but it
also suffers from a familiar weakness: there is no mechanism for temporalreference. However
(as should now be apparent) this weakness is easily removed by sorting. For example, let’s
add a second sort INOM, the sort of interval nominals, to the language. We’ll write these
new symbols as e, d, ¢ and so on and insist that in any valuation these items are to be true
at precisely one interval. Thus we could represent “John ran” by P(e A John run). This
asserts that John run is true at some past interval, namely the one picked out by e. Note
that it’s a somewhat better representation that that offered by NTL: the use of e — which
can be true over an eztended interval — captures the fact that the speaker was referring to
an extended period of time. It should also be clear that we can go on to adapt the California
theory to the new setting and thus deal with indexicals.

But although doing these things will lead to some improvements, they are by and large
just refinements of what we have already achieved in the point based setting. The real
challenge of interval logic is that because of its richer ontology it offers a broader canvas
on which to draw distinctions: distinctions which can subsequently be exploited by sorting.
As an introduction to the possibilities I'll mention the following. First, we could draw a
useful distinction between referring to extended interval and referring to point intervals.
That is, instead of having simply interval nominals, we could have a syntactic distinction
between those interval nominals which hold at extended intervals, and those which hold at
minimal intervals. Second, we could attempt to give formal substance to the idea of an
‘extended now’. It becomes natural to think of the time denoted by ‘now’ as a small, but
extended, interval. By giving this a special name (say now) we can further investigate the
interactions between tenses and temporal adverbials. Third, by adding operators to pick
out intervals ‘just before’ the present one, we can deal with such sentences as “When John
makes a phone call, he always lights up a cigarette beforehand,” a sentence which Partee’s
system of temporal DRT cannot deal with.

Indeed there are many reasons for investigating sorting in interval based logics. However
precisely because of the richness of this setting, a lot more work is needed to choose a good
set of tools: the choices simply aren’t as obvious as in the point based setting. Which sorts
and which operators work well together to give good representations of natural language
sentences? Only further work can determine this.

In the meantime I'll content myself with remarking that even in the rather simplistic
setting of point based tense logic, combining Prior’s ‘internal perspective’ with the idea of
sorting allows a surprising amount to be achieved. Prior’s account of temporal language
may be criticised for being insufficiently detailed, but his ideas seem fundamentally sound.
In this paper we have seen that there is a simple way of extending his account that is faithful
to the spirit of his work.
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On the Complexity of Attribute Value Logics

Patrick Blackburn and Edith Spaan

Universiteit van Amsterdam

Attribute Value Structures (AVSs) are probably the most widely used means of repre-
senting linguistic structure in current computational linguistics, and the process of unifying
descriptions of AVSs lies at the heart of many parsers. As a number of people have recently
observed (see for example {17}, [4], [19] and [25]) the most common formalisms for describing
AVSs are notational variants of propositional modal languages, AVSs themselves are Kripke
models, and unification amounts to looking for a satisfying model for ¢Ay given two (modal)
wifs ¢ and 9. This paper examines the complexity of various unification tasks of interest to
computational linguistics by making use of this connection with modal logic. This approach
allows standard ideas from modal logic to be used and often results in relatively simple
arguments.

The paper is structured as follows. The first section begins with a brief introduction
to such topics as ‘attributes’, ‘values’, and ‘unification’ and why they are of interest in
computational linguistics. It then goes on to explain the link with modal logic, and gives the
syntax and semantics of the three modal languages — L, LY and LX® — which correspond
to the three most common unification formalisms. In the second section we examine the
satisfiability problems for these languages, and show that all three are NP complete. We
briefly discuss the import of these results. In the third section we introduce two stronger
languages, LXE® and LP. These are LXF and L, respectively, augmented by the universal
modality O. Adding this modality allows general constraints on linguistic structure to be
expressed in a propositional modal language. As we will show, however, there is a price to
pay: LXRO is undecidable. This means that even in a propositional modal language it is
asking a lot to demand both the ability to enforce re-entrancy and to express generalisations.
We then go on to show that dropping the ability to enforce re-entrancy results in a decidable
system. In fact we show that the satisfiability problem for LP is EXPTIME complete. We
close the paper by briefly discussing some of the issues arising from this work.

The paper is relatively self contained, however we do assume that the reader understands
what is meant by such complexity classes as NP, PSPACE and so on; such definitions may
be found in [1], for example. For further information on modal logic the reader is referred
to [12); and for more on unification based grammar, [30] is useful.

1 Attribute Value logic

Even the most cursory examination of recent proceedings of computational linguistics con-
ferences reveals that there is a substantial level of interest in such topics as ‘attributes’,
‘values’, and ‘unification’. This section presents a brief introduction to these topics, and
explains what they have to do with modal logic. The basic point it makes is that the most
common machinery underlying Attribute Value grammar formalisms is simply that of propo-
sitional modal logic, and that the unification process used as part of the parsing process for
such grammars is nothing but building satisfying models for wifs of these languages. This
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correspondence provides the raison d’étre of the paper: by examining the complexity of the
satisfiability problem for the modal languages involved, we learn — quite straightforwardly
— about the complexity of tasks of interest to computational linguistics.

Perhaps the best way of approaching these topics is via Attribute Value Matrices (AVMs),
or Feature Value Matrices as they are sometimes called. A (rather simple) AVM might look
something like this:

CASE nominative
AGREEMENT [PERSON 1sf]

AVMs varies widely from theory to theory, but typical choices of atomic entities a syntac-
tician might make are singular, plural, 3rd, 2nd, 1st, genitive and accusative; and when it
comes to a choice of attributes the same person might choose TENSE, NUMBER, PERSON,
AGREEMENT, and CASE. But although the different theories differ on the particular choices
made, and indeed in the uses they put this machinery to, they are united in agreeing that at
least a part of our descriptions of linguistic structure should embody the idea of attributes
taking (possibly complex) values.

The information expressed by AVMs can be considerably more complex than in the
above example. Many linguists feel it is necessary to be able to express both disjunctive and
negative information in their Attribute Value grammars. To give two well known examples
due to Kartunnen [14], one might write

NUMBER plural
CASE {nominative, genitive, accusative}

an AVM which states that the attribute CASE takes one of the values nominative, genitive,
Or accusative, but doesn’t say which; or one might write

NUMBER plural
CASE [~ dative]

an AVM which specifies that CASE doesn’t take the value dative.

What do computational linguists do with AVMs? The answer is, they try to unify
them. Intuitively, unifying two AVMs means forming another AVM that combines all the
information about Attribute Value dependencies contained in the two constituent AVMs.
For example, writing U to indicate unification, we have:

iy NUM plural
] U[AGR [NUM plural]] = PER Ist

[ AGR  [PER Isi]
CASE nominative

CASE nominative

There is a clear sense in which the AVM on the right hand side embodies all the information
in the two constituent structures; it is the result of unifying these structures,

But this is not very precise. What precisely is unification? Answering this question will
lead us first to AVSs, the semantics of AVMs, and then, quite naturally, to the link with
modal languages.
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AVSs are certain kinds of decorated labeled graphs. Such graphs play the central role
in unification based linguistics: they are the mathematical model of linguistic structure
underlying these frameworks. A number of definitions of AVSs exist in the literature. We
shall work with a particularly simple one:

Definition 1.1 (Attribute Value Structures) Let £ and A be non-empty enumerable
sets, the set of labels and the set of atomic information respectively. An Attribute Value
Structure (AVS) of signature (L, A) is a triple (W, {Ri}iec, {Qalaca), where W is a non-
empty set, the set of nodes; for all | € L, Ry is a binary relation on W that is ¢ partial
function; and for all « € A, Qq is unary relation on W. ]

The most important thing to note about this definition is the requirement that all the
binary relations be partial functions. As we shall see, this demand plays a crucial role in
establishing some of our complexity results.

The definition covers all the well known definitions of Attribute Value Structures, for
example those of Gazdar et al. [8] and Kaspar and Rounds [15]. Moreover it’s not too loose:
there are only two reasonably common further restrictions on the binary relations that it
doesn’t insist on. The first is that AVSs must be point generated. In point generated AVSs
there is always a starting node wo € W such that all other nodes w € W are reachable via
transition sequences from wo. The second is that AVSs must be acyclic, which means that it
is never possible to return to a node w by following some sequence of R; transitions from w.
As neither of these restrictions plays a prominent role in the linguistics literature anymore,
we ignore them here.

This definition also ignores three constraints computational linguists used to routinely
place on node decoration. The constraints in question are these. First, for all w € W and
all a,8 € A, if w € Qo and a # f then w ¢ Qp. That is, the constraint forbids what
linguists call ‘constant-constant clashes’. Second, for all w € W, and all a € A, w € Qo
iff w is a terminal node. This constraint rules out ‘constant-compound clashes’. Third,
for all w,w' € W, if w € Qa and w’ € Qq then w = w'. Once again, the main reason
for ignoring these demands is that they no longer play the prominent role they once did.
Indeed in more recent work in computational linguistics, particularly work in the Head
Driven Phrase Structure Grammar (HPSG) framework, much use is made of sorts [22]; and
sorts are essentially pieces of atomic information that don’t obey the above three restrictions.

Let’s consider some concrete examples of AVSs. Suppose we are working with some
linguistic theory which contains among its theoretical apparatus the attributes PERSON,
NUMBER, CASE and AGREEMENT, and the atomic information, 3rd, 2nd, Ist, plural and
nominative. That is, our linguistic theorising has specified a signature (£, A) such that
{PERSON, NUMBER, CASE, AGREEMENT} C £, and {3rd, 2nd, Ist, plural, nominative} C A.
Then the following graphs are all examples of AVSs of this signature:
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° AGR AGR CASE AGR CASE
[ ] ,PER ® ® [ ] ®
1st nom nom
° PER NUM PER NUM
1st
L ] [ ] L ] ®
1st pl 1st pl
(i) (i) (i) (iv) v)

What do AVSs have to do with AVMs? As has already been remarked, AVMs are partial
descriptions of linguistic structure, and in fact the structure they describe is the structure
embodied in the definition of AVSs. That is, AVMs are a formal language for describing
linguistic structure, AVSs provide the interpretation for AVMs, and thus the relationship is

decorated with the information 1st. The root node of the second graph has this property.
As a last example, consider the fourth graph. This satisfies the AVM

AGREEMENT [NUMBER plural]
CASE nominative

at its root node.

Now, we could give a precise definition of what it means for an AVS to satisfy an AVM,
but in fact this would be a waste of energy, for, as we’ll now see, the satisfaction rela-
tion between AVSs and AVMs is Just a disguised version of something very familiar: the
satisfaction relation between Kripke models and modal wifs. There are two facets to this
correspondence, the semantical and the syntactical. We’ll treat each in turn, beginning with
the semantical.

Consider once more the definition of AVSs as triples (W, {R; }c., {Qa}ac4). Such triples
are just (multimodal) Kripke models: each R; interprets a modal operator (1), and each
unary relation Q, interprets the Propositional symbol p,. To be sure, multimodal Kripke
models are usually presented as triples (W, {Ri}licc, V), where V is a valuation function
from a collection of propositional symbols VAR to Pow(W). (In such presentations the
pair (W, {Ri}1ec) is usually given a special name, namely multiframe.) But obviously there
is no mathematical substance to this difference. Given a traditionally presented Kripke
model (W, {R;}iec, V), we have that (W {Rihiec,{V(p) : p € VAR}) is an AVS of sig-
nature (£, VAR); and conversely, given any AVS (W, {Ritiec,{Qa}aca), We have that
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(W, {Ri}iec,V) is a Kripke model, where V is the function from the set of (a-indexed)
propositional variables VAR to Pow(W) defined by V(pa) = Qo In short, every AVS is a
Kripke model, and vice versa.

Now for the syntactical correspondence. Consider the following AVM.

AGREEMENT [PERSON Isi]
CASE nominative

This corresponds to
(AGREEMENT)(PERSON) Ist
A (CASE)nominative

The key point to grasp is that the function of the attributes AGREEMENT, PERSON and CASE
in the AVM is precisely analogous to the function of the existential modalities (AGREEMENT),
(PERSON) and (CASE) in the modal wif. The function of the attributes is to demand the
existence of certain transitions in AVSs, the function of the modalities is to demand the
existence of certain transitions in Kripke models. But AVSs are just Kripke models, and
thus the equivalence of the description languages is clear. The rest of the correspondence is
straightforward: atomic values correspond to propositional symbols, and the modal wif is in
effect just a linearisation of the AVM. To put it more generally, AVMs are just modal wifs
written in a particularly perspicuous manner.

This correspondence extends in the obvious manner to AVMs with full Boolean expres-
sivity. For example corresponding to the following AVM:

NUMBER -plural
CASE {nominative, genitive, accusative}

we have the wif
(NUMBER)-plural A (CASE)(nominative V genitive V accusative).

The most important aspect of the link between modal languages and AV formalisms
is what it tells us about unification. Recall that unification is the attempt to coherently
merge two AVMs. But what does ‘coherent’ mean? It means that the demands that the two
AVMs make can be simultaneously satisfied at some node in some AVS. Now, both AVMs
correspond to a modal wff. Call these two wifs ¢ and 9 respectively. Then we have that
unification succeeds iff ¢ A 1 is satisfiable at some node in some Kripke model. That is,
unification amounts to testing for modal satisfiability. This observation lies at the heart of
the paper. By investigating the complexity of the satisfiability problems for various modal
languages, we learn about the complexity of the corresponding unification problems.

The correspondence just noted extends to richer unification formalisms than the rather
simple AVMs we have so far considered. In particular, it extends to formalisms that have
the ability to encode re-entrancy. Re-entrancy is a very influential idea in unification based
approaches to grammar, and we need to discuss it, and how it can be dealt with in modal
languages.

One of the simplest formalisms for dealing with re-entrancy is to extend AVM notation
with ‘boxlabels’. Consider the following AVM:

S GET [ AGR  foo ]

PRED bar

COMP [SUBJ ]
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The boxlabels are the . What is intended by this notation is explained by the
following graphs:

SUBJ COMP AJ \MP
°
| SUBJ
i
AGR PRED ISUBJ AGR PRED
'
[ ] L ]
foo bar

(1) (i)

The first graph does not satisfy the AVM at its root node. This is because m is a name:
it labels a unigue node. The second graph does satisfy the AVM. The crucial difference is
that in this graph the SUBJ re-enters the graph at the named node. Thus all the conditions
demanded by the AVM are satisfied, including the demand that m picks out a unique node.

How can we make modal languages referential in this way? The key idea needed can be
traced back to early work by Arthur Prior [24], and Robert Bull [5]: it is to introduce a
second sort of atomic symbol constrained to be true at exactly one node. These new symbols
‘name’ the unique node they are true at. In this paper these symbols are called nominals,
and they are written as i, j and k and so on.

AVM boxlabels correspond straightforwardly to nominals. Consider once more the fol-
lowing AVM:

y G
SUB3 [ AGR  foo

PRED bar

COMP [sUBJ ]

This corresponds to the following wif:

(sUBJ)(i A (AGR)foo A (PRED)bar)
A (coMP)(suB3)i

Note that the nominal i is doing the same work in the modal wif that does in the AVM.
More generally, the use of nominals permits a transparent linearisation of those AVMs that
utilise boxlabels.

Although AVM notation is widely used, it is certainly not the only notation computa-
tional linguists use to describe AVSs. Another influential notation arose from the command
language of the PATR-II system.! In particular, the use of path equations for specifying
re-entrancy arose from this source.

The following example shows how a user of PATR-II specifies re-entrancy. The user
might write:

(VP HEAD) = (VP VERB HEAD).

IPATR-II is an ‘implemented grammar formalism’, a program which provides a high level interface
language geared towards the needs of the linguist, together with a parser. The linguist writes grammars in
the interface language and tests them using the parser.
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This path equation means that the sequence of transitions encoded by the list of attributes
on the left takes one to the same node as the sequence of transitions encoded by the list of
attributes on the right. That is, both transition sequences lead to the same node. Note that
although this mechanism permits re-entrancy to be specified, it does so in a very different
way from the ‘boxlabels’ approach: no node labelling is involved.

To capture the effect of this in a modal language, we’re going to extend the basic language
in such a way as to permit ‘modal path equations’ to be formed. In particular, we’ll add a
new primitive symbol & to allow us to equate strings of modalities. This will permit wffs
such as

(VP)(HEAD) = (VP)(VERB)(HEAD),

to be formed, and we will define the semantics of these new wiffs so that they capture the
meaning of the PATR-II path equations. Actually, we'll also add a second new primitive
symbol, 0. This will act as a name for the null transition, and will enable us to write path
equations such as {g)(f) =~ 0. This last wff, for example, will mean that making an R,
transition followed by an Ry transition is the same as making the null transition. That is,
the path Ry Ry terminates at its starting point.

It should now be clear that various AV formalisms correspond straightforwardly to propo-
sitional modal languages. To conclude this section let’s make our discussion of these modal
languages more precise. Syntactically, the language L (of signature (£, A)) is a language of
propositional modal logic with an £ indexed collection of distinct (existential) modalities
and an A indexed collection of propositional symbols. As primitive Boolean symbols we
choose - and V. The wifs of the language are defined by saying that: (a) All propositional
symbols p, are wils, for all a € A; (b) If ¢ and ¢ are wifs then so are ¢, ¢ V 9, and (l)¢,
for all I € L; (c) Nothing else is a wff. We define all the other familiar connectives in the
usual way. In particular, we define [{|¢ to be =(I)—¢, for all | € £ and all wifs ¢. The length
of a wif ¢ (|¢|) is the number of symbols it contains. The degree of a formula is the number
of (primitive) connectives it contains.

To interpret L we use Kripke models M of signature (£, A). Such a Kripke model is a
triple (W, {Ri}iec, V), where W is a non-empty set (the set of nodes); each R; is a binary
relation on W that is also a partial function, that is, for every node w there exists at most
one w' such that wRw'; and V (the valuation) is a function which assigns each propositional
symbol p, a subset of W. We interpret wifs of L on models M in the familiar fashion:

M E pa[w] if weV(pa)

ME-gu] i M4l

ME¢Vylw] if ME ] or M ylu]
ME ()¢[w] if Fu'(wRw' &M E ¢lw'])

To sum up, the language L corresponds to the ‘core’ AVM notation used by computational
linguists. Its models are just AVSs, and the way L formulas are evaluated in a model is just
the way AVMs are checked against AVSs.

L lacks any mechanism for enforcing re-entrancy. This lack is made good its extensions,
LY and LXR. The language L~ is L augmented by a collection of distinct new propositional
symbols called nominals. These symbols are typically written as ¢, j, k etc. and can be
freely combined with the other symbols in the usual fashion to make wffs. To interpret
nominals we insist that any valuation must assign a singleton subset to each nominal. That
is, an L model is just an L model whose valuation has been extended to assign singletons
to nominals. Because each nominal is thus true at exactly one node in any model, it acts
as a ‘label’ identifying that node. L¥ corresponds to AVMs augmented with ‘boxlabels’ for
indicating re-entrancy.
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The language LR is I augmented by two new symbols, 0 and ~. Using these symbols
* we make path equations: given any nonempty sequence of I modalities (F) and (G) then
0~ 0,0~ (G), (F) ~0and (F) ~ (G) are path equations. Path equations are wifs and
can be combined with other wffs in the usual way to make more complex wifs. LXE models
are just L models, and we interpret the path equations as follows:

M |= 0~ O[w] for all w € W
ME 0= (f)-- (g)lw] if M |= (£) - (g)  Ow] iff wRy ... Ryw
M () (g} = (h) - ()[w] iff Jw'(wR; ... Ryw' & wRy, .. Ryw')

LXE models the path equation mechanism of PATR-IL. The negation free fragment of this
language was first defined and studied by Kaspar and Rounds [15][27].

For further discussion of L, L¥ and LXE, including axiomatisations of a number of
Attribute Value logics and expressivity results, the reader is referred to [4]. Here we're
going to treat the issue of most relevance to computational linguistics: the complexity of
their satisfiability problems.

2 Complexity results for L, LV and LXR

In this section we show that the satisfiability problems for L, LN , and LXR gre all NP
complete. The fundamental result is that for L, for it turns out that the methods used for
this language generalise straightforwardly to its two extensions.

The key to the NP completeness result for L is to show that given a formula ¢ which
is satisfiable in some model M, we can always find a suitably small model S which also
satisfies ¢. The work that follows is devoted to defining S?, showing that it satisfies ¢, and
determining its size. Once this has been done the NP completeness result is immediate.

So, let M be any model, let v be a node in M, and let ¢ be any wif. The first step
towards defining S is to define a partial function ¢ which picks out precisely those nodes
of M which are actually used when evaluating ¢ at v. More precisely, we define a partial
function o from occurrences of subformulas ¥ of ¢ into the nodes of M as follows:

1. Define o(¢) = v.

2. For each occurrence of a subformula of the form —% such that () is defined, o(y)=
o(~%); otherwise o'(3) is undefined.

3. For each occurrence of a subformula of the form 4 v 6 such that o(y v f) is defined,
o(¥) = o(6) = o (¢ V 8); otherwise o(3) and o(8) are both undefined.

4. For each occurrence of a subformula of the form ()4 such that o((I)y) is defined,
o(¥) = w' where wRw', if such a w' € W exists, and is undefined if there is no such
w'; otherwise o'(%) is undefined.

Note that once M, v and @ have been specified, o is uniquely determined by the above
definition. The key thing to observe is that there is no ‘free choice’ involved in the selection
of w’ in the clause for o({I)3). Because we are working on partial functional frames, if there
is such an w', it is unique. This fact plays a key role in ensuring that the new model S°
has the properties we require of it.

Let’s now define S°. The nodes of S will be the image of o, and the relations and
valuation of S will be the restrictions of the relations and valuation of M to this image set.
More precisely, we define S to be the image of o; for all I € £ we define Rj{ to be RiN(S x S);
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for all atoms p we define V*(p) to be V(p) N S; and finally we define the model §% to be
(S, {R;{}iec, V*). Now, the first useful property of 87 is the following:

Lemma 2.1 (Equivalence Lemma) For all occurrences of subformulas ¢ of ¢ such that
o(v) is defined:
M E ylo(¥)] iff S7 E$lo(¥)]-

Proof:

By induction on the degree of ¢. For the base case, suppose that p is any occurrence of a
propositional variable in ¢ such that o(p) is defined. (Note that this means that o(p) € S.)
Then:

M Eplo(p)] iff o(p) € V(p)
if o(p)eV(p)NnS
iff o(p) € V*(p)
iff 87 |=plo(p)l

This establishes the base step. So suppose that for all wifs 4 such that o () is defined,
and the degree of ¥ less than k, the result holds.

The inductive clauses for the Boolean connectives are straightforward; we treat the case
for negation. Suppose =% has degree k and that o(—) is defined. Then:

M ~¢lo(-¢)] iff M Po(-y)]
iff M ylo(¥)] (As o(¥) = o(¥).)
iff  S7 B ylo(¥)] (Inductive hypothesis.)
if 87 ~glo(¥)]
if $7F plo(~¥)] (Aso(y)=o(~¥).)

Now for the modalities. Suppose (I)3 has degree k and that o(({l)¥) is defined. Further
suppose that M | (I)¥[o({(I)¥)]. This can happen iff there is a node w in M such that
o((1)¥)Row and M |= [w]. But since o((I}4) is defined, and since such a w exists, o(y) is
also defined and equals w. Thus we know two facts: first that o({l)¥)Rio(¢), and second
that M |= 9¥[o(¥)]. But obviously both o({I)#) and o(¢) are in S, hence as R{ is the
restriction of R; to S, it follows from the first fact that o((I)¥)Rjo(¥). By the inductive
hypothesis it follows from the second fact that S7 |= [0 (¥)]. Taken together, we have that
S? = ¢[o({1)¥)], as required.

Conversely suppose that S7 |= (I)¥[o({1)¥)]. This can happen iff there is a node s in
S7 such that o({I)¥)R{s and S” |= 9[s]. Now as R} is the restriction of R; to S, we have
that o({I)9)Ris. Thus (by the fourth clause in the definition of o), o(1)) exists and is equal
to s. This tells us that o({I)¥)Rio(¢). It also tells us that S° |= y[o(%)], which by the
inductive hypothesis yields M |= ¥[o(3)]. Taken together, this means that M |= $[o({1)¥)],
as required. Hence the required result follows by induction. (m]

It is an immediate corollary of this result that if M | ¢[v], then S” |= ¢[v]. For suppose
M [ ¢[v]. Then by our definition of o, o(¢) exists and equals v. Thus we have that
M = ¢[o(4)], and thus by the previous lemma S° |= ¢[o(4)], that is, S7 |= ¢[v].

Thus our new model S” satisfies ¢. The next property we wish to establish about S¢
is that it is ‘suitably small’, which in the present context means that the number of nodes
it contains is polynomial in the length of ¢. This is the case: indeed a moments reflection
reveals that S can contain at most one more node than there are modalities in ¢. For if ¢
contains no modalities then S® contains only the node v. On there other hand, if there are
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modalities in ¢, each modality contributes at most one additional node to §°. In short, the
fact that we are working on partial functional frames gives us a very sharp upper bound on
the size of S7. The following (rather tedious) lemma merely makes this observation precise.
Some preliminary definitions and remarks will be helpful. Suppose (1)0 is an occurrence
of a formula and that 9 is some occurrence of a subformula of (1)6. Then we say that Y
lies in the scope of (I). Moreover, if for all occurrences of modalities (I’) in # we have that
% does not lie in the scope of (I'), then we say that (1) is the least modality containing 1.
Finally note the following useful fact about o, Suppose that ¥ and %’ are occurrences of
subformulas of ¢ such that 4 occurs in ¥'. Further suppose that o(%) is defined. Then if
for all occurrences of modalities (') in ¥’ we have that % does not lie in the scope of 4,
then o(y') is defined and equals o(¢). This follows immediately from the definition of o.

Lemma 2.2 (Size Lemma) Let M be a model, let v be a node in M, let ¢ be a wff, and
let S7 be constructed from these components as described above. Then card(S) < n+1,
where n is the number of modalities occurring in ¢.

Proof:

Recall that S is just the image of ¢. It follows from the definition of o that if ¢ contains
no modalities then the image of ¢ is just {v}, and we have the required result.

So let ¢ be any wff containing at least k occurrences of modalities, where & > 0. Now
either § = {v}, in which case there is nothing more to show, or S\{v} is non-empty. So
suppose that the latter is the case. We will show that there is a injection 7 from S\{v}
to the occurrences of subformulas of ¢ of the form (I)6. The existence of such an injection
shows that S7 contains at most & nodes distinct from v, which in turn shows that S contains
at most k + 1 nodes.

Let s € S\{v}. As S is the image of ¢ we have that s = o () for some occurrence of a
subformula v of ¢. We define 7(s) to be the occurrence of a subformula of ¢ that has the
form (1)6, and such that (1) is the least modality containing 1.

Clearly 7 is well defined. For suppose there is no occurrence of a subformula of ¢ of the
form (1)@ such that 4 lies in the scope of (I). Then making use of the useful fact about o
mentioned above, we see that o(¥) = o(¢). But as o(¢) = v this contradicts our assumption
that s = o(9) € S\{v}. So ¥ must always be in the scope of at least one modality, so there
is a least modality containing %, and the definition of + makes sense,

To show that T is injective we argue by reductio ad absurdum. Suppose 3,5’ € S\{v},
8 # ', and 7(s) = 7(s'). Let (1) be the mutual image point of s and s’ under 7. We claim
that o((1)0)R}s. We see this as follows. As s € S\{v} there exists a subformula % such
that s = o(¢). Hence by the definition of 7, ¥ is a subformula of 6 that does not lie within
the scope of any modality in 6. Thus by the useful fact mentioned above, o(0) is defined
and equals o(¢). That is, o(6) = s. But as o(6) is defined then so is o({1)8), and by the
definition of R}, o((1)0)Rfo(6). This means that o((1)6)R}s as claimed. In a similar fashion
we see that o((/)0) Rjs'. But now we have a contradiction: as s # 8’ and as o((1)6) is R}
related to both s and s’ then R{ is not a partial function. But this is impossible as R} is
the restriction of the partial function R to S. So 7 is injective and we are through. m]

The equivalence lemma and the size lemma lead us directly to the main result:
Theorem 2.1 The satisfiability problem for L is NP complete.

Proof:
That this satisfiability problem is NP hard is clear, as it it contains the satisfiability
problem for propositional calculus as a special case. That the problem is in NP follows
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directly from the fact that any satisfiable L wif ¢ can be-satisfied in a model containing at
most n + 1 nodes, where n is the number of occurrences of modalities in ¢. Thus, given ¢
we can non-deterministically choose a suitable model of at most this size, and evaluate ¢ in
this model in polynomial time. m]

Let’s turn to to the complexity of the satisfiability problem for the language LY. Recall
that this language is L augmented by distinct new set of atomic symbols called nominals
which are constrained to be true at exactly one node in any model. It is easy to use
the machinery developed above to prove that the satisfiability problem for LY is also NP
complete, in fact there is almost nothing new to be done. Given a LY model M, a node
vin M, and an LY wff ¢ we define S7 exactly as described above. Both the equivalence
lermnma and the size lemma hold, thus we are almost through. There is only one snag: S7
is not guaranteed to be an L¥ model as some nominals may be not denote any node at all.
But this problem is more apparent than real. By adjoining a brand new node (say *) to
S7, and insisting that all ‘unassigned nominals’ denote * we convert S° into an L¥ model
§%*. Of course to maintain the truth of the equivalence lemma we have to be careful where
we place *, but there are two obvious ‘gafe’ choices. The simplest choice is to insist that #
is unrelated (by any of the relations) to any of the points in S. The second, slightly more
elegant, is to insist that * is related to v by some relation, but that none of the points in S
is related to . Choosing this second option means that * point generates So*. Either way
it it clear that the addition of * is harmless: we still have that that S°* |= ¢[v]. And 57" is
‘suitably small’, having at most n + 2 nodes where n is the number of modality occurrences
in ¢. Thus by precisely the same argument as for L we have:

Theorem 2.2 The satisfiability problem for LY is NP complete. o

Finally we turn to LX®. The satisfiability problem for this language is also NP complete,
but how are we to show this? Our definition of o says nothing about occurrences of path
equations, and as the following example shows, we definitely need to deal with them in some
fashion.

Suppose we’re working with some model M, suppose that in this model {f) = (g) is true
at node v, and suppose o({f) = (g)) = v. Note that because (f) = (g) is true in M at v,
there is a node v’ in M such that vRsv' and vRyv'. Let us suppose that v # v'. Now we
want to generate all the points needed to make an equivalent small model M by iteratively
applying o to subformulas of (f) ~ (g). In particular, we need to ensure that v’ is one of the
points we generate. But things immediately go wrong. We know that o((f) = (g}), but we
cannot apply o to any substructure of this path equation: the path equation has no proper
subformulas, and thus o has no means of making use of the two modalities it contains. This
means that v’ is not in the image of o, and thus the small model M? we create will falsify
(7) ~ (g) at v. This is definitely not what we want.

But there’s a simple way round the problem: we rewrite the input formula (f) =~ (g) into
a logically equivalent form that makes explicit the existential demands of the path equations.
Suppose we rewrite (f) ~ (g) as (f) = (g) A{f)T A (g)T. Although this formula is logically
equivalent to the original, there is a crucial syntactic difference: the two new conjuncts
make the the modalities (f) and (g) available to iterative applications of 0. Consider what
happens when we iteratively apply o to this new formula. As o commutes over A, we must
calculate o((f) = (g)), o({f)T) and o({g) T). Now, as before, we can’t do anything further
with o((f) = (g)), but we can do something further with both o({f)T) and o({g)T),as o
is defined for such expressions. In fact evaluating these formulas will produce the point v’
that we need to build-an equivalent small model.
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Let’s make this precise. Any path equation (F) =~ (G) is logically equivalent to (F) =~
(G)A(F)T A(G)T. For any path equation (F) ~ (G) we'll call (F) = (G)A (F)TA(G)T its
ezplicit form. Given an LXR wff ¢ which we seek to satisfy, we’ll first form a new LXR wif
¢* by simultaneously substituting, for each occurrence of a path equation in ¢, its explicit
form. Note that ¢* is logically equivalent to ¢, and that the length of #* is linear in the
length of ¢. The effect of this rewriting of ¢ means that our existing definition of o suffices
to produce all the points needed for the small model: precisely as illustrated in the above
example, when we iteratively apply o, the occurrences of the new subformulas of the form
(F)T and (G)T ensure that all the needed evaluation points are included. Thus we can
make S” as before and both the equivalence lemma and the size lemma are exactly as for
L. So, by exactly the same argument we have that:

Theorem 2.3 The satisfiability problem for LXE is NP complete. o

Let’s summarise our results so far. The satisfiability problem for the core AV language L
is NP complete. Adding either of two re-entrancy — nominals or the Kaspar Rounds path

doesn’t get worse if full Boolean expressivity is allowed.

What can be said at a more general level about these results? For a start, they’re
somewhat unexpected: with the exception of S5 most familiar modal logics are PSPACE
complete. To put matters another way, usually adding modalities to a language of propo-
sitional logic makes matters worse, but here it hasn’t. The reason, of course, is due to the
fundamental constraint on our models, namely that all the relations be partial functional.
It’s this requirement which enabled us to build small models and thus kept the complexity

formalisms used in Al such as KL-ONE, can be viewed from a modal perspective, and as
has been recently observed, terminological logics are also modal logics [29]. But there is one
important difference: the modal logics inspired by AI don’t usually obey the partial func-
tionality constraint. Typically they’re nothing but multimodal versions of K , the modal

problem for this logic is PSPACE complete [18].

Are there any plausible restrictions we can make on these languages to lower the com-
plexity of the satisfiability problems? The one obvious thing is to (in effect) return to the
early days of computational linguistics and only allow conjunction as a Boolean connective.
As is well known this reduces the problem to one in P — but such a restriction would proba-
bly be most unwelcome to computational linguists. Beyond this matters are unclear. There
is one intriguing possibility which (alas) leads nowhere. Many Attribute Value formalism
use a finite number of atomic symbols. Given that the number of propositional symbols is
some fixed finite number, might this not permit us to evade the NP hardness result? For
propositional logic and for S5, such a restriction lowers the complexity of the satisfiability
problem to P. However, the satisfiability problem for L (and thus for L¥ and LX ) remains
NP-complete, even if we use only one propositional variable, and one modal operator. For
consider the following set of L formulas: {2, ()p, (F){f)p, ..., (f)”_lp}. The values of these
formulas are all independent, that is, for any sequence of truth values by,... ybn—1, there
exists a model such that M = (f)'piff b; is true. Now define function f from propositional
formulas to L-formulas as follows:

H (o1, 20)) = 8, ()2, (I F)Py- -, ()™ 2p).
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Obviously, f is polynomial time computable, and ¢ is satisfiable iff f(4) is L satisfiable. It
follows that the satisfiability problem for L with one propositional variable and one modality
is NP hard, and hence, by theorem 2.1, NP complete. Thus there are no obvious routes to
tractability save the most unpalatable: sacrificing expressive power.

3 Adding the universal modality

In this section we are going to examine the complexity of the satisfiability problems for two
stronger modal languages, LXRO 55d LO. These languages are, respectively, LXR and L
augmented by the universal modality [9]. The universal modality is a modal operator written
as O which has the following semantics: for all models M, all nodes w, and all wifs ¢

M = ¢lw] iff M = ¢[w'],for all nodes w' in M.

That is, O¢ holds iff ¢ is true at all nodes.

But why should we be interested in L¥ %" and LP? The answer is as follows. Underlying
much work in Attribute Value grammar is an idea that can loosely be described as ‘grammar
equals feature logic’. Somewhat more precisely, the use of the apparatus of unification
formalisms is attractive to many linguists because it enables them to view grammars of
natural languages as theories in some sort of calculus of attributes and values. According to
such a view, linguistic structure can be adequately modelled by Attribute Value Structures
(possibly augmented by the notion of phrase structure), and the linguists’ business is to state
general constraints about which AVSs are admissible. Such views are discernible in some of
the earliest work in attribute value grammar, namely Lexical Function Grammar (LFG) [13].
Generalised Phrase Structure Grammar (GPSG) [7], explicitly espouses such views, and its
work on feature co-occurrence restrictions remains one of the best examples of the approach
in action. More recently, Head Driven Phrase Structure Grammar (HPSG)[21], has taken
this approach even further. Whereas in both GPSG and LFG the idea of unification was
only one component (albeit an important one) of the systems, in HPSG the unificational
apparatus completely dominates.

It is such developments that motivate the work of the present section. As we have,
seen the most common unificational formalisms are nothing but modal languages. However
as they stand these languages aren’t strong enough to express generalisations, and indeed
as the ‘grammar equals feature logic’ equation has become more widely accepted, work in
Attribute Value grammar has tended to abandon the simple languages we have considered so
far in favour of increasingly powerful formalisms. One particularly natural choice of language
has been advocated by Smolka [31] [32]. He has explored the consequences of working in
the first order language of attribute value structures, that is, the first order language (with
equality) that contains a binary relation symbol Fj for each Ry, and a unary relation symbol
P, for each Q4. This language, of course, is just the first order correspondence language
(in the sense of modal correspondence theory [2]) of L, LY and LXE. Now this is clearly a
crucial language to explore, but it is by no means the only available option. Another option
is to strengthen the modal languages to allow them to express generalisations about AV
structures. Adding the universal modality is precisely such a strengthening, and this section
explores the complexity of such a move.

Let’s consider matters more concretely. Suppose we strengthen LR by adding the
universal modality. That is, we add a new formation rule to those of LXR that states that
if ¢ is a wif then so is 09, and we interpret such universal wifs using the definition given
above. What can we express in this richer language?
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Let’s first consider GPSG feature co-occurrence restrictions, for example
[VFORM FIN] = [-N, +V].

This states that if a node has the value FIN for the attribute VFORM, then that node has
the properties of being +N and -V. In other words, only a verb can have tense.

The important thing about this constraint is its generality. It’s not something which
happens to hold of this or that piece of linguistic structure, it’s a pervasive fact of English.
Any AVS which doesn’t satisfy this generalisation can’t represent an English sentence. We
can express this generalisation in L2 as follows:

O((vFORM) fin — —n A +v).

Let’s now consider an example which makes use of ~. The example is the representation
of the Head Feature Convention of GPSG. This principle (which is also present in a more
elaborate form in HPSG) states that for any phrasal constituent, the value of its head
attribute is shared with the value of the head attribute of its head daughter. For a discussion
of what this terminology all means, and why it’s linguistically useful the reader is referred
to [7]; here we’ll be content to indicate how the constraint can be expressed in LXRO,

O(phrasal — (HEAD) & (HEAD-DTR)(HEAD)).

Further experimentation will convince the reader that LXRO j5 4 rich language capable
of expressing many interesting linguistic constraints. There are omissions: notably LXRO
doesn’t possess any capacity for dealing with the so-called set values of HPSG.? But we
won’t make further extensions here, for, from the point of view of a philosophy that insists
that only decidable theories should be capable of formulation in a linguistic framework,

To prove the undecidability result it suffices to give a reduction from a 1Y hard problem
to L¥RO satisfiability. As is shown in [10], tiling problems provide a particularly elegant
method of proving lower bounds for modal logics. A tile Tisa1x1 square fixed in orientation
with coloured edges: right(T), left(T), up(T), and down(T) taken from some denumerable
set C. A tiling problem takes the following form: given a finite set 7" of tiles, can we cover a
certain part of Z x Z with tiles from 7 in such a way that adjacent tiles have the same colour
on the common edge? There exist complete tiling problems for many complexity classes,
and the proof that follows makes use of a certain IIJ complete tiling problem.

Theorem 3.1 The satisfiability problem for LXRD i 10 popd,

Proof:
As shown in [3] [26], the following problem is II{ complete:

N x N tiling: Given a finite set T of tiles, can 7 tile N x N?

That is, does there exist a function ¢ from N x N to 7 such that right(t(n, m)) = left(t(n +
1,m)) and up(t(n,m)) = down(t(n,m +1))? Let T = {T1,..., T} be a set of tiles. We
construct a formula ¢ such that:

T tiles N x N iff ¢ is satisfiable.

2 Actually, set values have been dealt with in modal languages, and in two different ways. One approach,
due to Reape [25], is to add n place modalities to the language. The other, due to Moss [19], is to add a
special unary modal operator that deals with the membership relation.
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First of all we will ensure that, if ¢ is satisfiable in M, then M contains a gridlike structure,
where the nodes of M play the role of points in a grid, R, is the right successor relation,
and R, is the upward successor relation. Define:

$gria = O((r)u) = (u)(r)).

Suppose M = @gridwo]. Then there exists a function f from N X N to W such that:
£(0,0) = wy, f(n,m)R.f(n+1,m), and f(n, m)Ry f(n,m + 1).

Next we must tile the model. To do this we use propositional variables ti,...,1, such
that t; is true at some node w, iff tile T; is placed at w. To force a proper tiling, we need to
satisfy the following three requirements:

1. There is exactly one tile placed at each node.

E
¢1=D(VtiA N @A)

i=1 1<i<j<k
2. If T is the tile at w, and T" the tile at the right successor of w, then right(T) = left(T").

¢2 = O( V (8 A (7)E5))
right(T:)# lefT;)

3. If T is the tile at w, and T" the tile at the up successor of w, then up(T) = down(T").

¢3 = O( V (8 A ()t5))

up(T;)# down(T;)

Putting this all together, we define ¢ to be @gria A &1 A 3 A ¢3. We will prove that T tiles
N x N iff ¢ is satisfiable.

Suppose t : N x N — 7 is a tiling of N x N. We construct the satisfying model for ¢ as
follows: M = (W, R, Ry, V) such that:

w = {wn,m ‘n,me€E N}

R, = {<wﬁ.‘Mawﬂ,m+1) tn,mE N}

R, = {(wn,mvwn+1,m) ‘n,me€ N}

V(t) = {wnm:n,méeN and t(n,m)=Ti}

Clearly, ¢ holds at any node w of M. To see that the converse also holds, suppose that
M |= ¢[wo). Let f from N x N to W be such that £(0,0) = wo, f(n,m)R.f(n+1,m) and
f(n,m)Ryf(n,m+1). Define the tiling ¢ : N x N — T by t(n,m) = T; iff M = t;[f (n, m)].
Note that ¢ is well-defined and total by ¢;. Furthermore, if t(n,m) = T; and t(n+1,m) =Tj,
then f(n,m)R.f(n,m + 1), M [ t;[f(n,m)], and M E t;[f(n,m +1)]. Since M satisfies
¢2, we can conclude that right(T;) = left(T;). Similarly, if t(n,m) = T; and t(n,m+1) = Tj,
then ¢3 ensures that up(T;) = down(T;). Thus, T tiles N x N. o

What are we to make of this undecidability result? The key technical point is that it is
genuinely due to the interaction between O and =~. As we shall now show, the satisfiability
problem for L is decidable.

Theorem 3.2 If ¢ is a satisfiable LD formula, then ¢ is satisfiable in a model with at most
2214l nodes.

87



Proof:

Suppose M = (W, {Ri}iee,V), and M | $[wo]. Let Cl(¢) be the smallest set that
contains ¢, and is closed under subformulas and single negations. Define an equivalence
relation ~ on W as follows: i

w~w' iff Ve CU) M glu] 4 M Plw'])

Let WF C W be such that WF contains exactly one element from each equivalence class,
Let V¥ be the restriction of V to WF, and define R[ as follows:

wRw' iff 3w (wRw'" Aw' ~ w")

Let MF = (WF {RF},c,, VF). Then MF is a filtration of M through Cl(¢) in the sense
of Hughes and Cresswell [12]. Therefore, Vw € WFyy ¢ Cl(¢)(M = p[w] & MF |= YPlw]).
It follows immediately that MF satisfies ¢. Since the size of Cl(¢) is at most 2|@|, the size
of W¥ is bounded by 221¢l, Furthermore, M¥ is an IO model, since the definition of RF

ensures that Rf‘ is a partial function for any modality /. O

From theorem 3.2, it follows immediately that the satisfiability problem for L° is de-
cidable in nondeterministic exponential time. In fact we can improve this result. Using
methods similar to [23] and [11] we sketch a construction of a deterministic exponential
time algorithm for O satisfiability.

Theorem 3.3 The satisfiability problem for L° is decidable in EXPTIME.

Proof:

Let S; consist of all subsets T of Cl(¢) that are maximally propositionally consistent,
and are closed under reflexivity of O, i.e. if Ot € I then % is also in I'. We will construct
a sequence of sets §; 5 S D 53 O .- such that, if ¢ is satisfiable, then ¢ is satisfiable in a
model M where for every node w: {¥ € Cl(3) : M = [w]} € 5.

Suppose we have defined Si. First of all, note that two sets of S; can only occur in
the same model if they are equivalent with respect to O-formulas. Define T ~g T iff
VOY(Oy €T & Oy e I).

Call a set I inconsistent iff one of the following situations occurs:

1. -0 €T, but for all I’ ~ I': Yelv

2. For some modality I, there is no I' € S; such that I' ~g I and V()¢ € Cl(¢)((1yy €
F'eyel)

If there are inconsistent sets in S;, then we let Si+1 consist of all sets of S; that are not
inconsistent. Otherwise, ¢ is satisfiable iff ¢ €T for some set I' € S;.

Since S is of exponential size, and S;,, is strictly included in S;, the algorithm termi-
nates after at most exponentially many cycles. Determining which sets in S; are inconsistent
takes polynomial time in the length of the representation of Si. Thus, the entire algorithm
takes at most deterministic exponential time, O

However as the next result shows, there is a clear sense in which this result cannot be
improved.

Theorem 3.4 The satisfiability problem for L° is EXPTIME complete.
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Proof:

The upper bound follows from theorem 3.3. To prove the corresponding lower bound,
it suffices to give a polynomial time computable reduction from an EXPTIME hard set to
LP-satisfiability. Let PDL(F,*) be the bimodal propositional language with modalities (F)
and (-*). We interpret wifs of PDL(}-, #) on Kripke models M = (W, R, V), where Ry is
an arbitrary relation on W x W, in the usual way, the key clause being:

M E (F*)g[w] iff 3w/ (wRiw' &M [ glu']).

where R? denotes the reflexive, transitive closure of Ri-. In [6], it is proven that the satis-
fiability problem for PDL(F, *) is EXPTIME-hard. In fact, from careful inspection of this
proof, we can conclude that even the following set is EXPTIME-hard: Let C consist of all
PDL(}, #) formulas ¢ such that: ¢ = é1 A [-*]¢2, and

1. ¢1,¢2 are *-less and have modal depth < 1,
2. ¢ is satisfiable in a model where every node has at most two successors.
Define the reduction f from C to LP-satisfiability as follows:

1. If ¢ is not of the form ¢; A[*]@2, where ¢, and ¢ are *-less and of modal depth < 1,
then f(¢) =L

2. For ¢1, ¢ +-less and of modal depth < 1, f(¢1 A [F*]¢2) = 8(¢1) A Os(3), where s is
defined on *-less formulas as follows:

s(p) = p

s(—p) = -s(y)
s(yVveE) = s(¥)Vvs(§)
s((Fyy) = (g)s(¥)V (h)s(§)

Since s is polynomial time computable on #-less formulas of modal depth < 1, f is
polynomial time computable. Now, it is straightforward to prove the following fact by
induction. If M = (W, Ry, ) is a PDL-model, and M’ = (W, Ry, Rp,7) is an LP-model,
such that R = Ry U Ry, then for all *-less PDL(F-)-formulas ¢, and for all nodes w € W,
M E ¢fw] © M’ | s(¢)[w]. By making use of this it is easy to prove that f is indeed a
reduction from C to LPsatisfiability. o

4 Conclusions

In this paper we have seen how to investigate the complexity of Attribute Value logics by
making use of a modal perspective. This approach has a number of advantages. In particular,
the realisation that AVSs are just Kripke models permits perspicuous model theoretic proofs
of NP completeness, and the application of the tiling method for proving undecidability. It
should be remarked that the tiling method can easily be applied to a number of other AV
logics that have been considered in the literature. For example, they can can be used to
obtain undecidability results for extensions of LX® employing either the ‘Master Modality’
of Gazdar et al. [8] and [17], or the apparatus of PDL [16]. But a proper discussion of these
topics must await the full version of this paper.
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Comprehension Grammars Generated from-Machine
Learning of Natural Languages

Patrick Suppes, Michael Bottner and Lin Liang

1 Introduction and Overview

We are developing a theory of machine language learning in the context of robotic instruction
of elementary assembly actions. More specifially, our situations of language learning concern
actions like moving to objects, picking up objects and moving objects in environments.
Typical objects are screws, nuts, washers, and sleeves of various colours, sizes, and shapes,
related to each other by common spatial relations. Typical commands to be comprehended
are Gel a screw! Go to the black washer behind the screw! Pul the screw in the left hole!
The system developed so far deals successfully with: English, Chinese, and German, as well
as several other languages, which for a lack of space we will report on separately.

The overlap between the utterances that a person is able to understand and those that
a person is able to produce may be small. A comprehension grammar would, e.g., be
able to derive Go to the left of the nut screw! but not Put a nut the near screw! although
neither of these utterances should be derivable in an English production grammar. A purely
comprehension grammar should parse a superset of the set of strings we would expect a
production grammar to derive.

Our axioms, given in Section 2, for machine learning of comprehension are long and
complicated, even though we analyze here the learning of relatively small fragments of the
natural languages considered but they do faithfully reflect the computer implementation, as
well as extend the axioms given in our earlier paper (Suppes, Liang, Bottner, 1992), where
the relevent literature is discussed. We do believe the learning principles expressed in the
axioms can serve as the basis for learning much more extended fragments and represent
principles that must be present in any system that starts with no knowledge of the natural
language to be learned. The axioms naturally fall into three parts. First are those concerning
computations using short-term memory based on learned associations; second those dealing
with changes in the state of long-term memory, which include computations updating the
comprehension grammar; and third the axiom describing the process of comprehension when
more learning is not required to understand a particular command.

In Section 3 we describe the internal language, which is not learned, and then in Sec-
tion 4 we provide an extensive commentary on the axioms, using, as would be expected,
the resources of the internal language. In Section 5 we present detailed results on the com-
prehension grammars generated, and -in Section 6, the final section, we review a number of
significant problems we have not yet solved.

The results for the comprehension grammars of English, Chinese and German are linguis-
tically surprising. Once congruence computations (see Axiom 2.5) are made, 9 grammatical
rules are common to all three languages, 2 to Chinese and English, 7 to English and Ger-
man, and 0 for Chinese and German. The surprise is that no special rules for English are
required. Eight special rules are required for Chinese and 4 for German. As these numbers
suggest and the details confirm, our comprehension grammars are vastly simpler than the
corresponding production grammars.
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2 Learning System

What we want to describe now is the process of learning in terms of the various events that
happen on a given trial. Initially the robot has no knowledge of the lexicon or grammatical
structure of the language to be learned. The robot begins a trial in a given state of memor Y-
There are three parts of this memory that are changed due to learning: the probabilistic
association relation; the set of grammatical forms and short-term memory of the current
command and association computations.

symbols that represent denotations of members of categories in the internal repre-
sentation language. The semantic categories of action, object, property and spatial
relation, as well as the internal language (LISP), are given in advance and not learned.
For example, the action of putting will be represented internally, let us say, by the
symbol $p and will have three different linguistic representations in English, German
and Chinese. The problem will be to learn in each language what word is properly
associated with the internal representation $p. The same Process of association must

We will not try to lay out everything about grammatical forms that we have in our

several subcategories, depending upon the number of arguments required, etc. The
central points here, however, are that: (1) the grammatical forms are derived only by
generalization from actual instances of verbal commands given to the robot. and (ii)
the grammatical forms are used in parsing any new command.

command is given (Axiom 1.6). This is also true of any association computations
(Axioms 1.1-1.5).

ations of the words in the verbal command that has been given (Axiom 3a). If associations
exist for any of the words, the categories of the associations, which are the categories of the
internal interpretation, are also retrieved (Axiom 3b). The categories are substituted for the
associated words and an effort is then made to generate recursively the resulting grammat-
ical form (Axiom 3c). For example, if mistakenly the word get had been associated to $s,
the internal symbol for screw, and screw had been associated with $g, the internal symbo]
for get, then the grammatical form that would have been generated and now found upon
a second occurrence of the verbal command would be O the A! Now if there were no such
grammatical form generated, once the associations were formed such a grammatical form
would be created by the process of generalization which js used to generate grammatical
forms (Axiom ( 1.3).
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When a grammatical form is stored in memory, also associated with this grammatical
form in memory is its internal representation (Axiom 2.6). This is an important part of
the memory that changes with learning as well. If the grammatical form is generated, the
internal representation is then used to execute the verbal command that has been given
(Axioms 1.4 and 3b). If the command is executed correctly then the robot is ready for a
new learning trial.

The important case of learning is when no grammatical form can be generated recursively
from the grammatical forms in memory to match the form of the given verbal command.
In this case the robot is unable to make a response. The correct response must be coerced
(Axiom 1.1). On the basis of this coercion, a new internal representation is formed. At
this point the critical step comes of a probabilistic association between words of the verbal
utterance and the internal denoting symbols of the new internal representation (Axiom 1.2).
After this association is made, a new grammatical form is generated (Axiom 1.3), and
possibly because of the new associations at least one of the old grammatical forms is deleted,
for, according to our axioms, a word or internal denoting symbol can have exactly one
association, so when a new association is formed for a word any old associations must be
deleted (Axiom 2.7). With the new associations formed and old ones possibly deleted, the
robot is ready for the next trial in a new state of memory.

The learning process as described so far must be extended to the dynamic computations,
recursive in nature, for updating the grammar as new commands that cannot be parsed by
the existing grammar are encountered. Axiom 1.5 formulates the recursive procedure for
generating new associations of parts of a grammatical form with parts of the associated
internal form. Axiom 2.6 then characterizes the computations for dynamically changing the
current grammar by adding a new rule or deleting a now redundant old rule.

2.1 Learning Principles

To facilitate the statement of principles governing the learning process just described, certain
notational conventions are useful. First, generally we use Latin letters to refer to verbal
commands or their parts, whatever the natural language, and we use Greek letters to refer
to internal representations or their parts. The letters a, a;, a! etc. refer to words in a verbal
command, and the Greek letters a, aj, aj, ete. refer to internal denotations. The Roman
letter t, as well as t;, t! refer to terms of a verbal command, and correspondingly, 7, Ti,
7! to terms of an internal representation, i.e., in the present setup, LISP expressions. The
symbols s, s', and s(t), showing that ¢ is a term of s, refer to entire verbal commands, and
correspondingly o, o', o(T) to entire internal representations. Grammatical forms - either
sentential or term forms — are denoted by g or also g(X) to show a category argument of a
form; correspondingly the internal representations of a grammatical form are denoted by v
or 7(X). We violate our Greek-Latin letter convention in the case of semantic categories or
category variables X, X', Y, etc. We use the same category symbols in both grammatical
forms and their internal representations. In order to avoid enumeration of cases, when we
use y(X) or 7(X,Y), for example, it is not required that X, or X and Y, occur as free
variables in the grammatical form.

Axioms of Learning
1. Association Computations using Working Memory

1.1 Association by contiguity. If on any trial verbal command s is contiguous with a
coerced action that has internal representation o, then s is associated with o, i.e., in
symbols s ~ .
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Axiom 1, let {a;} be the set of words of s not associated to any internal denoting
symbol of o, let dn(a;) be the current denotational value of each such a; and let {a;}
be the set of internal denoting symbols not currently associated with any word of s.

Then
i. an element @; is uniformly sampled without replacement from {aj},

ii. at the same time an element g; is sampled without replacement from {q;}
with the sampling probability

N_ _ dn(a;)
p(al) = Z{a:—"—‘—} dn(d.').

iii. The sampled pairs are associated, i.e. a; ~ aj.
iv. Sampling continues until either the set {a;} or the set {e;} is empty.

Al

1.3 Form generalization. If at any step of an association computation on any trial,
g(t(Y)) ~ 7(7(Y)), ((Y) ~ 7(Y)and X — 7(Y), then g(X) ~ 7(X), where X — 7(Y)
is a grammatical rule of the internal language.

1.4 Form specification. If at any step of an association computation on any trial, g(X) ~
Y(X), «Y) ~ 7(Y) and X = r(Y), then 9(t(Y)) ~ y(r(Y)).

1.5 Form association. Let g ~ 7 at any step of an association computation on any trial,

() If X occurs in g and (fo X *) occurs in 7, then X ~ (fo X *).
(b) If
i. wX is the n-th occurrence of a substring of g with 9 ~ 7 and w is a minimal
substring, Possibly empty, of occurrences of nondenoting words, and

il. 7(X) is the maximal Lisp form of v, containing the occurrence of X and no
other occurrence of denoting categories,

then wX ~ T(X).
(c) If
1. X1 Xp - wpa X, is a substring of g, where the X;,i = 1,...,n are not

necessarily distinct category names and Wi,i=1,...,n41 are substrings,

possibly empty, or words that have no association to internal symbols on the
given trial,

il r(X,(l), +++y Xx(n)) is the minimal Lisp form of containing Xe(t)s-- -y Xr(n)-
then X;w, o we X, ~ T(X,(l),...,X,.(")),
where 7 is a permutation of the numbers 1, . ., ,n.

1.6 Delete contents. The content of working memory is deleted at the end of each trial.
(Axiom 1.2).

2. Changes in State of Long-term Memory
2.1 At the beginning of tria] 1, the association relation ~, the congruence relation and the

set of grammatical rules G are empty. Moreover, the denotational value d(a;) is the
same for all words a;.
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2.2

2.3

2.4

25

2.6

2.7

2.8

The semantic categories and the semantically interpreted internal language I.L., as
characterized in Definition 1, are stored in long-term memory and remain unchanged
from trial to trial.

Denotational Learning Computations. If at the end of trial n a word a; in the presented
verbal stimulus is associated with some denoting internal symbol a; of the internal
representation ¢ of s at the end of the trial, then

dns1(ai) = (1 - 0)dn(a;) +6,

and if a; is not so associated

\

dn+1(ai) = (1= )dn(as).
Moreover, if a word a; does not occur on trial n, then
dn+1(as) = dn(as),
unless the association of a; to an internal symbol «; is broken on trial n, in which case

dnt1(ai) = (1 — 6)dn(as).

Grammar compulations. First, if on trial n g ~ v on the basis of Axiom 1.5, then
(a) if no substring ¢’ of g is already in long-term memory with ¢’ ~ 4', g ~ v is
stored in long-term memory,

(b) if a substring g’ of g is already in long-term memory with ¢’ ~ v/, then g and ¥
are reduced to g(X) ~ v(X) where X is the category generating ¥'.

(c) This recursive reduction continues until no further reduction is possible. Then
the reduced g"” ~ 4" is added to long-term memory if not already present.

Second, if g ~ v is in long-term memory at the beginning of trial n but a substring
g’ ~ 7' of g is generated on the basis of Axiom 1.5, then the reduced g(X) ~ v(X) is
stored in memory and g, ¥ and g ~ ¥ are deleted from long-term memory.

Congruence computations. If two G.F.s g and ¢’ are such that
(a) g~~vand g’ ~ 4,
(b) ¢ and g’ have only category symbols as denoting terms,

(c) g and g’ have exactly the same sequence of category symbols,
then g is y-congruent to g'.

Probabilistic associations stored in long-term memory. This association is stored in
long-term memory.

Form memory trace. The first time a form generalization (Axiom 1.3) is formed,
the word associations on which the generalization is based are stored with it in long-

term memory. This memory trace is inherited under the grammar computations (Ax-
iom 2.4).

Delete prior associations. When a word in a verbal command or an internal symbol
is given a new association (Axiom 2.3), any prior associations of that word or symbol
are deleted from long-term memory.
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2.9 Delete form association. If @ ~ o is deleted (Axiom 3), then any generalization for
which a ~ o is a memory trace is also deleted from long-term memory, as well as any
G.F.s that inherited the memory trace.

3. Comprehension-and-Response axiom
If command s occurs at the beginning of trial n, then:

(a) Long-term memory is accessed for a possible associated internal symbol for each
word of s;

(b) The category of each associated internal symbol is retrieved from long-term mem-
ory;

(c) A grammatical form g of 5 is computed by replacing each word a; of s, which has
an associated internal symbol a;, by the symbol for the semantic category of a;,
in accordance with Axiom 1.3.

(d) Using the parser IT on the set Gn of grammatical rules in long-term memory, a
parse of g is attempted.

(e) If exactly one parse g is found, the associated semantic form 7 is computed in
accordance with Axiom 1.4, and v is then executed if possible;

(f) If more than one parse is found, say, the set II(g) of parses, then each associated
constructed semantic form v is tested for compatibility with the given physical
environment E,, and parses incompatible with E, are deleted from the set II(g);
one parse is selected at random from the reduced set II’ (9) and the associated ~
is executed if possible; if execution is not possible, no other parses are sampled.

(g) If no parse is found, no response is made.

We comment in detail on the learning process described by the axioms after the next section
on the internal language.

3 Internal Language

The internal language is a Lisp regimentation of English lexical semantics, but not, of
course, English syntax. For example, the internal symbols for spatial relations correspond
more closely to the semantics of English prepositions than to that of any of the other
languages we have considered. It is an objective of our work to eliminate in the future this
English lexical bias. We believe that much can be accomplished in this direction by forming
for each set of concepts a partition fine enought to cover most if not all the languages we
would be likely to consider. This is not to suggest that such partitions solve a host of other
problems. Internal representations will therefore be LIsP-expressions. A LISP-expression is
any string (FEj,...,E,) where F is a function symbol and E,...,E, are either atoms
or LisP-expressions. The atoms refer to properties, actions, spatial relations, and objects
of the environment and fall into corresponding categories. In particular, we have category
P of properties like $small, $black, $square; category OBJ of special properties serving to
single out objects like $screw, $nut, $washer, $plate, $hole, $sleeve; category R of binary
relations like $front, $back, $left, $right; category S of set of objects: *; action categories:
Ay like $get, Sopen, $close, A, like $go, A3 like $put.

In addition to these we have categories of expressions that are not atoms: category A of
actions like (fal $get (io (fol $screw))); category O of objects like (fol $screw *); category
G of regions like (fol $near (io (fol $screw *).
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Expressions denoting subsets of these categories are derived by the semantic operations
listed below, but committment to a set-theoretical framework is not essential.

Grammar of Internal Language

1.  fol (focus-on-object-1) S — (fol OBJ %)
2 S — (folPS)

3 S — (folGS)

4. o2 (focus-on-object-2) S — (fo2RYS)

5. o (identify object) O — (i0oS)

6. 30 (select-object) O — (s09)

7. fal (form-action-1) A — (fal A, O)
8. fa2 (form-action-2) A — (fa2A:2QG)
9. fa3 (form-action-3) A — (fa3A300G)
10. fad (form-action-4) A — (fad O)

11. A — (fa4dDO)
12. fdir (form-direction) D — (fdir R)

13. frl (form-region-1) G - (fr1RO)
14. and (form-and-property) P — (and P P)
15. or (form-or-property) P — (orPP)
16. not (form-not-property) P — (not P)

The robot’s internal language is the set of expressions of category A. Notice that the
operations also return expressions of our initial categories, in particular P and S which
means that these categories are recursive. So we will have in our internal language symbols
for each content word of a command. The English command Get a screw! has the following
internal representation (fal $g (so (fol $s #))), where $g and $5 occur in the internal language
as counterparts of the English content words get and screw. The internal representation
given above has three more symbols: fol, so, and fal. These symbols are abbreviations
of the semantic operations focus on object, select object, and form action. The purpose
of these operations is to provide what we think is the procedural structure of the natural
language command mentioned above. Before it can perform the action denoted by 3g, the
robot has to determine the object of this action. The object that is intended to become
the object of the action is returned by the operation so. This operation is nondetermistic:
it just selects one out of a set of objects. The input for so is a set of objects. This set
of objects is the output of the operation fol: it tzkes a property and the set of objects
in the robot’s environment and returns a set of objects. The set of objects in the robot’s
environment is represented by the symbol * in our internal language. In our example, the
property the environment is checked for is the presence of screws. The procedure so then
takes this set of all screws of the environment as input and returns an arbitrary screw from
this set. This particular screw together with the action g is the input of the operation fal.

To illustrate our internal language we give some examples for basic types of action and
object structures together with their associated English counterparts.

Action Structures

(fal $get (io (fol $screw *)))

(fa2 $go (fr1 $near; (io (fol $screw #))))
(fa3 $put (io (fol $screw #))

(fr1 $behindj (io (fol $nut #))))

Get the screw! ~
Go near the screw! ~
Put the screw behind the nut! ~
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Object Structures

(fol $screw *)

(fol Slarge (fol $screw +))

(fol Slarge (fol $screw #))

(fol (fp- Slarge) (fol $screw +))

(fol Slarge (fol $black (fol $screw *)))

(fol (fp and Slarge $black) (fol $screw *))
(fo2 Sleft (fol $screw «))

(fo2 Sleft (fol $square (fol $screw =)))

(fol (fr1 $behind (so (fol $nut *))) (fol $screw *))
(fol Slarge (fol (fr1 $behind (so (fol $nut *)))
(fol $screw #)))

screw
large screw

screw which is large
screw which is not large
large black screw

large and black screw
left screw

left square screw

screw behind a nut
large screw behind a nut

'S S S B S S S B B {

Putting object structures into action structures we may derive structures of arbitrary
degrees of complexity, as e.g.,

(fa3 Sput (io fol (frl $near (io (fol $nut *))) (fol $screw #)) (frl $behind (io (fo2 $left
(fol $hole #)))))

which corresponds to the English command
Put the screw that is near the nut behind the left hole!

The operations fol and fo2 have in common that they focus the robot’s attention on
objects of a certain kind in the set of objects that can be perceived by the robot on the
occasion of being given a particular command: fol takes a property and a set of objects
and returns the objects that are referred to by the element of O. So the expression

(fol $screw +)

returns the set of all objects from the set in the robot’s perceptual environment that are
screws. In

(fol black (fol screw +))

fol operates recursively: it first returns the set of all screws in the robot’s environment and
then returns the subset of all black screws. The operation fo2 focusses on a set of objects
that bear another certain relation to a set of objects. A typical example is the English
expression left screw which, in our internal language, is given the structure

(fo2 Bleft (fol $screw +))

A region is a set of locations that stand in a certain relation to at least one object. Regions
are built from a binary spatial relation and an object by fr1. The operation so selects
an arbitrary object from a set of perceptually given objects. The operation io identifies
a unique object satisfying certain properties in a set of perceptually given objects. Not
surprisingly a number of operations arise in the context of actions. This has to do with the
various subclasses of actions depending on the different valencies exhibited by actions.

100



4 Detailed Comments on the Axioms

An important and distinguishing feature of the comprehension grammars we generate is that
the denoting words of a language, as defined just above, are assigned to semantic rather than
syntactic categories. For example, the English word left is in the category of spatial relations
independent of its differing syntactic roles in the following phrases: Move left! Go to the
left! Pick up the left screw! Pick up the screw which is left of the boz! Similar examples
appear in the other languages. Moreover, the nondenoting words are not assigned to any
category at all except in the formal sense of the general category of being nondenoting, so
that the usual syntactic distinctions that would apply to such words are not made. On the
other hand, nondenoting words occur in different roles in grammatical forms.

4.1 Creativity

To get a better understanding of the axioms let us consider two examples that show that the
grammars generated allow to comprehend new commands and an even infinite number of
new commands. The first is to show that sentences can be understood by the grammar that
are “new” to the learner. The second is to show that the grammar can analyse sentences
that are longer than any of the sentences of the finite sample of the language to be learned.

Predication test. Once the generalized associations are established the internal repre-
sentations of “new” commands can be derived. For instance, on the basis of having been
learned correctly, Get the screw!, Go to the nut! and Get the nut!, the following command
can be understood by the comprehension grammars, and thus executed by the robot: Go
to the screw!

Recursivity. Our system does not just derive new structures of the same length but is also
able to cope with recursivity by understanding commands longer than any of the commands
occurring in the learning sequence. On the basis of having learnt correctly

Get the nut!

Get the plate!

Get the red washer!

Get the nut which is left of the screw!
Gel the screw behind the nut!

it would be able to to derive the following command:
Gel the red screw behind the plate which is left of the washer!

Assume that, on the basis of previous experience, the robot’s long-term memory holds
the following associations:

nut ~ $n; gel ~ $g ; screw ~ $s ; plate ~ 3p; washer ~ $w;

red ~ $r; behind ~ $b; left ~ 8l
Coerce:

Get the nut! ~ (fal 3g (io (fol $n *))) (1)
Get the red washer! ~ (fal 8g (io (fol $r (fol $w +)))) (2)
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Get the nut which is left of the screw! ~ (fal $g (io (fol (fr1 81 (io (fol 8s )))

(fol $n +)))) (3)
Get the screw behind the nut! ~ (fal $g (io (fol (fr1 $b (io (fol $n »)))
(fol $s )))) (4)
Form generalization applied to (2)~(5) extends memory by
. A the OBJ! ~ (fal A, (io (fol OBJ +))) (5)
Ay the P OBJ! ~ (fal A, (io (fol P (fol OBJ *)))) (6)

Ay the OBJ which is R of the OBJ'! ~ (fal A, (io (fol (fr1 R

(io (fol OBJ +))) (fol OBJ 4)))) (7)

Ay the OBJ R the OBJ'! ~ (fal A; (io (fol (fr1 R (io

fol OBJ’ ¥))) (fol OBJ *)))) (8)

Form association applied to (5)~(8) enables the robot to extend its memory by the

following factorizations:

OBJ

the OBJ

P OBJ

Rof the OBJ
Rthe OBJ

~

~

~

~

~

(fol OBJ %) (9)
(io (fol OBJ %)) (10)
(fol P (fol OBJ +)) (11)
(fr1 R (io(fol OBJ ))) (12)
(fr1 R (io (fol OBJ +))) (13)

Form generalization applied to (7), (12) and Internal Production Rule 13 which we abbre-

viate IL Rule 13) yields

A1 the OBJ which isG! ~ (fal 4, (io (fol G ( fol0BJ+)))) (14)
Form generalization applied to (8), (13) and IL rule 13 yields:
Ay the OBJ G! ~ (fal A, (fo (fol G (folOBJ«)))) (15)
Form Association applied to (14) and (15) yields:
OBJ which is G ~ (fol G (fol OBJ ) (16)
OBJ G ~ (fol G(fol OBJ *)) (17)

Form generalization applied to (16), (9) and IL rule 1 yields:

S which is G ~ (fol G S) (18)

Form generalization applied to (17), (19) and IL rule 1 yields:

S G~ (fol G S) (19)

Form generalization applied to (9), (10) and IL rule 1 yields:
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Form generalization applied to (9), (11) and IL rule 1 yields:
P S~(fol PS)
Form generalization applied to (12), (20) and IL rule 5 yields:
Rof O~ (fr1 RO)
Form generalization applied to (13), (20) and IL rule 5 yields:
RO ~(fr1 RO)
Form generalization applied to (5), (10) and IL rule 7 yields:
Ay O ~ (fal A1 O)

(21)

(22)

(23)

(24)

Grammatical Compulation reduces the memory to the subset of associations (9), (18) -

(24). Assume now that the following command is given to the robot:

Get the red screw behind the plate which is left of the washer!

(25)

This command is more complex than any of the stimulus commands. Notice that its G.F.

does not occur in any of the original G.F.s:

A, the P OBJ R the OBJ' which is R' of the P OBJ"

(26)

Let us start from (24). We now make 9 successive applications of Form specification.
We show only the associations and internal production rules used. By (20) and IL Rule 5

applied to (24):
Ay the S ~ (fal A; (io S))
By (19) and IL Rule 3:
Ay the S G ~ (fal A, (io (fol G S)))
By (23) and IL Rule 13:
Ay the S R O ~ (fal A; (io (fol (frl R 0) 5)))
By (20) and IL Rule 5:
A the S R the §' ~ (fal A; (io (fol (frl1 R (io §")) S)))
By (18) and IL Rule 3:
A, the S R the S which is G ~ (fal A; (io (fol (fr1 R (io (fol G §'))) 5)))
By (22) and IL Rule 13:
A; the S R the S' which is R' of O ~
(fal Ay (io (fol (fr1 R (io (fol (fr1 R' 0) ) 5)))
By (20) and IL Rule 5:

A, the S R the S' which is R of the §" ~
(fal A; (io (fol (frl R (io (fol (frl R’ (i0 §")) S"))) S)))
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By (21) and IL Rule 2:

A1 the P S R the S’ which is R' of the S ~ '
(fal 4y (io (fol (fr1 R (io (fol (fr1 R (io 5)) ) (fo1 P 5))))

By (9) and IL Rule 1:

Ay the P OBJ R the OBJ' which is R' of the OBJ" ~
(fal 4, (io (fol (frl R (io (fol (fr1 R/ (io (fol OBJ" +)))
(fol OBJ' *)))) (fol P (fol OBJ *)))))

Notice that this association matches the G.F. of (26).

4.2 Contiguity

Our learning algorithm is based on the idea that the structure of the internal language can
be used to derive the constituent structure of natural language utterances. This idea easily

Heb die Schraube hoch, die gross ist! (1)

Note that in this command Schraube die gross ist forms one constituent from the standpoint
of our internal language. This constituent, however, is not contiguous since it is interrupted
by the constituent hoch, Now there is in German also a way to express the command
expressed by (1) with contiguous constituents:

Heb die Schraube, die gross ist, hoch! (2)

(We disregard for the moment that one could argue that (2) has also noncontiguous con-
stituents since heben and hoch are forms of one word hochheben.) But (2) is considered less
natural and the algorithm should be able to come up with a grammar on the basis of both
(1) and (2). In fact, our algorithm is able to derive a grammar in both cases. The grammar
derived from (2) will have among its rules the following one:

A4 0 ist D~ (fad A4 D O) (3)

The grammar derived from (1), however, will not have this rule but the following rule
instead:

A4 die S D die P ist ~ (fa4 A4 (io (fol P S)) D)
Note that (2) is less general than (1). All the rules specific to German are of that kind.

4.3 Context-free, but not Regular Languages

Our axioms can generate grammars for languages that are context-free but not regular. This
may happen because of the presence of so-called center-embedding structures exhibited by
the following German example:
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1. Nimm die nahe der Mutter befindliche Schraube!

9. Nimm die nahe der hinter dem Loch befindlichen Mutter befindliche Schraube!

3. Nimm die nahe der hinter dem vor der Platte befindlichen Loch befindlichen
Multer befindliche Schraube!

Our axioms are able to deal with center-embedding structures by having the following
associations in memory:

R der S’ befindliche S ~ (fol (fr R (io §')) S).

This amounts to having the following rule in a grammar for German:

S — R der S' befindliche S.

4.4 Concept of Denotational Value

In the probabilistic theory of machine learning of natural language which we have been
developing, we have encountered in a new form a standard problem in the analysis of the
semantics of natural language, namely, how to handle words that are nondenoting. We do
not mean nondenoting in some absolute sense, but relative to our standard set of semantical
categories. It may well be that in some elaborate set-theoretical semantics of natural lan-
guage, nondenoting words like the definite article the denote a complicated set-theoretical
function. We have something simpler and closer to the common man’s view of what denota-
tions are. We take as denoting words color words, common nouns, familiar concrete action
words, etc.

When a child learning a first language or an older person learning a second language first
encounters utterances in that new language, there is no uniform way in which nondenoting
words are marked. There is some evidence that various prosodic features are used in English
and other languages to help the child. For example, in many utterances addressed to very
young children the definite or indefinite article is not stressed but rather the common noun
it modifies, as in the expression Hand me the cup! But such devices do not seem uniform
and in any case are not naturally available to us in our machine-learning research, where we
use written input of words without additional prosodic notation. A central feature of our
approach to machine learning is the probabilistic association between words of the natural
language being learned and internal symbols that denote, as explained earlier.

It is appropriate that at the beginning all words are treated equally and so the associa-
tions are formed from sampling based on a uniform distribution. On the other hand, after
many words have been learned and a good piece of language has been acquired by the robot,
it is very unnatural, and also inefficient, if the robot is now given the esoteric command Get
the astrolabe! to have the internal symbol $ast to be associated with equal probability with
the definite article the and astrolabe-we assume here that the association of get is already
correctly fixed. After much experience, what we want is that there is very little chance of
associating the definite article the with any denoting symbol.

To incorporate such learning, many variant learning models are easily formulated. We
have restricted ourselves in Axiom 2.3 to a familiar linear learning model (Estes and Suppes,
1959). We begin with each word w of the given natural language having the value dy (w) = 1.
It is obvious from Axiom 2.3 that for all trials n, 0 < d,(w) < 1. For reasons we shall not
expand upon here we chose as the value of the learning parameter § = 0.03. We show in
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English Chinese German
word d-value word d-value word d-value
plate 0.997 ban 0.999 Platte  0.998
nut 1.000 luomu  0.999 Mutter 0.999
large  0.967 dade  1.000 gross 1.000
place 0.986 fang 0.970 bring 0.989
in 0.972 Jjing 0.999 in 0.889
the 0.003 nage  0.007 die 0.002
a 0.003 yige 0.005 eine 0.002

\ ba 0.001
nad 0.127
nadli  0.246

Table 1: Selected Denotational Values

Table 1 the denotational values of selected words from English, Chinese and German after
approximately 400 learning trials using the corpus of commands described in Section 5. As
desired the denotational value of the denoting words in the sense defined above remain close
to 1, and the nondenoting words approach 0.

4.5 Congruence of Nondenoting Words

To reduce the number of grammatical rules and facilitate comparison of rules for different
languages, we introduced in the last part of Axiom 2.5 the concept of comprehension congru-
ence, applied here only to the limited case of nondenoting words. The sense of congruence
use has, as the formulation of the axiom shows, a specific and definite content. The idea

of congruence used here was developed earlier in Suppes (1973, 1991). To illustrate ideas,
consider this German case:
Nimm die Schraube! ~ (fal 8get (io (fol $screw *)))

Nimm den Ring! ~ (fal 8get (io (fol $washer *)))
Nimm das Loch! ~ (fal 8$get (io (fol Shole *)))

Now generalize to the grammatical forms without denoting words, only category symbols,
and we have:

Ay die OBJ! ~ (fal Al (io (fol Obj #)))
Ay den OBJ! ~ (fal Al (io (fol Obj #)))
Ay das OBJ! ~ (fal Al (io (fol Obj #)))
Then, using y-congruence, we may write as a single grammatical form
Ay [die] OBJ! ~ (fal Al (io (fol Obj *)))

where
[die];= (die, den, das)

and i is the rule number, which indexes the internal semantic form y. We also note that
in many cases, we include in the congruence class [w]; the empty string ¢, if the corpus has
generated such a variant grammatical form. For example, prior to computing congruence,
we generated for Chinese the following three rules:
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A— OA ~ (fal A1 O)
A— baOA ~ (fal A1 O)
A — zianzai ba O Ay ~ (fal A10)

Computing v-congruence, we reduce these three rules to a single one:
A — [ba] A; O ~ (fal A1 O)

where [ba); = (ba, zianzai ba, ¢).

In reporting the grammatical results for English, Chinese and German, we use an ordered
triple notation for a givén congruence class of nondenoting words of a rule common to all
three languages: first the English words, then the Chinese words and finally the German
words, with € occurring as needed for each language. Thus the first common rule listed in
Section 5 is

0 — [DA] S,
where [DA] =(the; nage, zhege; das, den, dem, der, die).

5 Grammars Generated

Comprehension grammars have been generated so far for English, Chinese, German, French,
Dutch and Korean. Mainly because the first languages of the authors are English, German
and Chinese respectively, we will concentrate on these three languages with remarks about
the others. The corpus used has consisted of 456 commands, the last 60 of more complicated
ones. In the first group commands range from the simple Get the screw! to Place the screw
on the plate ! In the last 60 a typical more complicated command is the following: put a
small nul on the screw behind the washer left of the plate; ba yige ziaode luomu fang za:
nage ban zuobian de dianquan houmian de nage luosiding shang; tu eine klein-e Mutier auf
die Schraube hinter dem Dichtungsring links von der Platte.

Close translations of the 456 commands were used for the other languages. It was
intended that the translations would be semantically equivalent but would be faithful to
idiomatic constructions in the given language.

The details of the learning curves that are generated from our procedure of machine
learning are as described in the axioms but will not be analyzed here, because we already
have a very thorough discussion of learning curves in our earlier paper (Suppes, Liang,
Bottner, 1992). We also do not analyze here in detail the learning of denotational value
as characterized in Axiom 2.3. We do show in Table 1 the denotational values for some
typical words, denoting and nondenoting in each of the three languages, English, Chinese
and German, after approximately 400 learning trials for English and Chinese, and 800 for
German. It is evident from the table that the denoting words have a denotational value
that is close to 1, and the nondenoting words a value close to 0 as desired. The empirical
details of the denotational model are being written up in another paper, but it is important
to emphasize that just as we assume no grammar for any of the languages we study, we
also do not assume in our machine learning an a priori classification of words as denoting
or nondenoting,.

We now turn to the three grammars generated for English, Chinese and German. The
grammatical rules are written in context-free notation, with the associated internal semantic
forms shown on the right. The congruence classes are listed separately. The generation
particularly uses Axiom 2.4 on grammar computations. Using the axiom on congruence
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(Axiom 2.5) to collapse rules that differ only in the occurrence of semantically equivalent
nondenoting words, the number of rules for English is 18, for Chinese 19, and for German
20. What is of perhaps greater interest is the analysis of the structure of common rules

are these. There are 9 rules that are common to English, Chinese and German where
‘commonality’ means that the category such as definite article now includes words from
each of the three languages, in this particular case for example, the, zhege, nage, den, das,
die, dem, and der. In addition, there are 2 rules common to English and Chinese that are
not in the German grammar, there are 7 rules common to English and German that are not
used in Chinese, and no rules common only to Chinese and German.

The 9 rules common to English, Chinese and German are the following:

L 0 — [DAIS ~ (iS)
2.0 — [I48S ~ (s0S)

3 § = P8 ~ (fol PS)
4 S - 0BJ ~ (fol OBJ x)
5. G — R[POJO ~ (f1RO)
6. D — R ~ (fdir R)

7. P = PP ~ (andPP)
8. P — [P ~ (not P)

9. P = PP ~ (axPP)

[DA], = (the; nage, zhege; das, dem, den, der, die),
[IAl2= (a; yige; eine, einem, einen, einer),
[POls= (of, ¢; €; von, €),

[&)7= (and; he; und),

[~)s= (not; busi; nicht),

[Vle= (or; huozhe; oder)

where the congruence classes for nondenoting words are shown below the nine rules.

What is remarkable about the above 9 rules is that none of them are high level rules
for the generation of complete commands. The first 4 deal with the generation of object
phrases, Rule 5 with the generation of a description of a region, Rule 6 with a direction,
and the last 3 with properties.

There are two common rules for English and Chinese not used in the German grammar:

L A4 — [ADV]4,DO ~ (fat A4DO)
2 A = 4,0 ~ (fad A4 0)

[ADV]1 = (now, so, ¢; ¢)

Note that these two rules are high level rules for generating commands.
The 7 rules common to English and German are the following:

1. A — [ADV] 4, O[COP]  ~ (fal A10)
2. A — [ADV] 4, G[COP]  ~ (fa2 A2 G)
3. A= G0 ~ (fa3 A30G)
4. A — A3 0 [COP] G ~ (fa3 A30 G)
5. A — [ADV] A4 [COP] O D ~ (fad A4 D O)
6. S — S[RP] P ~ (fol P S)
7.5 - S [RP] G ~ (fol G S)
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[ADV)y = (now, so, €; nun, €)

[COP);, = (e; ist, ¢€)

[ADV]2 = (now, so, ¢; dann, jelzt, nun, €)
[COP]2 = (¢; ist, €)

[COPYy = (c; ist, ¢€)

[ADV]s = (now, so, €; €)

[ADV'])s = (e; jetzt, nun, €)

[RP]s = (that is, which is; der, die, ist die)
[RP)7 = (that is, which is, €; der, die, die sich, €)

Note that 5 of the 7 are high-level rules for generating commands. The remaining 2 are for
generating object phrases.
The rules special for German and the congruence classes are the following:

1. A — A4 [einen] S D [der] P [ist] ~ (fab A4 D (so (fol P S)))

2. A — A, [nun die] S D die G ist ~ (fa4 A4 D (io (fol G S)))

3. A — A4 die SR vondem S D der G ist ~ (fad A4 D (io (fol (frl R (io

(fol G §))) §)))

4. A — Ay die S R der S D die P ist ~ (fad A4 D (io (fol (frl R (io
(fol P §))) §)))

[der)y = (der, die)

[einen], = (einen, jelzt eine)

[ist]1= (ist, 6)

[nun]a= (nun die, die)

The 8 rules special for Chinese, are the following:

1. A — [ba] O 4 ~ (fal A10)

2. A — |[zianzai] G {nad) A2 ~ (fa2 A2G)

3. A — 2aiGA30 ~ (fa3 A30G)
4. A — [ba] O A3 [daol]G ~ (fa3 A30G)
5. A — [ba] O A4 D ~ (fa4 A4D O)
6. O — [ba]S ~ (09)

7. § — GldgS ~ (fo1 GS)

8. G — Of[de]lR ~ (fr1RO)

[ba]; = (ba, zianzai ba, €)
[zianzai}; = (chao, name, zianzai)
[nafls = (na4, najli)

[ba)y = (ba, €)

[daol)ly = (daol, zai, ¢€)

[be]s = (ba, ziazai ba, €)

[ba]s = (ba, daol, zianzai, zai, €)
[de]s = (de, de nage)

[dels = (de, €)

Five of these 8 are high-level rules for generating commands. Rules 6 and 7 are for
generating object phrases, and Rule 8 for generating region description.

The big surprise is that no special grammatical rules are required for English. In no
sense did we anticipate this outcome.

The congruence class for Rule 6 is intuitively incorrect. The reason is simple to explain.
The Chinese particles zianzas, deol, zai, and ba are not associated with object phrases, as
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the rules suggest, but with other categories of words. For example, zianzai has a meaning
that is close to the English adverb now, the particle dao! is associated with verbs, as is ba.
An example from our corpus of the use of zai would be the following. Get the screw on the
plate. has the following translation in Chinese:

ba nage zai (nage) ban shang de luosiding nagi.
the ~ (the) plate  on screw get.

In this example, we mention that the second occurrence of nage is deleted because it is
awkward to say in Chinese nage 2a: nage. Note also in this example that although ba
is associated with the verb nagi, ba comes at the beginning of the sentence, nagi at the
end which would make for difficulties if we had to assign a specific semantic meaning to
ba. What is important is that at the level of the commands we are considering, the non-
intuitive Rule 6 is satisfactory for the purposes of comprehension. It would of course lead
to very bad Chinese if applied to the production of utterances. We emphasize once again
that in considering these Chinese examples, we are generating comprehension by uniform
procedures that are the same across all languages. We are not claiming this can be done for
production or even that for the ultimate reaches of comprehension it will be satisfactory.
On the other hand it is important for machine learning purposes to understand how far
uniform procedures can be satisfactorily exploited.

6 Problems not solved

Problems arise from the following assumptions: the association relation is one-one, and the

internal language is a Lisp regimentation of English lexical semantics, as already mentioned.
Here are some examples.

1. Contraction of denoting and nondenoting

(a) German:
Geh zur Schraube! ~ (fal $go (8to (io (fol $screw ))))
Geh zu der Schraube! ~ (fal 8go (8to (io (fol $screw *))))
Geh zum Loch! ~ (fal $go (8to (io (fol Shole *))))
Geh zu dem Loch! ~ (fal $go (8to (io (fol $hole *))))

(b) French:
Va au trou! ~ (fal $go ($to (io (fol $hole #))))
Va & la vis! ~ (fal $go ($to (io (fol $nut »))))

2. Only one word for different internal symbols (French)

Ferme la porte! ~ (fal $close (io (fol $door #)))
Ferme la porte! ~ (fal $lock (io (fol $door *)))

3. More than one synonymous word corresponding to same denoting symbol

Put the screw near the washer!

~ (fa3 $put (io (fol $screw *)) (fr1 $near (io (fol $washer *))))
Place the screw near the washer!

~ (fa3 $put (io (fol $screw x)) (fr1 $near (io (fol $washer +))))

4. More than one nonsynonymous word corresponding to same denoting symbol
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(a) German:

Leg die Schraube in die Schachtel!

~ (fal $put (fo $screw #) frl Sin (io (fo $box #))))

Steck die Schraube in das Loch!

~ (fal $put (fo $screw +)(frl $in (io (fo $hole *))))
(b) French:

vis ronde ~ (fol $round (fol $screw *))

douille cylindrique ~ (fol $round (fol $washer #))

5. Concepts that areexpressed easily in one language can be more difficult to express
in another language. For example, the English go behind the plate does not have a
natural direct translation in Dutch, even though go can generally be translated by
gaan in Dutch.

As a consequence, we made certain adjustments in the corpora of natural languages:

1. Since our system currently cannot identify different forms of the same denoting word,
we mark the boundary between stem and ending by a hyphen, e.g., in French vis
rond-e or German dem rund-en Loch

9. There are no words in French and German that correspond to the English verb pick up
with respect to its “constructional range”. We chose the German translation hochheben
because it resembles the English construction at least for the imperatives under con-
sideration where the verb gets split into two parts and heben can be associated with
pick and hoch can be associated with up. On the other hand, in cases like pick a screw!
the word heben does not appear to be usable and we switched to nehmen. In French
we used ramasser as a translation for pick up and saisir as a translation for pick.

3. The English preposition on has no unique counterpart in German and French. Some
contexts require it to be translated by auf/sur as in, e.g., Put the screw on the plate!
for other contexts a translation by an/d would be more natural as in, e.g., Put the nut
on the screw! We used auf and sur in all cases even in cases where the visual scene
clearly suggests a different preposition.

4. If a language had no single word for a certain English expression but had only an
expression which was longer than one word, we used this and marked it by hyphen-
ations in a fashion that the machine would take it for one word: for French we used
de-taille-moyenne for the English adjective medium.

5. In French we used d instead of au since d is needed as a counterpart for a denoting
symbol of the IL. We also used de le, de un, and de une instead of du, d’un, and d’une
respectively.
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An update semantics for dynamic predicate logic *

Paul Dekker
ILLC/University of Amsterdam

Abstract

In this paper I propose an update semantics for Groenendijk and Stokhof’s dynamic
predicate logic. In the proposed system, sentences are interpreted as (partial) up-
date functions on a domain of information states which are sets of partial variable
assignments. I show how adverbs of quantification (symmetric and asymmetric) and
generalized quantifiers can be introduced in a perspicuous and uniform way.

1 Introduction

Groenendijk and Stokhof, in [1990], characterize the meaning of a sentence in a static
semantics as the set of indices at which the sentence is true. Such a set of indices,
also called an information state, defines the information content of the sentence. In
a dynamic semantics, it is not the information content, but the information change
potential of a sentence that is regarded as constituting its meaning. In a dynamic
semantics the meaning of a sentence is a function on the domain of information
states.

Groenendijk and Stokhof compare two examples of such a dynamic semantics,
namely dynamic predicate logic (DPL, Groenendijk and Stokhof [1991]) and update
semantics (US, Veltman [1990]). The two systems formalize different aspects of the
dynamics of discourse and in their present formulations they have conflicting logical
properties. This paper sets out to reconcile the two systems by formulating an update
semantics for DPL.

I will proceed as follows. In the next section I sketch DPL and US and argue for a
genuine update formulation of DPL. In section 3 such an update style DPL, EDPL,
is presented and discussed, and in section 4 it is extended with quantifiers.

2 Two theories of dynamic semantics

2.1 Dynamic predicate logic

DPL gives a dynamic interpretation of the language of first order predicate logic that
accounts, among other things, for intersentential anaphoric relationships like we find
them in A cowgirl meets a boy. She slaps him. Like in discourse representation theory
and file change semantics, natural language noun phrases in DPL are associated with

* I would like to thank David Beaver, Jeroen Groenendijk, Herman Hendriks, Martin Stokhof and
Frank Veltman for pleasant and instructive discussion. I have had great benefit from their comments.
Of course, remaining errors are mine.
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variabies, or discourse markers, and information states determine what values they
can have given the conditions imposed on them in the course of a discourse.

Information states in DPL, then, contain information about the values of vari-
ables. They are modeled as sets of variable assignments that determine what are the
possible values of the variables at a certain stage in the processing of a discourse.
So, if D is a domain of individuals, and V the set of variables, then DV is the set of
variable assignments and § = P(DV), the set of subsets of all variable assignments,
is the set of information states.

The language of DPL is that of predicate logic, but for ease of exposition I
disregard individual constants and identity. The semantics is defined with respect
to a model M = (D, F) consisting of a non-empty set of individuals D and an
interpretation function F that assigns sets of n-tuples of objects to n-ary relation
expressions. (I omit reference to M whenever this does not lead to confusion.) The
interpretation of formulas is a function on the domain of information states:

Definition 2.1 (Semantics of DPL) _
® s[Rzy...zp) ={ies| (i(21),--.,i(zn)) € F(R)}

* s[~¢] =s-1[4]
* s[3z¢] = slz][g]
. o s[¢ 9] = s[¢l[v]

el = {i | {5}[¢] # 0}
sfz}] ={j|3ies3deD: i[z/d] = j}

The interpretation of an atomic formula in a state s retains all those variable as-
signments in s with respect to which the atomic formula is true in a classical sense.
The negation of ¢ subtracts those i in s which constitute a context {i} with respect
to which the interpretation of ¢ does not produce the absurd state §. Conjunction
is just function composition. The characteristic clause concerns the interpretation
of the existential quantifier. If a formula 3z¢ is interpreted in a state s, the variable
z is reinstantiated, and next ¢ is interpreted.

DPL licenses the following equivalences:

Fact 2.1 (Weak donkey equivalences)
o (IzpAY) & dz(p A )
¢ (6A9)AX) & (6A(H AX))

It is typical of DPL that the first equivalence also holds if the variable z is free
in 9. These equivalences therefore allow DPL to dea] with the following textbook
example (which explains one half of the equivalences’ label ):
(1) A farmer owns a donkey. He beats it.
(3z(Fz A Jy(Dy A Ozy)) A Bzy) & 3z(Fz A 3y(Dy A (Ozy A Bzy)))
This sequence of sentences turns out to be equivalent with the sentence A farmer
owns a donkey that he beats.

The next fact follows from the weak donkey equivalence, on the classical defi-
nition of — and Vz:
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Fact 2.2 (Strong donkey equivalences)
o (3¢ — ¢) = ~(Fzg A ) & ~3z(¢ A ~¢) = Vz(¢é =~ ¥)
o (@AY) = x)=~((BAY)AX) & ($A R A-X) = (¢— (¥ = X))
This enables DPL to deal with the museum piece donkey sentences:
(2) If a farmer owns a donkey he beats it.
(3z(Fz A 3y(Dy A Ozy)) — Bzy) & Va(Fz — Yy((Dy A Ozy) — Bzy))
(3) Every farmer who owns a donkey beats it.
Vz((Fz A 3y(Dy A Ozy)) — Bzy) & Vz(Fz — Vy((Dy A Ozy) — Bzy))
These sentences are assigned their so called ‘strong’ readings (hence the label of the

equivalences). Both sentences state that every farmer beats every donkey he owns.
It is the merit of DPL that it gives a compositional treatment of these examples.

A property of DPL that distinguishes it from classical, static, theories of interpre-
tation, is that it has a non-eliminative semantics:

Fact 2.3 (Non-eliminativity)

o s[¢] € s

Interpretation in DPL does not merely involve eliminating possibilities, but it may
also involve introducing new possibilities, viz., by existential quantification. A char-
acteristic property of DPL updates is furthermore that they are all distributive:

Fact 2.4 (Distributivity)
o S[[d’] = Uies{i}[d’]

Distributivity means that in the update of a state s with a formula ¢ only properties
of the individual elements of s count.

Truth and entailment are defined as follows:

Definition 2.2 (Truth and entailment in DPL)
o ¢istrueins, s | ¢, iff s C [[¢]
o B1.e.rtn EVIFVM, s s[iln . Adnlm EM ¥

A formula ¢ is true in a state s iff all possible variable assignments i € s consitute
a state {i} with respect to which ¢ can be succesfully computed (i.e., with respect
to which the interpretation of ¢ does not produce the absurd state §). A conclusion
1 follows from a sequence of premisses ¢1,...¢n, if the update of any information
state s with ¢1,...,%n, respectively, produces a state in which % is true. The DPL
notion of entailment is a dynamic one. For instance, Jz Fz entails Fz. This fact
corresponds to the following line of elementary reasoning:

(4) If a man comes from Rhodes, he likes pineapple-juice. A man I met yesterday
comes from Rhodes. So, he likes pineapple-juice.
(3z(Mz A Rz) — Lz),3z(Mz A Rz)E Lz

2.2 Update semantics

I now turn to Veltman’s first example of an update semantics in [1990]. It is sketched
in its most rudimentary form as a (dynamic) propositional logic with an additional

115



sentential operator .

The kind of information US deals with is information about the world. Information
states are modeled as subsets of the set of possible worlds W. For someone in
information state s, each world in s might correspond to the real world.

Interpretation in US involves update of information about the world. An
atomic sentence p in US updates an information state s by eliminating the worlds
in s which are inconsistent with p, and negation and conjunction are interpreted as
set subtraction and composition, respectively. The interesting bit comes in with the
operator O. In an information state 8, O¢ tests whether ¢ is still consistent with s.
Like its natural language counterpart might, it reflects upon the present information
state and expresses that that state can be consistently updated with ¢.

The semantics of US js defined with respect to a model M = (W, V) consisting of
a set of worlds W and an interpretation function V that assigns sets of worlds to
proposition letters. (Again, reference to M is omitted when that does not lead to
confusion.) The interpretation of a formula is defined as follows:

Definition 2.3 (Update semantics)
*sl)l  ={ies|ieV(p)
o s[~d] =s-s[g]
° s[04l ={ies|s[g] #0}
o s[6 A ] = s[¢][¥]

As is evident from the semantics of US, the result of interpreting a formula in a
state s is always a subset of s. Interpretation can only eliminate possibilities:

Fact 2.5 (Eliminativity)
o s[4] C s

This fact implies that interpretation guarantees update of information.
The O-operator reflects upon the specific stages in the process of information
growth. The interpretation of O¢ in a state s returns s if ¢ is acceptable in s, and

the absurd state ¢ if ¢ is not acceptable in s, As a consequence, conjunction in US
is non-commutative:

Fact 2.6 (Non-commutativity)

*PAY B YAS

An example of a non-commutative conjunction is Od A =¢. This conjunction, with
this order of conjuncts, is consistent. On the other hand, the commutation PAOP
of this conjunction is inconsistent. The following pair of examples exemplifies this
pattern (granted that we know that John js not Mary):

(5) Somebody is knocking at the door. .... It might be John. ..., It’s Mary.
(6) *Somebody is knocking at the door. .... It’s Mary. .... It might be John.

If somebody hears someone knocking at the door, he may of course be curious who
it is and not exclude the possibility that it is, say, John. Still, in that situation jt
is perfectly possible for him to find out that it is Mary who is knocking, not John.
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On the other hand, once he has found out that Mary is knocking on the door, it is
excluded that it is John, and then it is quite absurd to say that, as far as he knows,
it might be John who is knocking at that door.

Truth, or acceptance, and entailment are defined as follows:

Definition 2.4 (Truth and entailment in update semantics)
o $istrueins, s | ¢, iff s C s[¢]
o b1,... 00 Y ITVM, st s[dilm .. [Bnlm M ¥

A formula ¢ is true in s if after updating s with ¢ we still envisage the possibilities we
envisaged in state s, i.e.,if s[#] doesn’t contain more information than s; ¢1,...,én
entail 1 if always, if you update your information with ¢1 ... ¢n, in that order, you
arrive at a state of information to which update with 1 doesn’t add anything more.

2.3 Update semantics and DPL

DPL and US are genuinely dynamic systems as can be seen from the fact in none
of the two conjunction is commutative. The example O¢ A —¢ is a counterexample
to commutativity in US, and in DPL a counterexample is JzFz A Gz. (Think of
a little sequence like A man walks in the park. He whistles. This means something
different than the example He whistles. A man walks in the park.)

As Groenendijk and Stokhof observe, the properties of (non-)eliminativity and
(non-)distributivity serve to distinguish the two systems from classical theories of in-
terpretation. It is fairly easily shown that a dynamic semantics in which all sentences
are interpreted as eliminative and distributive updates is not really dynamic after
all (Cf., Groenendijk and Stokhof [1990, p. 57] and van Benthem {1991, p. 137]).
However, as we have seen above, DPL is non-eliminative, since after interpreting
an existentially quantified formula 3z¢ in a state s, the information s has about
the value of z is lost. Furthermore, US is non-distributive, since the might-operator
expresses global properties of an information state which do not need to hold of all
singleton subsets of that state.

It is important to notice that it is distinct properties that distinguish DPL
and US from static theories, non-eliminativity and non-distributivity respectively.
These two different ways in which DPL and US depart from the static paradigm
are reflected by a difference in the respective notions of truth. For ¢ to be truein s
in DPL, each singleton subset s must allow update with 1. This notion of truth is
that of a distributive system. On the other hand, the US notion of truth is that of
an eliminative system. For 1 to be true in s, US requires that the update of s with
¢ does not eliminate possibilities in s.

From these remarks it may already appear that the two different notions of
truth and entailment should not be substituted for one another. For instance, if we
adopt the US notion of truth in DPL, then the DPIL-valid entailment 3z Pz = 3y Py
would no longer be valid. The reason is that, on the US notion of truth, 3yPy is
true in s iff Py is true in s, and, clearly, 3z Pz £ Py on any of the two notions of
entailment. On the other hand, if we adopt the (distributive) DPL notion of truth
in US, then the US-valid entailment O¢ = O¢ would no longer go through. The
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reason is that, on the DPL notion of truth, O¢ is true in s iff ¢ is true in s, and
O¢ [ ¢ on any of the two notions of entailment.

We see that DPL and US are two really different systems of dynamic interpreta-
tion with conflicting characteristic properties. This is not to say that the two are
incompatible though. As Groenendijk and Stokhof suggest, the two systems can be
combined within a system that preserves the characteristic features of both and that,
to some extent, gives a separate treatment of the two different kinds of (update of )
information that the two systems deal with.

However, in this paper I want to show that it is worthwhile to remove one
of the differences between the two systems, by adapting the logic of one of the two
(DPL) to the format of that of the other (US). Doing thus, a combination of the
two theories may have more the character of an integration, since it allows us to
employ a singular notion of truth instead of the product of two, so to speak.

Two aspects of information growth

Characteristic feature of DPL is that it has a non-eliminative semantics, DPL’s non-
eliminativity originates from existential quantifiers which effectuate a reinstantiation
of variables, and this formalizes the phenomenon that indefinite noun phrases of
natural language set up discourse referents for future anaphoric coreference.

However, the reinstantiation of a variable z in a state s at the same time
implies the loss of information that s may have about z, and therefore, in DPL, the
introduction of one discourse referent goes hand in hand with the exit of another. So,
in fact, DPL fails an account of the fact the indefinites may introduce ‘novel’ objects,
without interfering with (information about) other discourse referents introduced
before.

It seems that, apart from information about the values of variables, another as-
pect of information about variables needs to be taken into account, viz., information
about the domain of variables. When processing successive sentences in a discourse,
the information that is passed on determines, first, which variables are under dis-
cussion, and, second, what the possible values of the variables are. Consequently,
update of information need not solely consist of getting better informed about the
values of the variables at issue, it may also involve the addition of variables to the
universe of discourse. (In fact, in discourse representation theory and file change
semantics, these two aspects have been separately encoded.) Clearly, with such a
notion of information, the introduction of discourse referents can be conceived of as
genuine updates.

In what follows, I will give a reformulation of DPL that gives formal expression
to the insight that the introduction of discourse referents involves genuine updates.
Like DPL, the system of interpretation that I propose (EDPL) gives a compositional
interpretation of the language of predicate logic in terms of updates of information
states. However, the information states which are used are more fine-grained than
those in DPL, since they consist of partial variable assignments. Information states
in EDPL, thus, determine a domain of variables whose values are at issue, viz.,
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the joint domain of the assignments in such states. Besides that, information states
contain information about the values of the variables in their domain.

Since information states in EDPL model two aspects of information about
variables, we can also distinguish two basic kinds of update of information. Update
of information consists either of restricting the set of partial variable assignments by
elimination, or of extending the domain of partial variable assignments, or, of course,
of a mixture of both. The general notion of information update that then results
rules a state t a possible update of a state s iff all assignments in ¢ are an extension
of an assignment in s. Clearly, under such a notion of update, ¢ is an update of siff ¢
contains the information that s has about the values of the variables in the domain
of s, but ¢ may contain more information about more variables.

It goes without saying that for indefinite noun phrase to extend the domain of a
state s they have to be associated with variables which are not in the domain of
s. In DRT, for this reason, the so-called discourse representation algorithm is used
to ensure that indefinites always associate with novel variables and in FCS felicity-
conditions serve the same purpose. Likewise, also in EDPL it is required, on pain
of undefinedness, that noun phrases introduce new variables and, consequently, do
not mess up with established information about variables in use.

In EDPL this is simply achieved by ruling the extension of the domain of a
state s with a variable z undefined, if z is already in the domain of s. Consequently,
EDPL involves partiality in two different respects. In the first place, EDPL’s seman-
tics is stated as an update semantics for information states which are sets of partial
variable assignments. In the second place, the interpretation function of EDPL itself
is a partial function. Since the interpretation of a formula 3z¢ requires an extension
of the domain of an information state with the variable z, it is undefined for a state
that is already defined for z. Similarly, if a formula contains a free variable z, then
the interpretation of the formula is undefined for a state that is undefined for z.

It must be stressed here that the envisaged partiality of EDPL has a technical mo-
tivation only. EDPL’s partial interpretation is not, at least not in the first place,
intended to figure in an account of undefinedness phenomena in natural language,
such as, for instance, presupposition failure (but, cf., Beaver [1992]). Partial inter-
pretation in EDPL, like DPL’s non-eliminativity, merely expels nasty side effects of
‘infelicit’ translation.

3  Update semantics for DPL

In this section, I will first introduce the required notions of information and of
information update in EDPL, and some operations on information states (section
3.1). In section 3.2 I give the semantics of EDPL, discuss some characteristic facts
and show some examples. Section 3.3 treats entailment in EDPL, undefinedness in
EDPL, and the relation with DPL.
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3.1 Information states

If D is our domain of individuals and V the set of variables, then SX, the set of
information states about the values of X € V, and S, the set of all information
states, are defined as follows:

Definition 3.1 (Information states)
o $X = P(DX)
e §= ngv sX

Given any domain of variables, the notions of minimal and maximal information
states are as in DPL and US. For any domain of variables X , the minimal informa-
tion state about the values of X is DX (the state in which all valuations of X are
possible). A maximal information state about the values of X is {t} for any i ¢ DX
(the state in which we know all about the values of variables in X )- Furthermore,
for any domain X, the absurd information state is (the information state that
excludes every possibility).

A special set of information states is S % the possible states of information
about the values of no variables. There are only two such states: the set containing
the empty assignment, and the empty set. (In fact this is just the domain of truth
values on their set-theoretic definition.) So, with respect to the empty domain the
minimal and the maximal information state coincide. This reflects the fact that one
can have no substantial information about no variables.

The fact that a state ¢ contains more information than a state 8, or, in other words,
the fact that state ¢ is an update of s is defined as follows:

Definition 3.2 (Update)
e tis an updateof s,t < s,iff Vj et Jies:i<j

If ¢ is is an update of s, then every assignments in £ is an extension of some assignment
in s. In that case t contains at least the information that s contains about the
variables in the domain of s. Moreover, t may contain information about variables
which s is silent about.

The update relation < induces a partial order of information states:

Fact 3.1 < is a partial order
e reflexive (s < s)
o transitive (if s < s’ and s' < 5" then s < s")
¢ antisymmetric (if s < s’ and s' < s then s = s')

As we will see below, interpretation in EDPL is a process of information growth.
For any formula ¢ we will find that s[¢] < s.

I now define some more helpful notions:

Definition 3.3
e iis a partial element of s, i e s, iff Jjes:1< 5

If ¢ is a partial element of s, I will also say that ¢ survives in s.
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Definition 3.4

For all states s € SX,te SY,if X CVY:
e sNt={ies|iet}
e s—t={ies|iet}
e sCtiff Vies:iet

Operation M is an operation labeled ‘state restriction’. The restriction of state s by
t preserves the elements of s which survive in t, i.e., the assignments in s which have
an extension in . So, s Mt contains the information that s contains supplemented
with the information that t contains about the variables in the domain of s. The
operation — is labelled ‘state subtraction’. Subtracting ¢t from s we preserve the
assignments in s which do not survive in t, i.e., we eliminate the assignments in s
which have an extension in t. So, s — 1 contains the information that s has about
the variables in the domain in s supplemented with the information excluded by t.
Finally, s C t, ‘s is a substate of t’, iff all possibilities in s survive in .

The substate relation is used in the definition of EDPL-entailment. For s to be
a substate of ¢, s must contain as much information about the values of the variables
in the domain of s as t. In other words, s is 2 subset of the restriction of s by 1
(sCtif sCsntiff s=sT t). Notice that, if s is a substate of t, the latter may
contair information about the values of variables which are not in the domain of s.

Like the update relation, the substate relation is a partial order:

Fact 3.2 C is a partial order
o reflexive (s C s)
o transitive (if s C &' and ' C s then s C s'")
o antisymmetric (if s C s’ and s' C s then s = s')

We also have some kind of contraposition:

Fact 3.3
e s—tCziffs—zCt

So, if we substitute the absurd state for z, we find that s —tC Qif sC t.

The last operation on states discussed here is the extension of the domain of a state.
Let i <x j iff ¢ < j and the domain of j is the join of that of i with X. Then the
extension of the domain of a state with a variable z is defined as follows:

Definition 3.5 (Domain extension)
o Vse SX:s[z]j={jl3esi<(ny 7} if z ¢ X; undefined otherwise

Extending the domain of s with z gives a state s[z] that only differs from s in that
it is defined for z. About the values of variables for which s is defined the new
state s[z] contains precisely the same information as s, and about z it is completely
impartial: for each i in s, and for each d in D, there is an extension j of i in s[z)
that assigns d to z. What is added is only the information ‘that z has a value’.
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3.2 Semantics of EDPL

We are now ready to turn to the semantics of EDPL. Like a DPL model, an EDPL
model is a pair M = (D, F) consisting of a non-empty set of individuals D and an
interpretation function F that assigns sets of n-tuples of objects to n-ary relation
expressions. (Again, I omit reference to A whenever this does not lead to confusion.)
EDPL interpretation is defined as a partial update function on information states:

Definition 3.6 (Sefnantics of EDPL)
® s[Rzy...z5] ={ies | (i(21),...,i(zn)) € F(R)} if defined
o s[-¢] =s-s[g]
e s[3z¢] = s[z][¢]

slend]l  =s[4][v]

semantics of DPL and US. The interpretation of an atomic formula is the same as in
DPL. Negation is like in US, apart from the fact that We use state-, in stead of set-,
subtraction. Like in DPL, the existential quantifier 3z introduces arbitrary values
for z, the difference being that domain extension is used, instead of reinstantiation.
Finally, like in DPL and US, conjunction is interpreted as function composition.
The most significant difference with DPL and US is that in EDPL the inter-
pretation of a formula ¢ can be undefined for certain states, If an atomic formula
contains a variable for which a state s is undefined, then the interpretation of the
formula is undefined for that state s; similarly, the interpretation of 3z¢ is undefined
for a state s which is already defined for z. Furthermore, undefinedness persists in
the following way. If (the interpretation of) ¢ is undefined for s, then ~¢ and ¢ A ¢
are undefined for s. Furthermore, if ¢ is undefined for s[z], then 3z¢ is undefined
for s, and if v is undefined for s[#], then ¢ A ¥ is undefined for s. In section 3.3, I

unlike DPL, EDPL is not really non-eliminative, although it is not really eliminative
either. Instead of eliminativity, what is relevant here is that EDPL interpretation
always yields updates:

Fact 3.4 (Update and distributivity)
* s[#] < s if defined
o s[8] = Ui, {i}[¢] iff Vi € s: {i}[#] is defined; undefined otherwise

EDPL updates are not purely eliminative, since a state s[¢] may contain extensions
of assignments in s. Distributivity holds modulo definedness.

DPL’s characteristic donkey equivalences are retained:

Fact 3.5 (Donkey equivalences)
* (JzpAY) & (3z(¢ A )
¢ (BAYIAX) & (6A (A X))
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o (3z¢ — ¥) & (V2(¢ = ¥))
e (pAP)—=X) & (¢~ (¥~ X))

So, like DPL, EDPL accounts for the fact that indefinite noun phrases (existential
quantifiers) in one sentence may bind pronouns (free variables) in another. Further-
more, an indefinite in the antecedent of an implication gets universal force.

Negation EDPL uses a notion of negation that looks more like that of US than
that of DPL. If we interpret ~¢ in a state s, ¢ is interpreted in s and the result
is subtracted from s. Still, this notion of negation is an adequate reproduction of
DPL negation, since EDPL interpretation, besides being distributive, has the update
property. Recall that s[-=¢] in DPL is the set of assignments i € s such that {i}[¢] =
0. In EDPL, i € s[-¢] iff i € s and no j > i is in s[¢]. Now, distributivity and
update, this means that i € s and {i}[¢] = 0, like in DPL.
Let us look at one example:

(7) No man sees her
-3y(My A Syz)
The interpretation of this sentence in a state s is s[-3y(My A Syz)], which is
s — s[y]IMy}[Syz]. The state s[y][M y][Syz] is the following set of assignments:

(8) {j |3k e s: k <ppy J & 5(y) € F(M) & (i(y),3(2)) € F(5)}
So, the state s — s[y][My][Syz] is the following set of assignments:
(9) {ies|-3j:i<yyi & i(y) e F(M) & (i(y),3(2)) € F(5)}
Tn other words, the result of interpreting ~3y(MyASyz)in sis the set of assignments

in s that assign z an individual for which no other individual can be found that is
a man and sees her.

Since the interpretation of a formula —¢ in a state s returns those ¢ in s which do not
survive in s[¢], no formula ~¢ brings about extension of the domain of discourse.
As a consequence, the law of double negation doesn’t hold in EDPL. The double
negation of a formula involves state restriction:

Fact 3.6
o s[--d]l=s—(s— s[¢]) = s slé]

The double negation of a formula ¢ gives us the restriction of s by the update of s
with ¢. So, =—¢ imposes the same restrictions as ¢ imposes on the assignments in
a state s, but it cancels possible extensions of the domain of s brought about by ¢.
Like Groenendijk and Stokhof, I will call the double negation of ¢ the static closure
of ¢, and write | ¢ for ~¢.

As usual, the universal quantifier and implication are defined in terms of the exis-
tential quantifier, negation and conjunction. Their interpretation is the following:

Fact 3.7
o s[Vz¢] = s[-3z-¢] = s — (s[z] - s[z]l4})
o sfo — ¥] = s[~(¢ A ~9)} = s — (s[e] - sl¢ll¥])
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¢ slVz(¢ = ¥)] = s[~Fz~(¢ A )] = s — (slz]{¢} - slz]ledl¥1)

The interpretation of the formula Vz(¢ — 1) in a state s preserves all those assign-
ments ¢ € s such that every extension of i jn s[z][¢] survives in s(z][#}[¥]- So, the
interpretation of Every farmer who owns a donkey beats it in a state s, s[Vz((Fz A
Jy(Dy A Ozy)) — Bzy)], is the set of assignments 7 in s such that every extension
of ¢ in s[x][Fz][y][Dy][O:ry] has an extension in s[z][F::][y][Dy][Ozy][B:cy]. Put
more simply, this requires of an i in s that under every valuation of z and y such
that z is a farmer and Y a donkey that z owns, we find that z beats y.

Digression It has been argued, for instance by Schubert and Pelletier [1988], that
the strong readings of donkey sentences are misguided, or, at least, not the only read-
ing these sentences have. Schubert and Pelletier’s favourite example is the following
sentence, which I label the ‘dime implication’:

(10) If I have a dime in my pocket, I'll put it in the parking meter.

On its most natural reading this sentence says that if I have a dime in my pocket,
then I will throw one in the meter. However, if we interpret the dime implication,
like the donkey implication, as one of strong implication, then the sentence would
imply that I throw all the dimes I have in my pocket in the meter. As concerns the
present example, this strong reading seems quite odd.

It is very well possible to define a notion of weak implication that assigns conditional
sentences the weak truth conditions that Schubert and Pelletier argue for:

Definition 3.7 (Weak implication)
* slé = ¥] = (s - slg]) U (s N s[g][4])

However, in section 4, we will see that we do not need such an independent notion
of weak implication, since it in fact fits in a more general scheme of (universal)
adverbial quantification. That concludes the digression.

3.3 Truth, undefinedness and the relation with DPL
Truth and entailment are defined as follows:

Definition 3.8 (Truth and entailment in EDPL)
e ¢ is true in s, s = ¢, iff s C s[¢]
¢ is false in s, s o ¢, iff s[¢] =0
® P15 dn lmx I VM, s € SX: slérnr .. [dnlnr Epr v
A formula ¢ is true in a state s if the update of s with ¢ does not add any information

about the variables in the domain of s. If a formula is true in a state s, its negation
is false in s, and vice versa,

The notion of entailment, which has the dynamics of DPL entailment, is de-
fined in terms of the US-style notion of truth. A sequence of premisses entails a

conclusion is true.
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Notice that a valid conclusion need not be true in the update of all states with
the premisses. The conclusion of an entailment is only required to be true in the
update with the premisses of all states with a certain domain of variables. The reason
for this is that we should not completely exclude the possibility of undefinedness.
For instance, for states with a domain Y such that z g Y, the interpretation of z = =
is undefined. Nevertheless, on the present definition of entailment x (z = z) is
valid, that is, for any domain X such that z € X. Similarly, for all states s € Sy if
z ¢ Y, then 3yFy is not guaranteed to be defined for s[3z Fz]. Still, the entailment
3z Fz |=x JyFy is valid, for a domain X such that z,y ¢ X.

Notice that a valid inference with respect to a domain of variables X may be
undefined with respect to states in different domains, but can never be falsified in
states with different domains. If ¢;,...,¢, entail ¥ with respect to a domain X,
and if for some state s g SX the update with ¢y,...,¢n, ¥ is defined, then % is true

in the state s[¢1] ... [#n]:

Fact 3.8
o If ¢ =x 9, then for all s, if s[¢]{+] is defined, then s[¢] & ¥

For this reason I will drop the subscript X whenever irrelevant.
The deduction theorem holds in EDPL:

Fact 3.9
e T, ¢ pifiTE o9

Contrary to the substate relation, EDPL-entailment is not transitive. Whereas
3z Fz entails 3yFy and 3yFy entails Fy, 3zFz does not entail Fy.

After having discussed undefinedness in EDPL, I will give a restricted version
of transitivity which holds of EDPL entailment.

Undefinedness Now let us look more specifically at the presuppositions of EDPL
formulas and their projection behaviour in compound formulas. We have seen that
presuppositions are triggered by free variable occurrences and existential quantifiers.
A formula containing a free variable z presupposes that a state contains information
about the value of z, and an existential quantifier 3z presupposes that a state
is undefined for z. Furthermore, and this is characteristic of presuppositions, the
presuppositions of the negation of a formula ¢ are the presuppositions of ¢.

In the processing of conjunctions falsity persists and undefinedness persists.
If s[#] returns the absurd information state (or is undefined), then s[¢ A 9] also
returns the absurd state (cq. is undefined). This gives rise to a Karttunen/Heim-
style presupposition projection behaviour (Karttunen {1974], Heim [1983)). If =(¢)
expresses the presuppositions of ¢, then, in Karttunen and Heim’s systems, 7(—¢) =

7(¢) and 7(d A P) = 7(¢ — ¢) = 1(¢) A (¢ — 7(¥)).

The presuppositions of EDPL formulas depend on the domain of states with respect
to which they are interpreted. Therefore, the presuppositions of a formula must
be calculated by means of an indexed function 7x that for any formula ¢ gives a
formula 7 x (¢) which states the presuppositions that ¢ carries concerning states of
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- information about a domain of variables X. This function is defined as follows (for
ease of exposition I only consider atomic formulas with only one variable z):

Definition 3.9

o x(Fz) =(z=1) ifzeX
=Vz(z # z) ifzegX
o mx(Iz¢) = (z#z) ifze X
=Vz m(xuiz}) () ifzgX

* 1x(=¢) =7x(¢)

o Tx(PAY) =Tx(P)A (¢ — mx(¥)) if¢isatest
A formula ¢ is a test if ¢ is an atomic formula Rzy ...z, or a negation —¢). The
presuppositions of conjunctions with other first conjuncts are computed using the

equivalences (3z¢ A ¢) = 3z(¢p A ¢) and (6AP)AX) = (A (¥ A X)).

Fact 3.10
* Vs e SX: s[rx(¢4)][¢] is defined

Fact 3.11
o Vs e SX: s[¢] is defined iff s E rx(4)

So, for a state s with domain X, ¢ is defined for s if and only if the formula that
expresses ¢’s presuppositions is true in s.

Using the presupposition function T, we can now establish a restricted version of
transitivity in EDPL:

Fact 3.12 (Restricted transitivity)
o lfé¢lxvand ¢ = x, then mx(dAx), 6 Ex x

This fact says that if ¢ entails ¢ with respect to X, and % entails x, then ¢ entails X
with respect to X, whenever the presuppositions of ¢ A x with respect to X are met.
This restricted version of transitivity in effect excludes cases where the mediating
formula % introduces variables which are free in X-

Let us briefly look at the counterexample to transitivity given above. In EDPL
we have that 3zFz = x JyFy, where z,y € X, and 3yFy | Fy. Restricted trausi-
tivity gives 7x(3zFz A Fy),3zFz l=x Fy.

Computing the presuppositions of the two formulas with respect to X, we
obtain mx(3zFz A Fy) = Vz((z = 2) A (Fz — Vy(y # y))). With respect to a state
s € sX, this equals Yz~ Fx. So, restricted transitivity tells us that Ve-Fz,3zFz Ex
F'y, which, clearly, is correct.

DPL and EDPL I now turn to the relation between EDPL and DPL. The relation
between the two systems is partially characterized by the following fact (sV is the
set of total extensions of s, i.e., sV = {ge DV |Jies: i< g}):

Fact 3.13
® sk ¢in EDPL iff sV |= ¢ in DPL if defined
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In order to complete the picture of the relation between EDPL and DPL, we only
need to combine the facts 3.13 and 3.11. Fact 3.13 relates truth in EDPL to truth
in DPL on the provision of definedness. Fact 3.11 relates definedness in EDPL to
truth in EDPL. The facts 3.13 and 3.11, thus, jointly entail the following fact:

Fact 3.14
e Vs e SX: s} ¢in EDPLiff sV = (7x(4) A ¢) in DPL

4  Quantifiers

In this section I introduce quantifiers in EDPL and show that we can give a perspic-
wous and uniform interpretation of adnominal and adverbial quantifiers, symmetric
as well as asymmetric. I start with adverbs of quantification.

4.1 Adverbs of quantification (unselective)

Lewis [1975] argues that in many cases adverbs of quantification (like always, some-
times, usually) unselectively quantify over the values of ‘free variables’ (or indefinite
noun phrases) in their restrictive clause. The examples Lewis discusses are of the
following form:

(11) Sometimes/usually/always if a man owns a donkey, he beats it.

Lewis points out that the quantifying adverbs unselectively quantify over the values
of the free variables, cq., indefinites, in the restrictive clause, and this phenomenon
has been, quite elegantly, formalized in the frameworks of FCS, DRT and DPL. In
DPL, for instance, the formula Always($)(¢) tests, given an initial assignment g,
whether all assignments that verify ¢ with respect to g are assignments with respect
to which 1 is true.

EDPL, too, allows a straightforward interpretation of unselectively quantifying
adverbs. For any adverb of quantification 4, with its usual set-theoretic interpreta-
tion A’, the interpretation is defined as follows:

Definition 4.1 (Adverbs of quantification (symmetric))
o SJA(S))] = {i e 5| A'({j e s[¢) | i < TH{7 e slel¥1})}

So, if we interpret If a farmer owns a donkey he always beats it in s, we get
s[Always(3z(Fz A3y(Dy A Ozy)))(Bzy)]. This is the set of assignments i in s such
that on every extension of i to z and y, if the value of z is a farmer who owns a donkey
which is the value of y, then the value of z beats the value of y. In other words, this
formula tests whether all pairs of a farmer and a donkey he owns are pairs of which
the first element beats the second element. A second example is If a man gives her
a present, she usually thanks him for it, Usually(3y(My A 3z(Pz A Gyzz)))(Tzyz).
Interpreted in a state s, this example gives all those i in s in return that assign «
an individual that renders thanks in most cases in which a man gives her a present.

There are some interesting correspondences between the sentential connectives of
EDPL and adverbs of quantification (|¢ abbreviates ~ag):
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Fact 4.1
o Sometimes(¢)(y) <« HoAY)
o Always(¢)(y) @ (-9
o Never(¢)(v) < (pAY)

So conjunction (disregarding its external dynamics) and implication fit in the more
general scheme of adverbjal quantification.

4.2 Adverbs of quantification (asymmetric)

Adverbs of qua.ntiﬁcatiox\l not always unselectively quantify over the values of all
variables introduced in their restriction. Several authors (Béuerle and Egli (1985],
Root [1986], Rooth [1987] and Kadmon [1987], see also Heim [1990] and Chierchia

(12) If a farmer owns a donkey, he is usually rich.
(13) If a DRUMMER lives in an apartment complex, it is usually half empty.
(14) If a drummer lives in an APARTMENT COMPLEX, it is usually half empty.

unselectively, we get the different reading that for most Dairs consisting of a farmer
and a donkey he owns, it holds that the farmer is rich.) The second and third
example are different for a similar reason. In the second example, with focal stress
on drummer, we (may) find quantification over apartment complexes in which a
drummer houses. The example then states that most apartment complexes where
a drummer lives are usually half-empty. In the third example, where we find focal
stress on apartment complex, the adverb may be taken to quantify over drummers.
On this reading, the sentence says that most drummers that live in an apartment
complex live in an half empty apartment complex.

In EDPL, asymmetric adverbs naturally fit into the general scheme of adverbial
quantification. Since EDPL has the update property, we can (unselectively) quantify
over the assignments that satisfy the restriction ¢ of an adverb by considering all
extensions of ¢ in s[¢], for any assignment ¢ in an input state s. Now, in case of
asymmetric quantification, we only need to take into account extensions of ¢ that
survive in s[@], and test whether these extensions also survive in further update
with the nuclear scope of the adverb.

So, assume that an asymmetric adverb of quantification comes with a set of
selection indices X that selects the variables whose values the adverb quantifies over.
Its interpretation then is defined as follows:

Definition 4.2 (Adverbs of quantification (asymmetric))

¢ slAx(A)WN ={ies| A ({5 es[e] |i<x TN e sl8]l¥1})}
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Let us briefly consider two mutually related examples.

(15) If a man gives her a PRESENT, she usually thanks him for it
Usually(,}(3y(My A 32(Pz A Gyzz)))(Tzyz)

Interpreted in a state s, this example returns all those ¢ in s that assign z an
individual that renders thanks to most men that gives her a present, irrespective of
the number of presents given.

(16) If a MAN gives her a present, she usually thanks him for it
Usually,3(3y(My A 3z(Pz A Gyzz)))(Tzyz)

When interpreted in a state s, this example returns all those 7 in s that assign z an

individual that renders thanks for most presents given by a man, irrespective of the

number of men that give it.

We find the following equivalences:

Fact 4.2
e Sometimesx(¢)(¥) > Sometimes(¢)(¢)
o Neverx(¢)(v¥) < Never(¢)(v)

o Alwaysp($)(¥) (¢ 9)
(for X a subset of the variables introduced by ¢)

So, for the adverbs sometimes and never it makes no difference whether or not they
select variables to quantify over. This is as it should be, since there seems to be no
evidence whatsoever that there are distinct asymmetric readings of these adverbs.

On the other hand, for the adverbs usually and always, it does make a difference
whether or not they select variables for asymmetric quantification, and which vari-
ables they select. Furthermore, we see that the weak implication (—) addressed in
the digression of section 3.2, now appears to be a borderline case of asymmetric
adverbial quantification, i.e., universal quantification over the values of an empty
set of selection indices.

That the weak implication is one of the many forms of asymmetric quan-
tification, may be further substantiated by slightly varying the exemplary dime
implication:

(17) If I have a dime in my pocket, I throw it in the parking meter.

(3y(Dy A Piy) — Tiy) ¢ Alwaysy(3y(Dy A Piy))(Tiy)

(18) If a man has a dime in his pocket, he throws it in the parking meter.

Always ;3 (3z(Mz A 3y(Dy A Pzy)))(Tzy)

On its most natural reading, the first example was argued to state that if I have
a dime in my pocket, then I throw one in the meter, and this reading is captured
by interpreting the conditional sentence as one of weak implication. However, the
second example, which is a minor variation of the first, is most likely interpreted as
stating that every man who has a dime, throws one in the meter. Neither the weak,
nor the strong, reading of the implication gives us this. The preferred reading of this
example is strong, i.e., universal, with respect to the parkers which have a dime in
their pocket, and weak with respect to the dimes they throw in the meter. And, in
fact, if the sentence is understood as asymmetrically quantifying over the parkers,
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as indicated by its translation above, this reading results. Notice, that'the two dime
sentence, thus, can be interpreted in a uniform way.

4.3 Adnominal quantifiers

Internally dynamic generalized quantifiers, with an interpretation proposed by sev-
eral authors (Chierchia [1992] to start with, see also van den Berg [1991] and van
Eijck and de Vries [1991)) are easily introduced in a way that neatly fits in with the
interpretation of quantifying adverbs. Let D be an arbitrary binary quantifier which
has D' as its usual set-theoretic interpretation, then:

Definition 4.3 (Binary quantifiers)
¢ s[Dz()(¥)] = {i e s| D'({j e s[=lg] | i <(zy T1)YJ & sl2)[S}Iw])))
We find the following correspondences with the unary quantifiers in EDPL:

Fact 4.3
* Anz(g)(¥) & 13z(d A 9)
e Noz(¢)(¥) & ~3a(d A )
e Everyz(¢)(¢) @ V(¢ — o)

We see that the binary determiners a(n) and no have the same truth-conditional
content as their usual first order paraphrases. (The only difference is that the binary
quantifiers defined above are externally static.) We also see that EDPL licenses a
weak and a strong reading of the quantifier every, both of which are intuitively
motivated. If we treat it as a binary generalized quantifier, the weak reading results.
This reading is appropriate for the sentence Every man who has a dime puts in the
parking meter. On the other hand, if we translate every with the unary first order
quantifier as Vz(¢ — ), then the strong reading results, and this is the proper
reading of the (strong) donkey sentence.

It may be a bit tantalizing that we find two non-equivalent ways to translate
natural language every in the language of EDPL. I must say I don’t know of any
knock down arguments for taking every to be ambiguous or for choosing one inter-
pretation in favour of the other. On the other hand, it is especially the determiner
every which has been associated with both weak and strong readings in the liter-
ature. Now it is not so much a merit of EDPL that it accounts for both kinds of
readings in a principled way, but it is a relative merit that it does do so without
entailing ambiguity of all the other quantifiers.

A last observation concerns the relation between determiners and quantifying ad-
verbs. If adverb A and determiner D are set-theoretically the same, then:

Fact 4.4
° A{,,}(Hw)(d:) & Daz(¢)(v)

So, here we see that the sentence If a man owns a donkey, he is usually rich on its
asymmetric construal in which usually selects donkey owning men for quantification,
is equivalent to the sentence Most men that own a donkey are rich.

130



References

Biuerle, R. & Egli, U., 1985, Anapher, Nominalphrase und Eselsitze, Sonder-
forschungsbericht 99,, 105, Konstanz: Universitit Konstanz

Beaver, D., 1992, ‘The kinematics of presupposition’, in: Dekker, P. & Stokhof,
M. (eds.), Proceedings of the eighth Amsterdam colloquium, December 17-
20, 1991, Amsterdam: ILLC

Benthem, J. van, 1991, Language in action, Amsterdam: North-Holland

Berg, M. van den, 1991, ‘Dynamic generalized quantifiers’, in: Does, J. van der & Ei-
jck, J. van (eds.), Generalized quantifier theory and applications, Amsterdam:
Dutch Network for Language, Logic and Information, pp. 223-244

Chierchia, G., 1992, ‘Anaphora and dynamic binding’, Linguistics and Philoso-
phy 15, pp. 111-184

Eijck, J. van & de Vries, F.-J., 1991, ‘Dynamic interpretation and Hoare deduction’,
in: Does, J. van der & Eijck, J. van (eds.), Generalized quantifier theory and
applications, Amsterdam: Dutch Network for Language, Logic and Informa-
tion, pp. 85-113

Groenendijk, J. & Stokhof, M., 1990, ‘Two theories of dynamic semantics’, in: Eijck,
J. van (ed.), Logics in AI, European Workshop JELIA ’90, Berlin: Springer
Verlag, pp. 55-64

Groenendijk, J. & Stokhof, M., 1991, ‘Dynamic predicate logic’, Linguistics and
Philosophy 14, pp. 39-100

Heim, 1., 1982, The semantics of definite and indefinite noun phrases, dissertation,
University of Massachusetts, Amherst

Heim, I., 1983, ‘On the projection problem for presuppositions’, in: Proceedings of
the West Coast Conference on Formal Linguistics 2, pp. 114-126

Heim, I., 1990, ‘E-type pronouns and donkey anaphora’, Linguistics and Philoso-
phy 13, pp. 137-178

Kadmon, N., 1987, On unique and non-unique reference and asymmetric quantifi-
cation, dissertation, University of Massachusetts, Amherst

Kamp, H., 1981, ‘A theory of truth and semantic representation’, in: Groenendijk,
J., Janssen, T. & Stokhof, M. (eds.), Formal methods in the study of language,
Amsterdam: Mathematical Centre, pp. 277-322 [reprinted in: Groenendijk, J.,
Janssen, T. & Stokhof, M. (eds.), 1984, Truth, interpretation and information,
Dordrecht: Foris, pp. 2-41]

Karttunen, L., 1974, ‘Presupposition and linguistic context’, Theoretical Linguis-
tics 1, pp. 181-194

Lewis, D., 1975, ‘Adverbs of quantification’, in: Keenan, E. (ed.), Formal semantics
of natural language, Cambridge: UP

Pelletier, F.J. & Schubert, L., 1988, ‘Generically speaking’, in: Chierchia, G., Partee,
B. & Turner, R (eds.), Properties, types and meaning II, Dordrecht: Reidel,
pp. 193-268

Root, R., 1986, The semantics of anaphora in discourse, dissertation, University of
Texas, Austin

131



Rooth, M., 1987, ‘Noun phrase interpretation in Montague grammar, file change se-
mantics, and situation semantics’, in: Gérdenfors, P. (ed.), Generalized quan-
tifiers, Dordrecht: Reidel, PP. 237-269

Stalnaker, R., 1974, ‘Pragmatic presuppositions’, in: Munitz, M. & Unger, P. (eds.),
Semantics and philosophy, New York: University Press, pp. 197-213

Veltman, F., 1990, ‘Defaults in update semantics’, in: Kamp, H. (ed.), Conditionals,
defaults and belief revision, DYANA report R2.5.A, Edinburgh: Centre for
Cognitive Science, University of Edinburgh, pp. 28-63

132



A Sound and Complete Calculus for Update Logic

Jan van Eijck (CWI, Amsterdam & OTS, Utrecht)
Fer-Jan de Vries (CWI, Amsterdam)

Abstract

This paper presents a sound and complete deduction system for Veltman’s up-
date logic in the style of the Hoare calculus with two kinds of correctness state-
ments for dynamic assignment logic in Van Eijck and De Vries [13]. The Hoare
correctness statements use modal propositional logic as assertion language and
connect update logic to the modal propositional logic S5. The connection with
modal propositional logic provides a clear link between the dynamic and the
static semantics of update logic. The fact that update logic is decidable was
noted already in [10]; the connection with S5 provides an alternative proof. The
S5 connection can also be used for rephrasing the validity notions of update
logic and for performing consistency checks.

1 Introduction

Recently the semantics of natural language has witnessed a shift of emphasis from
static meaning (truth conditions) to dynamic meaning (information processing). In
dynamic semantics (see for example Karttunen [7], Stalnaker [9], Kamp [6], Heim [4]
and Barwise [1]) one thinks of the meaning of a text as the change it brings about
in the information state of anyone who accepts the information conveyed by it. One
perspective on dynamic semantics for natural language is to view this approach as
a proposal to represent the meanings of natural language sentences not by means
of formulae from static logic but by means of expressions from a dynamic action
language.

The move from static logic to dynamic logic raises some interesting questions. In
the first place, due to this transition we seem to have lost the deduction systems that
static logical languages carry with them. This was noted by Barwise in (1}, one of
the first papers to propose an action language as representation medium for natural
language meaning. Here the quest for a complete set of axioms for the dynamic
inference notion that is engendered by the action language is put forward as an
open problem. Next it can be asked what is the precise relation between the static
semantics and the dynamic semantics of natural language. Are there systematic
ways to derive the static meaning of a sentence from its dynamic representation?

These questions are intimately connected. Our contention is that they should
be tackled together and moreover that theoretical computer science can guide the
way. In computer science the view that the meaning of a program is a function from
information states to information states is common ground. In the case of imperative
programming languages this perspective has led to Hoare logic [5] as a successful
means to construct deductive systems for reasoning about imperative programs. In
this paper we will study Veltman’s [14] update logic from this perspective.
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section discusses two kinds of Hoare correctness statements with the two kinds of
weakest preconditions that they give rise to. Section 5 links weakest preconditions
to the next state conditions for update logic that were proposed by Van Benthem
[10]. Section 6 contains the Hoare calculus engendered by the notion of weakest
preconditions of update programs. In Section 7 we prove the soundness and in
Section 8 the completeness of the Hoare calculus. In Section 9 we illustrate how
the weakest preconditions analysis and the link to modal Propositional logic can be
used for reasoning about update logic. Finally, in Section 10, we demonstrate how
weakest preconditions and the Hoare calculus that is based on them can be used for
reasoning about consistency of update pPrograms.

2 Update Logic: Syntax and Semantics

The characteristic feature of Veltman’s update logic (see Veltman [14]) is the epis-
temic modal operator might. Due to the presence of this operator the meanings
of ‘update programs’ have to be phrased in terms of input information sets, and
have to be phrased dynamically. A Program 7 maps an information state I to a
new information state [*](I). To see that might is the key feature, note that the
semantics for the fragment of update logic without might can be given by means
of a dynamic yes /no function for individual propositional valuations, which reduces
the semantics immediately to ordinary static propositional logic.

Following Veltman [14] (and in fact, slightly simplifying his syntax), we can
define the language of epistemic update logic over a set of pProposition letters P as
the smallest set Lp such that the following hold:

Definition 1 (Syntax of Update Logic Lp)
1. 1L € Lp.
2. Ifpep thenp e Lp.
3. Ifrx and n' € Lp, then (mi7') € Lp,(xu 7') € Lp.
4. Ifmr € Lp, then - ¢ Lp,might r € Lp.
5. Nothing else is in Lp.

Definition 2 (Semantics of Update Logic)
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S

L)) = 0.
DlI) = In{w|pew)

- [mw)(d) = ()
[ru1d) = FA) U IFID).
[l = I - [=)(D).

. [might 7}(I) = { I i [=)(I)#9,

0 otherwise.

G N e e

(=Y

We will follow the usual conventions and drop outermost parentheses as much as pos-
sible. Also, since sequential composition is associative we will write both #y; (72; 73)
and (71;72); T3 as W1 T2; ¥3.

Intuitively, a program of the form might = does not provide information about
the world but about available information. A program might = is acceptable, given
an information state I, if there is at least one world w € I for which x is accepted in
the sense that w € [x](I). If such a w can be found, the output information state of
might 7 is equal to its input information state; this agrees with the intuition that
might 7 does not say anything at all about what the world is like. In the other
case, i.e;, the case were [7](I) = @, the output information state of might = equals
0.

As was mentioned already, the might operator is the key feature of update
logic. Yet another way to see this is to note that the semantic clause for might =
introduces an element of non distributivity (this terminology is taken from [3]) into
the semaqtics, in the sense that unions of input states do not distribute over output
states: (1) does not in general hold.

(1) [=}(D) = UIr1{iD).
iel

More specifically, it does not in general hold that [=}(I) € Uierln}({i}). Coun-
terexample: take 7 equal to might p and let I = {w,w'} with p € w and p ¢ w'.
Then [might p]({w}) U [might p}({w'}) = {w}, but [might p](I) = I = {w,v'}.

On the other hand, a simple induction on the complexity of # shows that Lemma
1 holds for all * € Lp and all information states I. In the terminology of Groenendijk
& Stokhof [3]: epistemic update logic is eliminative.

Lemma 1 (Elimination Lemma) For all I: [r}(I)C I.

3 Modal Logic

The presence of the modal might operator in a dynamic setting which is otherwise
fully propositional strongly suggests the use a modal propositional logic as language
to make static assertions about update programs i, i.e., as assertion language. The
syntax of our assertion language mlp is as follows:
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Definition 3 (Syntax of mip)
1. 1 € mlp.
2. If p € P then p € mip.

3. If o, € milp, then (pAY),-m,0p¢€ mip,
4. Nothing else is in mlp,

As is customary, we abbreviate -1 as Ty (=@ A =9) as (p V 9), (¢ A —9) as
(p = %), and ~O-¢ as Op. Also, we omit outermost parentheses for readability.

We consider information states I € PW as universal Kripke models; thus, I
is considered as the Kripke model with accessibility relation I x I. Recall from
the literature (see e.g. [2]) that the modal logic determined by the class of finite
universal frames is 5. Moreover, for any finite universal model (a universal frame
with valuations assigned to all of its worlds) there is a finite subset I of W validating
the same formulae. I can be got by throwing away the extra copies of the worlds with
identical valuations: because of the universal accessibility this makes no difference
to validity.

The notion I, w I ¢ (world w forces formula ¢ in information state J ) is defined
in the usual way. It is convenient to also define the interpretation of a formula with
respect to an information state.

Definition 4 (Interpreting ¢ with respect to I) [pl;={wel:l,wk ¢}.

In Hoare style reasoning about update logic the notions of relativisation and local-
isation of modal formulae play an important role. Localisations of modal formulae
are defined in Kracht [8]. If ¢, are in mlp, then p|1, the localisation of ptoy,is
given by the following definition.

Definition 5 (Localised modal formulae ¢|1))

Lly = 1

ply = pAY

(PrAe)ly = (p1lp)A (p2l9)
(@) L9 = YA-(eld)
(Op)ly = A0 - (ply))

Localisation is closely related to the usual notion of a relativised modal formula.

Definition 6 (Relativised modal formulae #¥)

1¥ =7 b

j = ¢¥op
(PrA@)? = ¥ AgY
(—p)¥ = =(p¥)
(Op)¥ = Oy — p¥)

The connection between the two notions js given by the following lemma.
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Lemma 2 (Van Benthem) ¢lv iff Y AP,
Proof: Induction on the structure of ¢. m

Given this connection, the following lemma will not come as a surprise (the first two
items are from the modal folklore, the third and the fourth from Kracht [8]).

Lemma 3 (Relativisation and Localisation)
1. Lwk ¢ iff Lwk o implies{ue I:I,ukF ¢y}, wk p.

2. [¢*]r = (I - [¥l1) U @)1,
. Iwkolyif Lwkyand{uel:LLuky}lwk o

4. lel¥lr = [l

Proof: First note that 2 is a reformulation of 1 and 4 a reformulation of 3. Both 1
and 3 are proved by induction on the complexity of . =

4 Correctness Statements for Update Logic

As in the calculus for dynamic predicate logic presented in Van Eijck and De Vries
[13], the deductive system for update logicis a hybrid calculus, with statements char-
acterising information states (we call these: statements of the assertion language),
plus two kinds of correctness statements, which we call disjunctive and conjunctive
correctness statements. Because of the presence of a modal operator might in the
language, we need modal operators in the assertion language. The following clauses
define the language of Hp of Hoare statements over P.

Definition 7 (Hoare Logic over P: Syntax of Hp)
1. If ¢ is a formula of mlp, then ¢ is a formula of Hp.

2. If ¢, ¥ are formulae of mlp and 7 is a program of Lp,
then (@) 7 (¢) and {p} = {¢} are formulae of Hp.

3. Nothing else is a formula of Hp.

The Hp statements of the form ¢ are used for making assertions about informa-
tion states I (viewed as universal Kripke models). The Hp statements of the form
{¢} © {¢} are disjunctive correctness statements. The statement {¢} * {¥} ex-
presses that all information states I and all w € W such that I,w ¢ have the
property that either w ¢ [x](I) or [x](I),w I ¢. The Hp statements of the form
(@) ™ () are conjunctive correctness statements. The statement (¢) © (¥) ex-
presses that all input information states I and all w € I such that I, w I ¢ have
the property that w € [r}(I) and I,w I . Formally:

Definition 8 (Validity of Hp formulae)
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1. If F has the form ¢ € mip thenl:FifforallIQWandalleIitholds
that I,wt F.

2. If F has the form {p} x {¢} then= F iffor dl I C W and oll w € T such
that I,w ¥ ¢ it holds that w ¢ [1(1) or [x}(1),w F .

3. If F has the form (o) (¥) then = F if for all I C W and all w € I such
that I,w b ¢ it holds that w € [*)(I) and [z](I), w I v.

The next lemma gives a useful reformula.fion.

Lemma 4 .
1 b= A} w {0} iff for all I: [ol; € (1 - [x1(2) U [lgeye,
2 (@) ™ ($) if for all I: [p]r C [¥lpay
Proof: Immediate from Definition 4, Definition 8 and Lemma 1. m

Next, let us explain why we need both kinds of correctness statements in our calculus.
Suppose we want to express in Hoare logic that for all I, [¢]; is equal to [x](I).

Then the conjunction of | (@) 7 (T) and = {~p} = {L} does the job, witness the
following lemma.

Lemma 5 = (p) 7 (T) and E{-e}r {1} iFf foralil [elr = [=}(D).
Proof: Note the following equivalences:

Fle) m(T) iff Lemma{ forallI: [elr € [Tlyn
ff [ def for all I: [p]r C [x]().

Also:

F{-¢}r{l} if Lemma { foralll: [-elr € (I - [=)(I)) U [L];
ff [ def forall I: I—[p]r € I-[x)(1)
ff  Lemmal for all I: lelr 2 [=](D).

Combine these results and the lemma follows. n

Corresponding with the two kinds of correctness statements we have two notions of
weakest precondition. We will call them respectively weakest conjunctive precondi-
tion and weakest disjunctive precondition.

Definition 9 A formula ¥ € mlp is a weakest disjunctive precondition (WDP) of
the program 7 € Lp and the Jormula o € mip tf for all I and all w € I:

Lwk ¢ iffwég [x](I) or =1(I),w I y.

A formula ¢ € mlp is a weakest confunctive precondition ( WCP) of the program
m € Lp and the formula v € mip tfforallI and all w e I:

Lwkt ¢ iff we [x](I) and [=1(I), w ¥ .
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The following lemma gives a useful reformulation of this definition.
Lemma 6
1. ¢ isa WDP of « and ¢ iff for all I: [p]1 = (I - [V Wl
2. ¢ isa WCP of © and ¢ iff for all I: lelr = [l
Proof: Immediate from Lemma 4 and Definition 9. (]

We can say a bit more about the relation between WCP and WDP.
Lemma 7 pisa WCP of x and ¥ iff ~p isa WDP of # and ~.

Proof:

@ isa WCP of * and ¢

iff Lemmaé foralll:[pl1= Wl

iff forall I: I - (el =I - [¥lm()

iff  Lemma1 for all I: I—[plr = (I - [x)(I)) U (I}(T) - ¥lmyn)
if [ def for all I: [-¢lr = (I - [=)(1)) U [=¥]pr)

iff Lemma6 -pisa WDP of © and —.

It is not obvious at first sight that WDPs and WCPs of an Lp program = and an
mlp formula v always exist (as formulae of mlp). We will demonstrate now that
they do, by first inductively defining a function wep(w, ), of which we will show
that it expresses a WCP of = and 9, and then defining a function wdp(r,¢) in
terms of wep(w, 1) which expresses a WDP of v and v.

Definition 10 (wcp)
1. wep(L,9) = L.
2. wep(p,¥) = ¥lp.
3. wep(wy; T, ¥) = wep(m, wep(nz, ¥))-
4. wep(my Uy, ¥) = $l(wep(ri, T)V wep(ms, T)).
5. wep(-w,9) = $l-wep(x, T).
6. wep(might 7, ) = Owep(r, T)A ¢.

Lemma 8 shows that the function wep(x,) does indeed express a WCP of a pro-
gram 7 and a modal propositional formula t.

Lemma 8 (wep adequacy) [wep(r, $)lr = [Wlfsj)

Proof: We prove the claim with induction on the structure of «.
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[Wep(L,9)lr = wep def [1];
= [lrdef ¢

[1def [l

wep def [y lp];
loc lemma (Yl

[ ] def [Yli)(r)-

wep def  [wep(my, wep(7z, 9))]r
ind hyp  [wep(r2, ¥)myn)

md hyp (Y] (10

[ ] def [l.ﬁ]{,r,;«,](l P

[ch(p, "/))]I

[wep(ny; 79, 9)];

[Wep(mi Uma, )l = wep def [¥i(wep(r1, T) V wep(r,, T)))s
= loc lemma ['nb][wcp(n,'r)vwcp(n,T)};
= ind hyp , [ |1 def [l 1nyutmin
= [] def (B umal(2)-
[wcp(ﬂr,;b)][ = wep def [¢l—|wcp(1r,T)]I
= loc lemma [Ib][—-wcp(w,‘r)];
= [l def [$)r-(wep(r, 7)),
= ind hyp, [ def  [Y]1_pmyr)
= [1def [[¥]-m@2)-
[wep(might 7, 9)]; = wcp def [Owep(r, T) A s
= [1r def [Owep(r, T)]r N [¥);
= & def in S5 W’]I H[wcp(ﬂ'!T)]I # @1
0 otherwise

= ind hyp, [ )1 def E;f’]r if [x](I) # 0,

otherwise

[1 def [ ]imight xJ(1)-

This completes the proof of the lemma.

Definition 11 wdp(r, ) def “wep(r, =),

Lemma 9 (wdp adequacy) [wdp(x,¥)]r = (I- [[r]](I)) u [¢][,](I).
Proof: Immediate from Lemma 7 and the wep adequacy lemma.

Lemma 10
1. [wep(m, T)l = [x)(I).
2. [wdp(r, L)]; = I - [x](2).
ST (T)and={-p} v {1} iff forallI: [wep(x, T)lr = [¢]r.
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Proof:
The first item:

[wep(m, T)lr = wep adeq [Ty
= [lrdef  [=}(I).

The second item:

[wdp(r, L)l = wdp def [~wep(x, Tz
= []1 def I — [wep(m, T)l1
= previous item I — [x](I).

The third item: immediate from Lemma 5 and the first item. =
Lemma 11 [wep(7,¥)]r = [¥wep(r, .

Proof:
[wep(m, ¥)l1

wcp adeq [’P][«](I)
Lemma 10  (¢}jwep(x,T)]
loc lemma [¢|wep(r, Tl

5 Weakest Preconditions and Next State Conditions

In [10] and [11], Van Benthem has studied update logic by looking at update pro-
grams 7 as functions of the form Al - NEXT STATE(I,x), were NEXT STATE is
the function producing the information state which results from processing = in in-
formation state I, i.e., = is considered as AI - [x]}(I). The investigation in [10, 11]
was carried out in semantic terms, without reference to a specific assertion language,
but it can easily be transposed in a setting of assertions from modal propositional
logic. Some illuminating conversations between Johan van Benthem and the au-
thors, backed up by an exchange of letters of explanation and comsecutive drafts
of the present paper, have fully cleared up the connection between his perspective
and ours. His generous help in clarifying the issues raised in this section is herewith
gratefully acknowledged.

Definition 12 A formula ¢ € mlp is a nezt state condition (NSC) of the formula
¢ € mlp and the program = € Lp ifforall I and allw € I:

ILwt 9y iff we [r)(lelD)-

Again, it is helpful to reformulate this. Lemma 12 follows immediately from the
definition.

Lemma 12 ¢ is a NSC of ¢ and 7 iff for all I: [¢]1 = []([¢lr).

The following function nsc is a reformulation in modal logic of Van Benthem'’s
characterisation of the next state function.
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Definition 13 (nsc)

1.

2
3
4
5
6

nsc(p,l)= 1.
- msc(p,p) =pA .
. msc(p,Ty;73) = nsc (nsc (g, T1),73).
nsc (¢, 71 Umz) = nsc(p, ) V nsc (p,m2).
- msc(p, 1) = -nsc (p, T)A .
. nsc (p, might 7) = Onsc(p, 1) A .

Lemma 13 (nsc adequacy) [nsc(p,)]; = k3 [(T2)]

Induction on the structure of .
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[nsc (p, L)]; nsc def [1];
[l def 0

[1def [L]([el).

[nsc(,p)lr = nscdef [pAy;
[1r def [plrnpls
[1def  [pl([elr).

nsc def  [nsc(nsc(p, ), 7,)];
ind hyp  [m2]([nsc (o, m;)];)
ind hyp  [m2]([x1]([¢]r))
[1def [mi;mal((el).

[nsc (@, 7; 7)1

i nn

= nscdef [nsc(p,m)V nsc(p, 7,)]r
= ind hyp ‘I"FIM[‘P]I) u [['*"'2]]([‘?]1)
=[ldef [mu T2)([elr).

[nsc (p, 7 U 7)1

[nsc(p, ~m)]; = nsc def [-msc(p,7) A @);
= [l1 def (Z - [nse (@, 7)]1) N [¢];
= ind hyp (I = [=1([eln)) N [l

= elim lemma  ({¢]; — [x](l¢}1)) N [¢];
[1def  [~r)(gl).

[nsc (p, might 7)]; = nsc def [Onsc(p,T) A ¢];
= [Ir def [Onse (g, 7)]rN [p];
_ : [lr if [nse(p,7)]; # 90,
= Ode